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Modeling of surface structure formation after laser irradiation
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Abstract: The Stefan problem in a semi-infinite media under laser irradiation is considered. It is related to the
melting and solidification processes, resulting in certain surface structure after the solidification. A simple model,
as well as a more sophisticated one is proposed to describe this process. The latter model allows us to calculate the
surface profile by solving a system of two nonlinear differential equations, if the shape of the solid-liquid interface
is known. It has to be found as a solution of two-phases Stefan problem. The results of example calculations by
the fourth-order Runge-Kutta method are presented, assuming that the solid-liquid interface has a parabolic shape.
The calculated crossection of the surface structure shows a characteristic cone in the center, in agreement with

experimental observations.
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1 Introduction

Recently, a problem of a controllable, direct laser
fabrication of sharp conical structures on silicon thin
films has attracted a significant interest [1, 2, 3]. The
laser irradiation causes melting of the material, which
is followed by the solidification after the laser pulse. If
the solid has a smaller density than the liquid, then the
melt is pushed upwards at the end phase of this pro-
cess, resulting in a characteristic conic shape of the
surface. Here we propose a mathematical model to
describe this process. We start with a simple model,
which is similar (but not identical) to the one consid-
ered in [1], and then refine it. The solution of our
equations shows how the formed surface profile de-
pends on the shape of the solid-liquid interface.

2 The Stefan problem

2.1 One-phase problem

We consider the heat conduction in a semi-infinite me-
dia in a process of laser irradiation. The laser beam
is perpendicular to the media surface, and its intensity
depends on the distance r from the center. In this case,
the temperature distribution 7'(r, 2, t) has a cylindric
symmetry, where r is the distance from the symmetry
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axis, z is the distance from the media surface and ¢ is
time. Another situation takes place in the experiments
discussed in Sec. 4, where the absorption of the laser
power is larger and the melting temperature is lower
in some very small local regions with a high impurity
concentration. Assuming the cylindric symmetry for
the local impurity concentration and the local temper-
ature distribution (or for the shape of the solid-liquid
interface in the two—phases Stefan problem), our de-
scription can be applied also to these experiments.

In the case where no melting of the material is
reached, the heat conduction equation reads

or =V (oVT)+g, (1)
ot

where o = k/(pc) is the heat diffusion coefficient and
g = g(r, z,t) = Q/(pc) is the source function. Here
K is the coefficient of heat conduction, p is the density
of material, ¢ is the specific heat, and Q) is the laser
heat source. Neglecting the heat exchange between
the heated material and surrounding media, the initial
and boundary conditions are

T(r,z,0) = Tp, 2)
T (r, z,1) _ 0 3)
0z z=0 7

where T is the initial temperature.
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In a special case, where o is constant, Eq. (1) re-
duces to
or

— =0 AT . 4
a5 ~ ol tyg “)

In this case the solution can be easily represented
by the heat Greens function G(r,t) [4], which is the
spherically—symmetric solution of the heat conduction
equation in infinite space with a point—like source

%C;. = 0 AG +8(x)5(t) , )

and initial condition G(r,0) = 0. Here 6(x) is the
three~dimensional delta function. To construct the so-
lution, first we map the actual problem in the semi-
infinite space to the one in infinite space by adding the
second heat source, which is the mirror—symmetric re-
flection of the original source with respect to the z = 0
plane. In this case the boundary condition (3) is satis-
fied automatically. The total heat source is represented
as a superposition of the point-like sources, and, due
to the linearity of the equation (4), the solution for
Y (r,z,t) = T(r, z,t) — T is the superposition of the
corresponding Greens functions:

t oo o] s
Y(r, z,t) :2/d7/dx/r'dr'/d<p x g(r',z,7)
o 0 0 0

X[G (\/7"2 +2rr’ cosp + 12 + (x — 2)2,t — T) 6)

+ G (,\/72 + 2rr' cosp + 1'% + (w+z)2,t—7>} .

2.2 Two-phases problem

Consider a case where there are two phases, solid
and liquid, but there are no differences between these
phases in the context of the heat conduction. How-
ever, certain melting latent heat L,, is necessary to
transform from solid to liquid. Such a situation can
be modeled by setting ¢ = ¢ + §(T" — T4, ) Ly, instead
of specific heat ¢, as it has been done, e. g., in [1].
Indeed, in this case one needs to input the specific
energy equal to L, to increase the temperature from
T —0T to 15, 4+-0T at §T — 0. (This energy is related
to the jump in enthalpy AH,i.e., AH = AU+PAV,
where AU is the jump in the internal energy, P is the
pressure, and AV is the change in volume.) In such a
way, the heat conduction equation reads

T N _
57 = VEVD) +3, )
where
~ ag (8)
7 T 14T —Tp)Lnje’
g = g ©)

1+6(T = Tp)Lm/c
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However, we do not take o in front of AT to obtain
simplified equation of the type (4), as it has been ac-
tually done in [1], since & is not a constant. Eq. (7)
might be useful in numerical solution of the problem,
approximating the delta function by a peak of finite
width, and determining the solid-liquid interface on
which T" = T, holds.

3 The surface structure

Let us assume that liquid phase has a larger density p;
than that of the solid phase ps, i. €., p; > ps. In this
case certain structure forms on the surface in the so-
lidification process after laser pulse. A simple model
to describe this phenomenon has been already intro-
duced in [1]. As a first approximation, we propose a
similar model (model A). Namely, it is assumed in
model A that the liquid surface is always flat. Dis-
tinct from [1], our model is formulated for an arbi-
trary shape of the solid-liquid interface. Later, we will
consider refined models (models B and C), where the
curvature of the liquid surface is taken into account,
assuming that the liquid is attached to the top of the
molten area due to the capillarity forces.

3.1 Model A

The model A is illustrated in Fig. 1, where the crossec-
tion of the considered structure of cylindric symme-
try is shown. Here we have assumed for illustration
that the crossection of the solid-liquid interface has
a parabolic shape, as shown by solid curves in Fig. 1.
At the initial stage (Fig. 1, top), the surface of the melt
(horizontal dashed line) with radius Ry lies below the
initial surface of the solid (horizontal solid lines) be-
cause p; > ps. In the following solidification process,
the solid-liquid interface moves up. Since p; > ps,
the liquid phase and the newly formed solid surface
are pushed up in this process (Fig. 1, middle).

Let us denote by h(r, R) the depth of the molten
are of radius R at a distance r from the center (see
Fig. 1 top). Considering an infinitesimal shift in phase
boundaries, such that R — R-+dR (with dR < 0), the
solid-liquid interface being shifted up by 64 (r, R), we
have

Sh(r,R) = h(r, R) — h(r, R + dR) + dH
Oh(r, R)

. 2
_ _—-5E—dR—|~dH+O((dR) ). (0

where dH is the shift of the solid surface, as shown
in Fig. 1. According to the mass conservation law, we
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Figure 1: Different stages of the formation of solid
surface after the laser pulse: initial molten area of a
parabolic crossection (top), intermediate stage (mid-
dle), and final surface structure (bottom). The dashed
horizontal line shows the liquid surface. The solid—
liquid interface is represented by that part of the solid
curve, which lies at distances r < R from the cen-
ter, the remaining its part being the external solid sur-
face. Here R is the current radius of the molten area
with R = Ry at the beginning, h(r, R) is the depth of
the molten area and H (R) is the height of the formed
surface profile. The dotted curve indicates the initial
location of the solid-liquid interface.
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have
R
WR%H:/(M(T, R) = 8h(r, R)) 2rdr , (1)
0

where

Shir, R) = %Ml(r, R) (12)
!

is the width of the liquid phase layer, measured along

z axis at a distance r from the center, which becomes

solid layer of the width 6h(r, R). According to (12)

and (10), Eq. (11) becomes

R
R2dH = 24 / Sh(r, R)rdr
0

R
h
— {RQdH - 2dR/ %—@mr} .(13)
0
where 4 = 1 — (ps/p1). It leads to the differential
equation

R
dH 2u /Bh(r, R) rdr

EE“a—u)Rzo OR

(14)

The initial condition is H(Rp) = 0. From this equa-
tion we can calculate the surface profile after the so-
lidification, represented by H as a function of R, if
h(r, R) is known, i. e.,

Ry x
2 1 [ Oh(r,z)
H(R) = = (;72/ B rdr | de . (15)

The function h(r, R) describes the shape of the solid—
liquid interface. In reality, it should be determined by
solving the related Stefan problem for the two—phase
system. For an illustration, we approximate it by a
parabola

r\2
h(r,R) = aR {1 - (E) . (16)
In this case, the solution is
3po
= - 17

providing a conic surface structure, shown in Fig. 1
(bottom) at the shape parameter &« = 2. The rela-
tive density difference p has been taken p = 0.08, as
in [1].
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For a general h(r, R), the mass conservation dur-
ing the solidification process implies that the relation

Ro Ry
/H(R)RdR: Tﬁ”ﬁ /h(R, Ro)RAR  (18)
0 0

must hold. It is easy to verify that it holds for (16)
and (17).

3.2 Model B

In the model B, the shape of the liquid surface is ap-
proximated by a parabola (see Fig. 2)

f(r,R) = fo {1 - (—%)2} (19)

with parameter fy = fo(R) found self consistently
from the material (mass) conservation law. In this
model, deviation of the liquid surface f(r, R), as well
as the depth of the molten area h(r, R) are measured
from the level of the solidification surface H(R), as
indicated in Fig. 2 (top left). As before, R denotes the
current radius of the molten area, its initial value be-
ing Ry. Note that f(r, R) is assumed to be positive, if
the liquid surface is curved up, and negative — if it is
curved down. The variation of this picture at different
solidification steps is shown in Fig. 2.

Let us introduce the angles ¢, v, and §, measuring
the slopes

dH
tan Y = ’d“]‘%— , (20)
tany = -— ?-}ig—;{i{—z g 21
tanf = M . (22)
or r=R

The variation of the surface profile at each step R —
R + dR (with dR < 0) is found assuming that cer-

tain layer of width gh(r, R) (measured along z axis)
expands in the direction perpendicular to the solid—
liquid interface, becoming solid layer of the width
Sh(r,R) = (p1/ps)0h(r, R). It implies the relation
tan(y — 6)
tan(y — ¢)

Further on, we use also the relations between small
increments (according to the definitions given)

=1-yp, (23)

Oh(r, R) B B
2
d(rR) = dfe (1-(%))
2
+ %fo(R)dR 25)
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f(r,R <0

Figure 2: Different stages of the formation of solid
surface after the laser pulse: initial molten area of a
parabolic crossection (top), intermediate stage (mid-
dle), and final surface structure (bottom). The solid—
liquid interface is represented by that part of the solid
curve, which lies at distances r < R from the center,
the remaining its part being the external solid surface.
Here R is the current radius of the molten area with
R = Ry at the beginning. The dotted curve indicates
the initial location of the solid-liquid interface. The
dashed curve shows the liquid surface, described by
the deviation f(r, R) from the horizontal dotted line.
This line indicates the height H () of the formed sur-
face profile at the distance R from the center. The
depth of the molten area h(r, R) also is measured
from this dotted line.
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and the mass conservation law

R R
cR2AH + 2 / df (r, Ryrdr = 27 / Sh(r, Ryrdr .
0 0

(26)

Summarizing the relations of this subsection, the

formation of surface structure in the refined model B

is described by the system of two nonlinear differen-
tial equations

dfo  2fo
B - "Rr 2(1 = p)Q(fo, R)
R
4y [ Oh(r, R)
dH
d—fe— = Q(anR) ) (28)
where
Q(fo, R) (29)
= tan {W(R) — arctan (ta’n(’Y 1——93{& R)))}
with
v(R) = —arctan <Qh(8%]—%—) ) (30)
r=R
0(fo,R) = —arctan (%fg(R)) . 3D

The equations (27) and (27) have to be solved with the
initial conditions

Ro
4
fo(Ry) = —-é%‘- / h(r,Ro)rdr  (32)
0

H(Ry) = 0 (33)

starting at R = Ry and ending at R = 0. The initial
condition (32) represents the requirement that the ini-
tial volume of the liquid phase differs by factor ps/p;
from the corresponding volume of the solid before
melting.

The final volume of the solid has to be the same
as before the melting process. This mass conservation
law in the model B has a simple form

Ro
/H(r)rdr =0. 34)
0

We have verified that the mass conservation law (34)
holds with a high numerical accuracy in our calcula-
tions.
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Figure 3: The profile (crossection) of the surface
structure after the solidification for various values of
the parameter c.

To see what can be obtained from our refined
model B, the results of the numerical solution (by
fourth-order Runge-Kutta method [5]) are plotted
in Fig. 3, assuming that the solid-liquid interface is
given by the same parabola (16) with o = 2 as in the
example considered before (Sec. 3.1). We have also
set ;1 = 0.08 in this case. As compared to model
A (Fig. 1), the actually obtained shapes of the sur-
face structure in Fig. 3 are better consistent with ex-
perimentally observed ones in [1]. Namely, the sharp
dropping down at the periphery (at R =~ FRjp), seen in
Fig. 1 (bottom), is an artifact not observed experimen-
tally (see Fig. 1 in [1]). The experimental profile goes
smoothly downwards at the periphery, providing a di-
rect evidence that the liquid phase initially is attached
at the top of the molten area, as assumed in model B.

3.3 Model C

In this section, we will consider a real shape of the
liquid surface instead of the parabolic approxima-
tion (19), in accordance with the free energy minimum
principle. The corresponding refined model is further
called model C. In the following, we will see that the
real shape is spherical, so that the parabolic form (19)
is a good approximation for a relatively flat surface,
and the model B is certain limit case of model C. The
latter property is very useful in verification of the de-
rived expressions.

The liquid surface can be characterized by cer-
tain free energy per unit area. Further on, we will ne-
glect gravity effects, which may change significantly
the equilibrium shape of macroscopic liquid objects,
like droplets, but are negligible in a micrometer scale.
In our case, the free energy minimum corresponds to
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the minimal surface area .S at a given liquid volume
V and a fixed radius R of the molten area. Assuming
that the shape of the liquid surface at a given R is de-
scribed by some unknown function f(r), measuring a
deviation from the z = H (R) plane, we have

R
S = 27r/\/1+f’2rdr, (35)
0

R
V = 2r [ f(r)rdr. (36)
/

Here f/ = df/dr and V = V — V, where V is the
volume of the spatial region between the solid-liquid
interface and the z = H(R) plane. The condition
f(R) = 0 holds by definition of f(r). Besides, we
have f/(0) = 0 due to the symmetry of the problem.
Note that the constant V can be positive or negative
depending on that whether the liquid surface is curved
up or down.

Using the Lagrange variational method, the prob-
lem reduces to finding of such function f(r), which
minimizes the functional

L(f) = f <\/1 + %+ Af(r)) rdr,  (37)
0

where ) is the unknown Lagrangian multiplier, chosen
in such a way to satisfy the condition (36). The min-
imum corresponds to the vanishing variation 0L =
0. Performing the standard variational procedure
and the integration by parts (taking into account that
df(R) = 0) we obtain the Euler-Lagrange equation
(see,e. g.,[6,7])

OF d [(OF
o~ ar (o) = G

for the integrand function in (37)

F(r, £, f) = (x/ 142 1A f(r)) s (39)

Inserting (39) into (38), we obtain an easily solvable
equation for f(r), which yields

f(r,R) = % (VA=Xr = Va-XR?) | (40)

where f(r, R) is the function f(r) ata given R. It cor-
responds to the liquid surface, represented by a seg-
ment of sphere with curvature radius B = 2/ | A |.
Besides, the surface is curved up for A > 0 and down
—for A < 0. The parameter A plays a similar role as
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fo in the model B. Egs. (20) — (24), as well as (26)
remain true in this case, whereas (25) has to be re-
placed by the relation where the increment df (7, R) is
expressed in terms of the increments d\ and dR ac-
cording to (40). Using these relations, it is straightfor-
ward to derive the differential equations for A and A
depending on R. The initial value of A is found from
the same consideration of the volumes as in model B.
We have found it convenient to use the variable

AR
T e 4
y= (41)

instead of X in the final expressions. Note that | y |=
R/R. In summary, our equations for / and y read

dH

dy oy P HyVI-y? By, R) 43)

dR R R(2—2/1— 2_y2)
where

R
o [ Oh(r,R
B, B) = (1 - QU )+ 2 [P

’ (44)
and

tan(y — 6(y)) ) }

Q(y, R) = tan {W(R) — arctan ( =

(45)
with
Oh(r, R)

Y(R) = 5

— arctan (

) (46)
r=R

f(y) = —arctan (\/—1_%—*;—5> 47)

The initial conditions are H(Ro) = 0 and y(Rp) =
10, wWhere 1 is the real root of the equation

1—92
Lo gy Y-
Ry
4 / h(r, Ro)rdr = 0 43)
0%

within —1 < yg < 0. Since the expression in (48) rep-
resents a monotonous function of y in this interval, the
root can be easily found by the Newton’s iterations.

The numerical solution of (43) has some pecu-
liarity in the vicinity of y = 0, since the denominator
vanishes at y — 0 according to

4

2—2,/1~y2—y2:%+0(y6) - 49
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Figure 4: The profile (crossection) of the surface
structure after the solidification for various values of
the parameter . Solid lines show the results of model
C', whereas dotted lines — those of model B.

It means that dy/d R cannot be numerically calculated
from (43) with a satisfactory accuracy if | y | is too
small. The problem can be solved by representing
(43) as

dy _ 3y+4B(y, R) 2
= +0 () (50)
for | y |< €, where ¢ is an appropriately chosen small
parameter. We have found the value 0.002 of ¢ to
be nearly optimal in our example calculations by the
fourth—order Runge-Kutta method, using a double—
precision FORTRAN code. The integral relation (34),
which holds also in model C, was satisfied with the
numerical error of about 3 - 10719 in this case. The
accuracy of such a method can be improved by adding
expansion terms of higher orders in (50).

The spherical shape of the liquid surface (40) can
be well approximated by the parabolic one (19) at
small | A | (small | y |) or for a relatively flat sur-
face. In this case we have y ~ 2fy/R, and Eq. (50)
reduces to the one for fy (27).

The calculation results, taking the same examples
for the parabolic solid-liquid interface as in Sec. 3.2,
are shown in Fig. 4. The comparison between the
model B and model C shows that the formed sur-
face profile is less sharp in its central part for the
model C. The difference increases with «, since the
liquid surface becomes more curved, and therefore the
parabolic approximation of model B less accurate in
this case.
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Figure 5: Surface topology of the Si-Ge sample after
the laser treatment.
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Figure 6: Surface profile of the Si-Ge sample after the
laser treatment (top). The profile height is measured
along the line indicated in the lower picture, showing
the surface topology from above.
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4 Comparison with experiments

We have compared our calculation results with the
experimentally measured surface profile of Si — Ge
samples (with Ge as an impurity) after the laser ir-
radiation, melting and solidification process. Besides,
a nonuniform distribution of Ge has been reached in
a preceding laser treatment, such that Ge concentrates
in small islands on the surface of the sample.

Experiments were performed in ambient atmo-
sphere at pressure of latm, 7" = 20°C and 60%
humidity. The structure of Si;_;Ge,/Si solid solu-
tion with z = 0.15 has been treated with the radia-
tion from a pulsed Nd : YAG laser. The thickness of
Si wafer was 300 pm, whereas that of the Si;_,Ge,
layer was 500 nm. The basic frequency with the fol-
lowing parameters: pulse duration 7 = 15ns, wave-
length A = 1.06 pum, pulse rate 12.5 Hz and power
P = 1.0 MW was used. The second harmonic with
7 = 10ns and A = 532nm was used for Si single
crystals with SiO9 cover layer. The spot of laser beam
with 3mm in diameter was scanned over the sam-
ple surface by a two coordinate manipulator in 1 and
2mm steps. The surface morphology was studied by
atomic force microscope (AFM).

At 15% concentration of Ge atoms, the formation
of cones looks like “tree ring” growth [1] due to the
melting of Ge separated islands on the irradiated sur-
face at the laser beam intensity of I = 20 MW /cm?.
The melting and formation of certain surface struc-
tures after the solidification has been observed just in
these local regions, as shown in Fig. 5. The shapes of
the most of the impurity—islands were almost symmet-
ric with relatively small deviations from the cylindric
symmetry. The height of the surface profile, measured
along the crossection of one such island, is shown in
Fig. 6. As we see, the measured surface profile is very
similar or qualitatively the same as in our calculations.

5 Conclusions

Three models (A, B and C), representing approxi-
mations of different levels, have been proposed for
calculation of the surface structure formed in the so-
lidification process after the laser irradiation. The
model A ignores the curvature of the liquid surface,
whereas the model B approximates its crossection by
a parabola, which is a good approximation for rela-
tively flat surfaces. The model C' takes into account
the real equilibrium shape of the liquid surface, which
is found to be a segment of a sphere. The refined
models (model B and model C) provide quite real-
istic shapes of the formed structures (Figs. 3, 4) in
a qualitative agreement with the experimentally ob-
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served conic shapes of such structures — see Fig. 1
in [1] and Fig. 6 in this paper.
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