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Abstract. The models of term structure of interest rates are
probably the most computationally difficult part of the modern
finance due to a relative complicity of application techniques. The
author provides two specific term structure models and
investigates the stationary probability distribution of Cox-
Ingersoll-Ross model with Kolmogorov transition equation as a
necessary solution for implementation of the mentioned model
into MATLAB environment, in order to create simple and useful
tool for simulating an adequate and accurate forecasts of interest
rates dynamics.
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. INTRODUCTION

Models of term structure of interest rates are relevant and
useful applications for understanding interest rate dynamics
and generating future scenarios for it, for example, by testing
and simulating financing strategies of ecomomy; estimating
value at risk and performig hedging strategies of financial
assets; pricing securities and other financial instruments as
well as other tasks and decisions in finance engineering. Even
for financial institutions and banks that have a wide spectrum
of excellent information systems and are interested in
advanced term structure modelling, this task remains quite
difficult. Only some of information systems have integrated
applications for advanced users that allow performing the
calculations mentioned above and are considered to be
additions for an extra price. Likewise, the internal
development of such models for each interested means extra
costs for information systems and possibly salary for
specialists. One or several models that represent stochastic
nature of the term structure of interest rates could be
demanded, where fairly simple technics and implementation
generate adequate and accurate forecasts of future interest rate
scenarios without user’s special knowledge of stohastic
calculus and techniques of model’s implementation.

In practice, there are many complications caused by a
number of probable models, techniques and market aspects. In
this work would be investigated an individual case — Cox-
Ingersoll-Ross model (CIR) from class of affine term structure
models of interest rate — where the particular attention will be
dedicated to founding the stationary distribution by solving
the Kolmogorov equation. This could allow creating a
mathematical shape of the CIR model for implementation in
MATLAB.

As a starting point on term structure of interest rates
modelling a short review of term structure fundamentals and
models is necessary. The risk-free pure discount interest rate
(ry often called as a interest rate for the zero-coupon bond) for
time t can be calculated from the simple discount formula (1):
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P = t
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where Py is the market price for contract that with certainty
pays one unit of currency at its maturity date (time t from
now).
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Fig. 1. The Term structure at an Instant in Time
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Fig. 2. Term structure dynamics over Time
Relationship between the interest rate and its term to
maturity t is generally called the term structure of interest rate

and can be represented with the curve r, as a function of t (Fig.
1.). Let us assume that we know the current level of interest
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rates at a given instant time, but in the future given curve is
liable to change, generating a steepening, flattening or
inversion of the curve (Fig. 2.). Thus r, is a random variable, it
is assummed that the future dynamics of the term structure of
interest rates depends on the evolution of some factor that
follows a stochastic process.

An important and useful concept in the modelling of interest
rates is an instantaneous interest rate. A heuristic way to
consider this concept is that the interest rate demanded over an
extremely short period of time (the instantaneous interest rate)
does not exist in reality, but in practice, this is analogous to
the overnight interest rate. The instantaneous interest rate is a
concept that takes an inherently discrete-time object such as
interest rate and gives it time-continuity. This permits us to use
the calculus of continuous-parameter stochastic processes in
modelling of the term structure of interest rates.

There are three major groups of methods, which are used
for modelling of term structure of interest rates: polynomial
and spline methods, stochastic factor and general equilibrium
methods. Polynomial and spline methods are based on leveling
of current term structure of interest rates without examining
the factors that influence term structure of interest rates. The
development of stochastic modelling methods began in 1977
with O.Vasicek article that had given a start for investigations
in the mentioned research direction. Stochastic factor and
general equilibrium methods are based on interest rate term
structure modelling depending on the factors that influence it
(Vasicek, Nelson-Siegel, Svensson, Longstaff-Schwartz, Cox-
Ingersoll-Ross models and etc.). Frequently, researchers don’t
make difference between stochastic factor and general
equilibrium methods with the same mathematical apparatus
and difference exists only in a necessary assumption on:
whether interest rates of financial instruments with different
maturities are endogenous variables or whether they are
exogenously raised.

1. VASICEK’S MODEL

Vasicek’s model is one of the most widely-used term
structure models of interest rates. According to Vasicek, the
market is effective, information is equally available to all
market participants and they act rationally by preferring the
highest level of wealth using all available information. No
transaction costs are considered. In this case, market
participants have the same hopes and risk-free arbitrage is
impossible, which gives the expected profit. Value of short
term spot rate is the only variable (factor), which provides
possible term structure. Vasicek assumes that the
instantaneous interest rate follows a mean reverting process
also known as an Ornstein-Uhlenbeck process (2):

dr(t) = k(9—r)dt + odW |, @)

k(¢-r)

that keeps pulling the short rate towards its long-term mean g

where the instantaneous drift represents a force

with a speed k proportional to the deviation of the process
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from the mean. The stochastic element odW , which has a

- - 2 - -
constant instantaneous varinace @ (a variance per unit of

time d'[) causes the process to fluctuate around the level Gin
a erratic, but continuous, fashon. If O is high, this means that
the value of I' quickly returns to its average value and the
value of I most of the time remains close to the value of 4 .

dw itself is a process

dw ~ N(O’ \/a), this stands that in Vasicek’s model the
instantaneous interest rate I' is changing constantly according
to the normal probability distribution. This process is a
continuous time analogue to an auto-regressive process.
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Fig. 3. Different shapes of the term structure using the Vasicek’s model

A major advantage of the Vasicek’s model compared to
other models is that this model is able to reconstruct different
shapes of the term structure, which sometimes occur in reality.
Mostly, for a large part this is due to the mean reversion which
is captured by the drift k(9 — r) in Vasicek’s model (Fig. 3.),
up- or downwarding shaped, humped shaped curves are
computed by taking different parameter values in model).

A drawback of the Vasicek’s model is that the model can
produce negative interest rates. If real interest rates (corrected
for inflation) have to be modeled, this will be a big problem as
real interest rates can’t be negative in reality. Nominal rates,
on the contrary, will never be negative in practice.

Cox, Ingersoll and Ross (1985) in their own model have
transformed the Vasicek’s model to prevent the short rates
from negative values.

1l. COX-INGERSOLL-R0OSS MODEL

One of the most important term structure models in the
literature is the Cox-Ingersoll-Ross (1985) model. In this
model, the dynamics of the short rate I', are governed by the
stochastic differential equation (3):

dr =k(9—r)dt + o/rdw (3)
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where dW is a standard Wiener process, and K , ¢ and
O are positive constants. Because of the drift term k(19 -
the short rate process is mean reverting; the current value of
the short rate process is pulled towards the long-term mean ¢
with a speed proportional to the difference from the mean. The
volatility term, oV I , approaches zero as I, ensuring that the
short rate stays positive. Also, the volatility increases as the
short rate increases. The process given in (3) is time-
homogenous Markov process (for which conditional on the
present state of the system, future and past are independent).

Let us start with a more general process by assuming that
the interest rate follows the process (4):

dr = z(r)dt + o(r)aw @)

where plr)= k(9—r) and alr)= ovr . The starting

point is to establish the Kolmogorov (forward) transition
equation to describe the evolution of probability distribution
cnction @ rtrT)
unction

process given by (5):
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of the interest rate that follows the
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In a steady-state equilibrium the probability distribution
i(p(ro,t,r T)=0
func(t c>n will settle down to a distribution
which independent of the initial value of the rate and
of time such that the distribution satisfies an ordinary
differential equation (6):

L0 0. (0)= Ll () ©

2 dr? dr

Integrating both sides, this becomes (7):

B ) BRI

dr

Our objective is to solve the differential equation in (7) to
eventually obtain the density function @, (r)

These are reasonable assumption for a process: I' > 0 and

(000(0)—0_ In this part it is necessary to make a small
deviation. In some of the models the stochastic process
postulated for the interest rate allows the rate to become
negative. Truly, the real interest rate can be negative by

pricing real bonds, but by trying to price nominal bonds, it is
an improbable assumption. In the CIR model this problem is
prevented by postulating an interest rate process which cannot
become negative. To prove this assumption it is necessary to
solve the stochastic second order differential equation to

calculate average exit time of process border v(r) . f
calculated time aspires to infinity, assumption of CIR model

that ¥ >0 and #- (O)= 0 is true.

K ¢

v(r) =2, r[z"‘g ikzr ('°gr9]dr+
k3 r
+Zlvl'e_"[Iogr_‘gjdwz2
)

Substituting assumption

y(l’)z k(19— I’) and
o(r)=o~r in (7) and ¢, (0)=0 in (10), obtains (11),

where C, =0 (10,11):

4300 -ke-r.0)+c, @
dr2
d(1
il 2o O 0=k 0e
0
A differential equation (12) is easier to solve:
L Gore ] Ko-re) @

Further mentioned equations ((13) — (24)) demonstrate steps
for solving of differential equation in (12), to get as a result a
mathematical shape of stationary distribution function of CIR
model (25):

(13)
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In (25) is given the general shape of the unconditional

(16) density function of a variable I that follows the process given
in (4):
(2k9 1) 2kr
e B (25)
o (r)=C,r'e" Je-
(17) The constants of integration C; and C, are determined to
guarantee that:
+00
If r>0then ¢, (r)=0and [p,(r)dr=1  (6)
+00
if r > Othen ¢, (r)>0and [, (r)dr =1 (27)
0
19 The steady-state distribution for the interest rate following
(19) the process given in (4) is:
2k 9 2k
( Y 0 r(?‘lje?
2k(3—r)—o° [dr L\l =
_ek@-r) (20) v 222 (28)
o ° 2k 9
I 2
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where C, was calculated by following:
(21)
C. = 1
27 (E—l) 2k,
jr o e o dr (29)
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Gamma function general form is given in (30):

+0
r(x)= [e*z*dz, (30)
0
2k o’ 2k 9
where z=—1r , I'=—Z7 and X=—; By
o 2k o
ssubstituting assumptions in equation (30) follows:
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IV. SUMMARY

Models of term structure of interest rates are relevant and
useful applications for understanding interest rate dynamics
and are probably the most computationally difficult part of the
modern finance due to a relative complicity of application
techniques and other aspects. Thereof, numbers of information
systems have integrated applications that allow performing
stochastic calculus and other calculations needed for
modelling the term structure of interest rates, and these
software programmes are usually very sophisticated for users
and expensive at the same time.

The author provides a short review of term structure
fundamentals and major groups of term structure modelling
methods such as polynomial and spline methods, stochastic
factor and general equilibrium methods. Continuing the author
gives an overview of two specific term structure models: the

Vasicek’s model, as an example of one-factor stochastic
models, and the Cox-Ingersoll-Ross model, as an example of
general equilibrium models (also known as affine models).
Considering the fact, that there is no tremendous difference
between the methods of term structure modelling mentioned
above, the Cox-Ingersoll-Ross model was chosen for
integration in MATLAB (by the reason of using the same
origin basis as in Vasicek’s model and some differencies in a
assumption on variables. The Cox-Ingersoll-Ross model, in
comparison to Vasicek’s model, is preventing the negative
interest rate forecasts, and hereof, more truly reflects the
dynamics of interest rates in real financial markets. In order to
create simple and useful tool for simulating an adequate and
accurate forecasts of interest rates dynamics the special
attention has been dedicated to founding the stationary
probability distribution of the Cox-Ingersoll-Ross model with
Kolmogorov transition equation as a necessary solution for

implementation of mentioned model into MATLAB
environment.
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Olesja Zamovska, Koksa-Ingersolla-Rossa modela stacionars sadalijums ka Kolmogorova vienadojuma risinajums

Procentu likmju terminstruktiiras modeli ir nozimigas un noderigas programmaplikacijas, lai saprastu procentu likmju dinamiku, un, iesp&jams, aprékinu zina
viena no sarezgitakajam jomam musdienu finans€s pietickami sarezgitas piemérosanas tehnikas un citu aspektu dél. Ta rezultata, tikai dazam informacijas
sisttmam ir integrétas programmaplikacijas, kas lauj veikt stohastiskos un citus aprekinus, kas ir nepieciesami procentu likmju terminstruktiras model&Sanai, un
§is programmas parasti ir loti sarezgitas lietotajiem un ari dargas. Autore sniedz Tsu ieskatu procentu likmju terminstruktiiras pamatos un model&Sanas metozu
pamatgrupas: polinomu un splainu metodes, stohastiskas faktoru un vispargja lidzsvara metodes. Darba gaita autore apskata divus specifiskus procentu likmju
terminstruktiiras modelus: Vasi¢eka modelis, ka vienfaktora stohastisko modelu piemérs, un Koksa-Ingersolla-Rossa modelis, ka vispargja lidzsvara modela
piemérs. Nemot véra faktu, ka starp iepriekSmin&tajam procentu likmju terminstruktiiras modeléSanas metodém nav lielu atskiribu to izcelsmes dgl, bet atSkiribas
pien@mumos par mainigajiem lielumiem nav bitiskas, integracijai MATLAB vidg tika izvéléts Koksa-Ingersolla-Rossa modelis. Koksa-Ingersolla-Rossa modelis
salidzinajuma ar Vasi¢eka modeli nover$ negativu procentu likmju rasanos prognozes, un tapéc patiesak atspogulo procentu likmju realo uzvedibu un dinamiku
finan3u tirgos. Ipa$a uzmaniba tika veltita, lai noteiktu stacionaro varbiitibu sadalfjumu Koksa-Ingersolla-Rossa modelim, risinot Kolmogorova vienadojumu un
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sadi nosakot matematisko formu modela izstradei MATLAB vidg, lai izveidotu vienkarSu un noderigu riku, kas palidzes modelét adekvatas un precizakas
procentu likmju dinamikas prognozes.

Ouecst 3amoBcka, CTanmoHapHoe pacnpeesnenue mojaeau Koxe-Uurepcosi-Poce kak pemenne ypasHenusi Kosivoroposa

Mogzeny BpEeMEHHOH CTPYKTYpBI NMPOLEHTHBIX CTABOK SBISIOTCSA BA)KHBIMU M IIOJIE3HBIMH aIIUIMKALUAMU JUIs HOHMMAHUS IMHAMHKH HPOLCHTHBIX CTaBOK H,
BO3MOXKHO, C TOYKH 3PCHUS BBIYUCICHUH, OJHON M3 CaMBIX CIIOXKHBIX 00lacTell COBpPEMEHHBIX (pUHAHCOB, OIarogapst JOCTATOYHO CIIOXKHBIM IPUMEHSIEMbBIM
TeXHHKaM H APYTHM acleKTaM. BemencTBume 5TOro, auimmbs HeOONBIIOE YHCIO MH(OPMAIIMOHHBIX CHCTEM HMEIOT BCTPOCHHBIC NPOrPAaMMHEIE IPUIIOKCHUS,
KOTOpbIE MO3BOJIAIOT BBINOJIHATH CTOXaCTHYECKHE BBIYMCICHUS U JPYTHE PAcyeThl, HEOOXOAUMBIE IIPU MOJEIUPOBAHUM BPEMEHHON CTPYKTYPhI HPOLEHTHBIX
CTaBOK, M TAKOE IIPOrpaMMHOE o0ecedeHne, Kak IPaBuio, JOCTATOYHO CIOXKHOE JUIS IIOJIb30BaTeNlel U B TO JKe BpeMsl Joporoe. ABTOp JenaeT KpaTKuil 0630p
OCHOB BPEMEHHOH CTPYKTYpHI NIPOIEHTHBIX CTaBOK M OCHOBHBIX METOJOB MX MOJEIMPOBAHMS: METOABI IIOJMHOMOB H CIUIAHHOB, CTOXacTHYECKHE (haKTOPHBIE
METO/Ibl U METO/IBI 00LIero paBHOBecHs. Jlanee, aBTOp pacCMaTpUBaeT ABE KOHKPETHBIC MO BPEMEHHON CTPYKTYpbI IPOLIEHTHBIX CTaBOK: MoJeib Vasicek,
Kak IpumMep ofHO(MAaKTOPHOH cToXxacTudeckoi Mozenu, u Mogens Cox-Ingersoll-Ross, kak npumep mozenu obuiero paBHOBecHs! (Takxe u3BecTHOH Kak affine
MOZienb). YUUTHIBas TOT (haKT, YTO CYLIECTBYET JIMIIb HEe3HAUUTEIbHAs Pa3HHIA MEX/TY BBIIIE YIIOMSHYTHIMH METOaMU MOJICTIMPOBAHHUS BPEMEHHOH CTPYKTYpBI
MPOLIEHTHBIX CTABOK [0 MPUYMHE MX [POMCXOXKIEHHs, a TAKKe HECYIIECTBEHHbIC OTIMYMs B mepeMeHHbX, Mogens Cox-Ingersoll-Ross Obuia BeiOpana st
nnrerpaun B cpene MATLAB. Mogens Cox-Ingersoll-Ross, mo cpaBrenuto ¢ Mozesbsio Vasicek, He 10mycKaeT MOsBICHNE HEraTHBHBIX MPOLICHTHBIX CTaBOK
IIPU TIPOTHO3UPOBAHNUH, YTO HAMITY4ImIUM 0Opa3oM OTOOpakaeT IMHAMHUKY NPOLEHTHBIX CTaBOK Ha ()MHAHCOBEIX phIHKaX. Ocoboe BHUMaHHE ObUIO yIeIeHO
(hopMyITHPOBKE CTALMOHAPHOTO PACHPECICHUS BEPOATHOCTEH JUIs JIAHHOM MOJENM IIOCPEACTBOM pelleHus ypaBHeHHs Koimoroposa s mHoidydeHHs
matemarndeckoil popmbr Cox-Ingersoll-Ross moxenu mist mocnenymeit paspaborku B cpene MATLAB 1 co3manus mpocToro n Hojae3HOr0 MHCTPYMEHTA UL
MOJICTUPOBAHHUS aIeKBATHBIX M aKKYPATHBIX IPOrHO30B JMHAMHKH IIPOLIEHTHBIX CTaBOK
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