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Abstract — In this article the problem of clustering massive
data sets, which are represented in the matrix form, is
considered. The article represents the 2-D self-organizing
Kohonen map and its self-learning algorithms based on the
winner-take-all (WTA) and winner-take-more (WTM) rules with
Gaussian and Epanechnikov functions as the fuzzy membership
functions, and without the winner. The fuzzy inference for
processing data with overlapping classes in a neural network is
introduced. It allows one to estimate membership levels for every
sample to every class. This network is the generalization of a
vector neuro- and neuro-fuzzy Kohonen network and allows for
data processing as they are fed in the on-line mode.
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l. INTRODUCTION

There are many control systems, processes and the signals,
the flow of which is characterized by two-dimensional fields
of measurements. Examples of such fields are
electromagnetic, thermal and optical fields, areas of air
pollution and surface water etc. An obvious example of such
two-dimensional field is a digital TV image or a similar image
to it, a set of brightness of luminescence elements, which
forms a discrete two-dimensional field. As a rule, processing
of such fields is made by a preliminary vectoring of their
fragments and the subsequent analysis of a multidimensional
(vector) process using traditional methods. In terms of
computing this approach is ineffective. Therefore in some
cases it is much more convenient to process a matrix signal
directly and to do it without a vectoring and an opposite
operation of vectoring (the devectoring operation). In addition,
when an initial vector signal of high dimension is converted
into in a more compact matrix form, the reverse situation is
also possible.

It is necessary to notice that various problems of matrix
signal processing, without the preliminary vectoring, have
been attracting attention for a long time. Therefore, in [1, 2]
problems of control of dynamic matrix objects (including
adaptive) have been considered. In [3] the problem of a two-
dimensional discrete filtration has been solved, and in [4, 5] —
the identification and forecasting have been considered. In [6]
the matrix algorithm for self-learning of a Kohonen map [7, 8]
for processing (segmentation) of digital images has been
proposed. In this article, the synthesis of an algorithm for self-
learning of a neuro-fuzzy Kohonen map, which is intended for
processing matrix signals (images) under conditions of
overlapping classes, is proposed.
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I1.NEURO-FUZzY KOHONEN MAP

Self-Organizing Maps (SOMs) were introduced by
T.Kohonen [7]. Nowadays they are widely used for solving a
wide class of Data Mining problems such as clustering,
autoassociation, diagnostics, information compression, etc.
The basic feature of Kohonen maps is their ability to self-
learning without an external training signal ("a teacher") and
the computational simplicity of implementation. These
features have made SOMs popular among users of artificial
neural networks. At the same time, the most popular rules of
self-learning, based on principles «the winner takes all»
(WTA) and «the winner takes more» (WTM), can appear
inefficient under conditions of overlapping clusters when the
same image with various levels of membership (probabilities,
possibilities) can belong to several classes at once. That is why
the synthesis of hybrid neuro-fuzzy systems, which integrate
advantages of Kohonen maps and procedures of fuzzy
clustering, is expedient [9].

Consequently, in [10, 11] the fuzzy Kohonen map (fuzzy
SOM) has been introduced. Neurons of this network are
replaced by fuzzy sets and fuzzy rules, which are set a priori
by experts. Thus, the learning process is actually absent. In
[12, 13] the fuzzy clustering map has been proposed. This
neural network implements the classic clustering algorithm of
fuzzy c-means (FCM) [14]. Like FCM, a fuzzy SOM
processes data in a batch mode that does not allow using it in
the on-line mode. In [15] the combined learning algorithm of a
self-organizing map with a fuzzy inference has been proposed.
This algorithm integrates the Kohonen and the Grossberg
learning rules [16]. Unfortunately, the efficiency of this
algorithm essentially depends on a well-founded choice of its
free parameters. In [17-19] the recurrent algorithms of self-
learning, which are hybrids of Kohonen WTM-rules and
adaptive algorithms of fuzzy clustering, have been developed
[20]. Thus, as the neighborhood function, the levels of
membership functions have been used. These levels of
membership functions are defined by the accepted value of
fuzzyfier, which essentially affects the final results.

A standard single-layered 1-D self-organizing neural
Kohonen network is considered in [8]. It consists of n inputs
and m neurons in the Kohonen layer. The process of its tuning
includes a competition, cooperation and actually a synaptic
adaptation. We also suppose that the training set with a priori

unknown classification x(k) = (%, (k), x2(k),...,xn(k))T , Where
k =12,....N is the number of sample in the training set or an

index of current discrete time, is defined. Every neuron is an
adaptive  linear associator and has N synaptic
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weights Wj(k)=(le(k),sz(k),...,an(k))T , J=12,..m .
The output signal of each neuron can be represented as:
T
yj (k) = wj (k =Dx(k),
and a network  signal in the large

y(K) = (y1(k), yz(k),...,ym(k))T; the input and output signals
are preliminary normalized:

M

Ix(k)| = ||wj (k —1)|| =1 )

At a competition stage on each step we find the winner
neuron w; (k —1) for each input vector x(k) that is fed to the

network (in the accepted metric, in this case Euclidian).
The winner neuron is defined by the minimum value of
distance:

D; (x(Kk), w; (k ~1)) = (k) - w; (k - D) ©)

D (x(k), w; (k =1) = [x(k) - w; (k —1)||2 -
=2(1-y;(k)) = 2(1 - cos(x(k), w; (k-)))
Consequently, if (2) is used, 0<D?(x(k),w;(k 1)) <4,
and-1<y;(k) <1.

If the cooperation stage is left out, the WTA-rule is as
follows:

(4)

w; (k=1) +7(k)(x(k) —w; (k -1))

Jw (k=) + 7)) —w; (k=)
if w;(k—1)is the winner,

w; (k) = ®)

wj (k —1) — otherwise,

where 7(k) — a learning rate parameter for adjustment of
speed, chosen according to the rules of stochastic
approximation. If the cooperation stage is used in the self-
learning process, then the neighborhood function ¢(j,1,k) is
considered, for which ¢(j,I,k)=1 . If any of neurons
w, (k —1) moves away from the winner w, (k —1) , this function

decreases, and the WTM-rule for all neurons in the network is
as follows:

W (k =1) + n(K)(J, 1, K)(x(k) —w (k 1))
[ (k =2+ 77 (k) 1, K)(x(k) = w; (k = 1))

Ifl =], (6) agrees with the first relation in (5). Usually the
Gaussian or another bell-shaped function is used as the
membership function.

For simplification of calculations it is possible to refuse a
competition stage and to “connect” a neighborhood function
not to the winner neuron w;(k—1), but to an input vector

w, (k) = (6)

X(k) . For this purpose in [15] the simple construction of
neighborhood function without a winner has been used:
¢(|,k)zwl

2 ()
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This function is a type of radial basis activation functions of

the raised cosine; and it has been introduced in [21]. Then if in

formula (6) we take into consideration (7), (6) can be rewritten

as

1+y, (k)
2

009 (440w k1)

where a unique free parameter is the learning rate parameter
n(k) . In [15], the procedure has been used for its adjustment

w, (k =1) + (k) (x(k) = w, (k =1))

w, (k) = )]

w, (k =1) + (k)

n(k) =r*(k), rk) = ar(k -1 +[x(k)?| 0<a <1 (9

% <n(k) <1. (10)

If « =1, this procedure satisfies necessary conditions of
stochastic approximation.

At the same time, in [22] it has been shown that
convergence of the learning procedure (6) is provided not only
by reduction of a learning rate, but also by the constant
narrowing of receptive field of neighborhood function. That is
rather inconvenient to implement for the function (7) [15]. In
this case, the use of the square-law Epanechnikov function
[23-25], which can be represented as (11), is more perspective:

o= mafz- KOO
’ ’ o (k)
(12)
_ max {0 1 DIOx(k), w —1»}
, 0|

where o*(k) — the width parameter of the receptive field. The

narrowing of the receptive field can be provided using the
procedure [22]

o(k) = o(0) exp(— %) 5> 0. (12)

It is interesting to note that when o =2 , the function (11)
coincides with (7), because
1+y(k) _, D (x(®)wi(k-1)
2 4 '
Since a receptive layer (11) is a hypersphere of the radius o,
then learning rule (6) with an Epanechnikov function (11) is a
generalization of an images compression algorithm [26] with
the membership function

. 2 2
(1K) = 1L, Yw, (le), if [x(k)—wy (k-1)|" <o,
0, otherwise.
The self-organizing map, which is tuned by using a learning
set x(1), x(2),...,x(N), can be employed for the classification
(or clustering) of entering new samples
X(p), p=N-+1LN +2,.... At the same time, if it is supposed a
priori that clusters are overlapping, then it is necessary to
evaluate the level of belonging of x(p) to each generated

cluster. To calculate this level, the modification of a standard
FCM-estimate is used [9, 14]:

1

(13)

(14)
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[x(p)—w,(N)| " h(y, (p)) e D W (kD)
u,(x(p)) = A5) iyl ) = ex0 2 T Wiy (k=D Wy (=D |

lex(p) w, (N)|” h(y,(p)

where u;(x(p)) is the membership level of observation x(k)
to j cluster,

1, ify:(p)>0,
h(y. = ! 16
(i(P) {O, otherwise. (16)
y;(p) =w; (N)x(p). 17
It is obvious that all patterns for which
—1<cos(x(p),w,;(N)) <0 (18)

cannot belong to j cluster.

I1l. SELF-LEARNING MATRIX ALGORITHM
The section considers a one-layered 2-D self-organizing
map that contains (n;,xn,) receptors on the input and
(my xm,) neurons in the Kohonen layer.
The training set is represented as a sequence of matrix

patterns X (K) ={x;;, ()}, i;=12,..n; ip=12...nm,

k=12,...N , each neuron is a matrix adaptive linear
associator and  has  (nyxn,) synaptic ~ weights
Whjz (k):{wjljziliz (k)}, jl =1,2,...,m1; jz =1,2,...,m2 . The

output signal of neuron can be represented as
Y(K) ={y;,;, (O} ¥y, (0 =Trwy; (k=DX(K),

at the same time, inputs are preliminary normalized so that

(19)

Tr X(K)X T (k) =1. (20)

At a competition stage, on each step the winner neuron
W, ;, (k), which is the closest to the input vector X(k), is

defined in the matrix spherical norm

Dy (X (LW, (k—D) =
= (Tr(X(K)=W; j, (K=D)(X (K) =W, ;, (k=1)T)

D, (X)W j, (k=D) =2(L-y; ;, (K)) . (22)
In this case, WTA learning rule is the modification of the
algorithm introduced in [6] and can be written as

Wi j, (k=D +n(K)(X (k) -W; ;, (k-1))) x
(TrWy i, (K=D)+n7(K)(X (k) -W; ;, (k=1))) x
Wi, j, (K=D)+n(K)(X (k) -W; ;, (k “)7),
if W; ;, (k—=1)isawinner,

Wi, j, (k=1),

(1)

1
2

Wi, (K) = (23)

otherwise.

If in a self-learning process a competition stage is used, the
scalar membership function is taken into consideration, for
example, Gaussian with matrix argument
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T -2
Wy j, (k=D =Wy, (k=1) o (k)
also a WTM learning rule for all neurons mym, of a network
is applied:

Wy, (K) =Wy, (k=2) +7(K)4( o, Ll K)(X () =Wy, (k =1)) x
X(Tr Wy, (K =1)+72(K)@(Jy Iz by, K)X (K) =Wy, (k =1))) x
X(W, (k=) +7(K)P(Jy . Ll KX () =Wy, (K =D))T e

the learning rate parameter is specified according to a
recurrent relation:

(25)

(k) =r(k),

rk)=ar(k-)+TrX(K)X (k) =ar(k-1)+1.  (26)

In a self-learning mode without the winner, similarly to (7),
the neighborhood function

i =2 @
and a self-learning rule
I+y, ()
Wy, (K) =Wy, (k =2) +77(k) ——=— (X (k) =W, (k =1))
II )
x(Tr (W, (k- 1)+77(k) (X (k) -W,, (k=D)x  (28)
II ( ) T -1
x (W, (k- 1)+f7(k) (X (k) =W, (k=D))") 2.

are entered.

Further, we can introduce the matrix modification of
Epanechnikov function (it is similar to (11)):

¢(|1|2:k):

Tr(X (K) =W, . (k=D)(X (k) =W, (k =1))"
max o, 1 TOX0 Wy (DX W (D) |
o’ (k)
o 1. Dl (X (KW, (k-3)
o’ (k)

and to use it as a neighborhood function in the WTM-rule (28)
instead of (27).

Finally we can use (30) instead of (15) to estimate a
membership level of the pattern X (p) in classes generated on
a stage of synaptic adaptation.

uj;, (p) = (Tr(X(p)-W,;, (N))(X(p)-W;;, (N)) ™" x
xh(uy;, (p)x

X(3 Y (Tr(X(

1,=11,1

(30)

p)=Wi;, (N)(X(p) =W, (N)))_lh(ujljz (™
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where
if y, (p)>0,

31
, otherwise. 1)

1
h(yy, (p)) = {0

IV. CONCLUSIONS

A group of self-learning algorithms for the 2-D self-
organizing neuro-fuzzy Kohonen map is proposed. These
algorithms process not traditional vector signals, but patterns
in the matrix form. It provides a number of computing
conveniences in the analysis of the two-dimensional fields and
high-dimensional data. The algorithms introduced in this
paper are attractive thanks to their computational simplicity;
they enable solving clustering problems under conditions of
overlapping classes, which is important for solving a large
class of real practical problems.
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Jevgenijs Bodjanskis, Valentina Volkova, Marks Skuratovs. Matricveida neiro-izplidusais pasorganizejosais klasterizacijas tikls

Apskatits datu masivu, kas doti matricas forma, klasterizacijas uzdevums. Tapat tiek piepemts, ka apstradei paredzétie dati tiek papildinati secigi tieSsaistes
rezima, bet pasi klasteri, kurus veido Sie dati, kada veida parklajas ta, ka katrs ar matricu att€lotais téls ar dazadiem piederibas [imeniem var vienlaicigi piederét
uzreiz vairakam klaseém. Uzdevuma atrisinaSanai ir ieviestas divdimensionala T. Kohonena paSorganizgjosa karte un tas apmacibas algoritma modifikacija,
balstoties uz likumiem ,,uzvarétajs iegtst visu” (WTA), ,,uzvarétajs iegtst vairak” (WTM) un bez uzvarétaja. Ja pasapmacibas procesa izmanto konkurences
etapu, tad katra soli tiek noteikts neirons uzvarétajs, kas matricas sferiskaja metrika ir vistuvakais izmantotajam ieejas t€lam, un tiek izmantota uz WTA likuma
balstita apmaciba. Savukart, ja paSapmacibas procesa tiek izmantots kooperacijas etaps, tad tiek ieviesta skalara kaimina funkcija, pieméram, Gausa funkcija ar
matricas argumentu, un tiek pielietota uz WTM likuma balstita apmaciba visiem tikla neironiem. WTM apmacibas procediras konvergence visiem tikla
neironiem tiek nodro$inata, samazinot mekl&Sanas soli un pastavigi saSaurinot kaiminu funkcijas receptoro lauku, kas sarezg1 apmacibas procesa realizaciju tada
veida funkcijai. Tapéc par kaiminu funkciju tradiciondlo Gausa funkciju vieta ir piedavats izmantot V. Epanecnikova funkcijas. Tapat darba piedavata
divdimensionala neiro-izpliidusas Kohonena kartes modifikacija un tas apmacibas adaptivais algoritms, kas lauj novertét gan klasteru prototipu (centroidu)
parametrus, gan piederibas limenus. Ir paradits, ka apmacibas algoritms ir izpliidusas c-vid&jo metodes modifikacija. Piedavatais matricu algoritms, atsakoties no
vektorizacijas un devektorizacijas operacijam, nodroSina daudzas priekSrocibas skaitliskaja realizacija par tradicionalajam pieejam, kad tiek apstradati
divdimensionali lauki un liela izméra datu masivi.

EBrennii Boasuckuii, Basentnna Boaxosa, Mapk CkypatoB. MaTpuuHasi Helipo-He4éTKasi CAMOOPIraHU3YIOIAsICS KJIACTEPU3UPYIOIIAs CeTh
PaccmoTpeHa 3ajaua KIIaCTEpU3alME MAaCCUBOB JAHHBIX, 3aJaHHBIX B MaTpuuHOil (opme. [Ipu 3TOM Ipeanonaraercs, 4To JaHHBIEC NOCTYNAIOT Ha 00pabOTKy
HociezioBarebHo B ON-line pexume, a camu KiacTepbl, 00pasyeMble STHMH JaHHBIMH, HEKOTOPBIM 00pa3oM HEpeceKaroTcs Tak, YTO Kax/Iblii 00pa3-mMarpuua ¢
Pa3NMYHBIMU YPOBHSMH HPHHAUIEKHOCTH MOXKET OJHOBPEMEHHO NPHHAIJIEXaTh Cpa3y HECKOJBKUM KiaccaM. [l pelneHus 3amaddl BBEAEHA IBYMEPHast
MozuduKanus camMoopraHmsyromeics kaptel T.KoxoHeHa M anroputMmbl ee oOydeHWs, OCHOBAHHBIC Ha NpaBHIaX «moOexutens mnoimydaer Bce» (WTA),
«mobequrens nonyyaer Oonbiiey (WTM) u Oe3 nobeautens. Eciu B mpouecce camooOydeHMs MCIOJIB3YeTCS 3Tall KOHKYPEHLMM, Ha KaKJOM Liare
oIpeieNsIeTcsl HeHpoH-1odenuTeNnb, Hanbosee OMM3KUH B MaTPHYHOH cepruueckoil METpUKe K MpeNbsABIsIEMOMY BXOIHOMY o00pa3sy, u ucrons3yercs WTA-
npaBmiIo 00ydeHus. Ecim xe B mponecce caMoo0ydeHns HCIIOIB3YeTCs Tal KOOIEPAIHH, B PACCMOTPEHNE BBOJMTCS CKaIApHas (GYHKIHS COCECTBA, HAIIPHMED,
raycCcHaH ¢ MaTpUYHBIM apryMeHToM, U npumensercs WTM-npaBuino oOyueHus aist Bcex HelipoHoB cetd. Cxonumocts WTM-nipouetypbl 00y4eHus ajis Beex
HEfPOHOB ceTH 00EeCIeurBaeTCss YMEHBIICHHEM IlIara MOMCKa U OCTOSHHBIM CY)KCHHEM PELIENTOPHOIO 101 (PYHKIMH COCE/ICTBA, YTO YCIOKHACT peaan3aliuio
nporecca o0ydeHHst s GyHKIMH Takoro Buja. ITostoMy B kadecTBe (PyHKIMH COCEICTBA BMECTO TPAJUIMOHHBIX TayCCHAHOB IPEUIOKEHO HCIIONB30BaTh
¢dyukunn B.EnaneunnkoBa. B pabote Taxoke npesiokeHa IByMepHas Moanudukanus Heiipo-HeuéTkoit kapThl KoXOHEeHa U aJanTHBHBIH arOPUTM ee 00yUeHHs,
MO3BOJISIIOIIMK OLIEHUBATh KaK IapameTpbl MPOTOTHIIOB (LEHTPOMIOB) KJIACTEPOB, TaK M YPOBHU HNpUHAIIeKHOCTEeH. [loka3aHo, 4TO ainroput™ oOy4YeHUs
SIBIIETCSI MOAU(UKaei HedéTkoro Merona c-cpeaaux (FCM). BeneHHbIN MaTpUYHBINH alrOpHTM 00ECIICUHBAET PsJl IPEHMYIECTB B UACICHHON peall3aliii
nepes TPaJUIMOHHBIMH IIOAXOJaMH IIpU 00pabOTKe IBYMEpPHBIX IOJIEH M MAacCHBOB JAaHHBIX OONBLIOW pa3MEpPHOCTH, Oiaromapst OTKa3zy OT OIeparui
BEKTOPH3aLHU-ACBEKTOPH3ALIIH.
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