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Abstract — In cluster analysis data are divided into groups
according to a specific criterion called metrics. Traditionally the
metrics of choice has been Euclidean distance. This article studies
other distance metrics used in cluster analysis— Manhattan
distance, Cosine distance and Pearson correlation measure. In k-
means clustering algorithm these metrics were used to determine
cluster centers and the clustering correctness was evaluated. It
was found that the clustering results were very similar. The
article also contemplates to evaluate clustering validity criteria.
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I. CLUSTER ANALYSIS METHOD

Cluster analysis is used to automatically generate a list of
patterns by a training set. All the objects of this sample are
presented to the system without the indication to which pattern
they belong. The cluster analysis is based on the hypothesis of
compactness. It means that methods of cluster analysis enable
one to divide the objects under investigation into groups of
similar objects frequently called clusters or classes. Given a
finite set of data X, the problem of clustering in X is to find
several cluster centres that can properly characterize relevant
classes of X. In classic cluster analysis, these classes are
required to form a partition of X such that the degree of
association is strong for data within blocks of the partition and
weak for data in different blocks.

As a data mining function, clustering can be used as a
standalone tool to gain insight into the distribution of data, to
observe the characteristics of each cluster, and to focus on a
particular set of clusters for further analysis [1]. Clustering is
one of the most fundamental issues in data recognition. It
plays a significant role in searching for structures in data. It
may serve as a pre-processing step for other algorithms, such
as classification and characterization, which will operate on
the detected clusters [2].

In general, clustering algorithms are used to group some
given objects defined by a set of numerical properties in such
a way that the objects within a group are more similar than the
objects in different groups. Therefore, a particular clustering
algorithm needs to be given a criterion to measure the
similarity of objects, how to cluster the objects into groups.
One of the most widely used k-means clustering algorithm
uses the Euclidean distance to measure the similarities
between objects. K-means clustering algorithms need to
assume that the number of groups (clusters) is known a priori.
Table 1 outlines the k-means clustering algorithm [3].
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TABLE |
AN OUTLINE OF THE K-MEANS ALGORITHM

K-MEANS CLUSTERING

=

Decide on a value for k.

N

Initialize the k cluster centers (randomly, if necessary).
Decide the class memberships of the N objects by
assigning them to the nearest cluster center.

4. Re-estimate the k cluster centers, by assuming the
memberships found above are correct.

If none of the N objects changed membership in the last

iteration, exit. Otherwise go to 3.

The term “cluster analysis” actually comprises a set of
different classification algorithms. A common question
frequently asked by researchers is: how to organize the data
observed into clear structures? A viewpoint exists that unlike
many other statistical procedures, methods of cluster analysis
are commonly used when the researcher has not got any prior
hypotheses regarding classes but is still at the descriptive stage
of investigation. It should be noted that the cluster analysis
determines the most possible meaningful decision [4]-[6].

Cluster analysis is used to automatically generate a list of
patterns by a training set. All the objects of this sample are
presented to the system without the indication to which pattern
they belong. The cluster analysis is based on the hypothesis of
compactness. It means that methods of cluster analysis enable
one to divide the objects under investigation into groups of
similar objects frequently called clusters or classes. Given a
finite set of data X, the problem of clustering in X is to find
several cluster centres that can properly characterize relevant
classes of X. In classic cluster analysis, these classes are
required to form a partition of X such that the degree of
association is strong for data within blocks of the partition and
weak for data in different blocks.

Similar to other clustering algorithms, k-means clustering
has many drawbacks:

Cluster number, k, must be determined beforehand.

It is difficult to determine the contribution each
attribute makes to the grouping process, since it is
assumed that each attribute has the same weight.

By using the same data, we may never know the real
cluster. If the number of data is a few, by inputting
data in a different order, a result may be a different
cluster.

In case there are not many numbers of data, the
cluster will be significantly determined by the initial

grouping.
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e Weakness of arithmetic mean is not robust to outliers. d
As a result, the centroid may be pulled away from the Dyy = ZI Xik = Xi | )
real data by outliers. k=1
e It is sensitive to initial condition, since different
initial condition may lead to different result of Minkowski distance is the generalized metric distance:
cluster. The algorithm may be trapped in the local
optimum. d
. L = _x. [Py
e Asaresult, one gets a circular cluster shape which is Dxv = (Zl Xite = Xjic ") ®)
k=1

based on distance [7].

I1.DISTANCE METRICS OVERVIEW

Nowadays the concept of regularity or similarity is
acquiring more and more attention in the representation of
intelligent data processing system operation. In many cases it
is necessary to ascertain in what manner the data are
interrelated, how various data differ or agree with each other,
and what the measure of their comparison is. In various
dictionaries the term “regularity” or “similarity” is interpreted
as similarity, conformity with a law or conclusion by analogy.
Regularity can be considered to be determined correctly if it
explains the results of all experiments that relate to the given
area of operation.

The main purpose of metrics learning in a specific problem
is to learn an appropriate distance/similarity function. Metrics
learning has become a popular issue in many learning tasks
and can be applied in a wide variety of settings, since many
learning problems involve a definite notion of distance or
similarity [8]. A metrics or distance function is a function
which defines a distance between elements of a set [9], [10]. A
set with a metric is called a metric space. In many data
retrieval and data mining applications, such as clustering,
measuring similarity between objects has become an important
part. In general, the task is to define a function Sim(X,Y),
where X and Y are two objects or sets of a certain class, and
the value of the function represents the degree of “similarity”
between the two. Formally, a distance is a function D with
nonnegative real values, defined on the Cartesian product X x
X of aset X. Itis called a metrics on X if for every x,y,z € X:

o D(x,y)=0 if x=y (the identity axiom);
o D(x,y) + D(y,z) > D(x,z) (the triangle inequality);
o D(x,y)=D(y,x) (the symmetry axiom).

A set X provided with a metric is called a metric space.

Euclidean distance is the most common use of distance — it
computes the root of square differences between coordinates
of a pair of objects [7]:

m
Dy :JZ(Xik —Xji)°
k=L

Manhattan distance or city block distance represents
distance between points in a city road grid. It computes the
absolute differences between coordinates of a pair of objects

[7]:

)

73

Note that when p=2, the distance becomes the Euclidean
distance. When p=1, it becomes city block distance.

The distance measure can also be derived from the
correlation coefficient, such as the Pearson correlation
coefficient. Correlation coefficient is standardized angular
separation by centering the coordinates to its mean value. It
measures similarity rather than distance or dissimilarity [7]:

d
Z(Xik = Xi)(Xj = X;)
=

I d
\/Z(Xik _)_(i)ZZ(Xjk -%;)°
=] =]

il

(4)

d
1
where X; :szik .
k=1

Noticing that the correlation coefficient is in the range of
[-1, 1], with 1 and -1 indicating the strongest positive and
negative correlation respectively, we can define the distance
measure as

Dyy =(1-1;)/2 (5)

When using correlation coefficients for distance measures,
it should be taken into consideration that they tend to detect
the difference in shapes rather than determining the magnitude
of differences between two objects.

Cosine distance is the angular difference between two
vectors:

Y

n

X: xY;
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The summary of the metrics is shown in Table 2.

Dyy =cos(8) =

(6)

n
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i=1
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TABLE Il
DISTANCE MEASURES AND THEIR APPLICATIONS

Measure Examples and applications

Euclidean distance K-means with its variants

Manhattan distance Fuzzy ART, clustering algorithms

Cosine distance Text Mining, document clustering

Pearson correlation Widely used as the measure for microarray

gene expression data analysis

The purpose of the experimental part was to test the
operation of the k-means algorithm by applying different
metrics. Four different metrics have been chosen: Euclidean
distance, Manhattan distance, Cosine distance and Pearson
correlation. In the course of the experiments in order to
determine cluster centres in the k-means clustering algorithm,
all four metrics have been used sequentially. The results

obtained have been analyzed and the clustering correctness
has been tested.

During the experiment, the well-known Fisher’s IRIS data
set was employed [11], containing three species classes of 50
elements each: setosa, versicolor and virginica. Each species
has four attributes: SL - sepal length, SW - sepal width, PL -
petal length, PW - petal width. This data set is used in cluster
analysis, because the data set contains only two clusters with
rather obvious separation. One of the clusters contains the Iris
setosa species, while the other cluster contains both Iris
virginica and Iris versicolor and is not separable without the
species information Fisher used.

The experimental part has been carried out in the Matlab
environment [12]. The results of the experiments are shown in
Table 3.

TABLE Il
CLUSTERING RESULTS BY APPLYING DIFFERENT METRICS

Distance | Euclidean Manhattan Cosine Correlation
Cluster 50.06 34.28 1462 246 |50 34 15 2 0.80 0.55 0.23 0.04 0.68 0.24 -0.29 -0.63
centres | 6850 30.74 57.42 2071 | 57 27 42 13 0.75 0.35 053 0.16 0.62 035 0.34 -0.61

59.02 27.48 4394 1434 | 65 30 54 19 0.71 0.32 059 0.22 0.69 -0.23 0.20 -0.66
Clusterl | Records from cluster 1 —50 | Records from cluster 1 — 50 Records from cluster 1 — 50 Records from cluster 1 — 50
contains: Records from cluster 2— 0 | Records from cluster 2 — 0 Records from cluster 2 — 0 Records from cluster 2 — 0

Records from cluster 3— 0 | Records from cluster 3 -0 Records from cluster 3 -0 Records from cluster 3—0
Cluster2 | Records from cluster 1 —0 Records from cluster 1 — 0 Records from cluster 1 — 0 Records from cluster 1 — 0
contains: Records from cluster 2 — 48 | Records from cluster 2 — 39 Records from cluster 2 — 45 Records from cluster 2 — 47

Records from cluster 3 — 2 Records from cluster 3 — 11 Records from cluster 3 -5 Records from cluster 3 — 3
Cluster3 | Records from cluster 1 —0 Records from cluster 1 — 0 Records from cluster 1 — 0 Records from cluster 1 — 0
contains: Records from cluster 2 — 14 | Records from cluster 2 — 4 Records from cluster 2 - 0 Records from cluster 2 — 3

Records from cluster 3—-36 | Records from cluster 3 — 46 Records from cluster 3 — 50 Records from cluster 3 — 47
Correct- | For cluster 1 — 100 % For cluster 1 — 100 % For cluster 1 — 100 % For cluster 1 - 100 %
ness: For cluster 2 - 96 % For cluster 2 - 78 % For cluster 2 - 90 % For cluster 2 - 94 %

For cluster 3 - 72 % For cluster 3- 92 % For cluster 3 - 100 % For cluster 3- 94 %

The above table shows that all metrics correctly recognize
cluster 1 records. Cluster 2 records are best recognized by
Euclidean distance, whereas cluster 3 records — by Cosine
distance. The following figure in the form of a chart shows
potentialities of different metrics in clustering (see Fig. 1).

Clustering correctness with different metrics (%o)
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Fig. 1. Clustering correctness

The visualization of clustering may be useful when
analyzing results. For data visualization purposes, 2D
projections can be used showing the distribution of particular
parameters with respect to each other, while dendrogram
graphs are normally used for visualization of the formation of
clusters (see Fig. 2, Fig. 3, Fig. 4 and Fig. 5).
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Fig. 2. Clustering results for Euclidean distance
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Fig. 4. Clustering results for Cosine distance
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Fig. 5. Clustering results for Correlation measure

Based on the tables and figures it can be concluded that the
results obtained by applying all four metrics are very similar.
None of the metrics shows dominance that could allow
considering it the best metrics. Traditionally Euclidean
distance is used in clustering algorithms; however, the choice
of other metric in definite cases may be disputable. It depends
on the task, the amount of data and on the complexity of the
task.

While advancing into the study a question of clustering
validity criteria, i.e. determining a numeric criterion to
evaluate clustering result, was brought about.

Cluster validity is a method to find a set of clusters that best
fits natural partitions (number of clusters) without any class
information.

There are three fundamental criteria to investigate the
cluster validity: external criteria, internal criteria, and relative
criteria [4]. In this case only external cluster validity index
was analyzed.

Given a data set X and a clustering structure C derived from
the application of a certain clustering algorithm on X, external
criteria compare the obtained clustering structure C to a pre-
specified structure, which reflects a priori information on the
clustering structure of X. For example, an external criterion
can be used to examine the match between the cluster labels
with the category labels based on a priori information. In

EVALUATION OF CLUSTERING ALGORITHMS
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contrast to external criteria, internal criteria evaluate the
clustering structure exclusively from X, without any external
information. For example, an internal criterion would use the
proximity matrix of X to assess the validity of C. Relative
criteria compare C with other clustering structures, obtained
from the application of different clustering algorithms or the
same algorithm but with different parameters on X, and
determine which one may best represent X in some sense. For
example, a relative criterion would compare a set of values of
K for the k-means algorithm to find the best fit of the data [4].

In the general approach of cluster validity, the basic idea is
to test whether the data points in the data set are randomly
structured or not. The test is based on the null hypothesis, H,
which is the hypothesis of random structure of the data set. If
null hypothesis is accepted, then the data in the data set are
randomly distributed [6].

Based on the external criteria, there are two different
approaches:

e Comparing the proximity matrix Q to the partition
P.

e Comparing the resulting clustering structure C to an
independent partition of the data P, which was
built according to intuition about the clustering
structure of the data set [6].

The first approach compares the proximity matrix Q to the
partitioning P.

The second approach is more interesting.

If P is a pre-specified partition of data set X with N data
points and is independent of the clustering structure C
resulting from a clustering algorithm, then the evaluation of C
by external criteria is achieved by comparing C to P.
Considering a pair of data points xi and xj of X, there are four
different cases based on how xi and xj are placed in C and P.

e Case 1: x; and x; belong to the same clusters of C and
the same category of P.

e Case 2: x; and x; belong to the same clusters of C but
different categories of P.

e Case 3: x; and x; belong to different clusters of C but
the same category of P.

o Case 4: x; and x; belong to different clusters of C and
different category of P.

Correspondingly, the numbers of pairs of points for the four
cases are denoted as a, b, ¢ and d (see example in Fig. 6).
Because the total number of pairs of points is N(N-1)/2,
denoted as M, we have

M=a+b+c+d :_n(nz—l) )

U]

where n is the number of data points in the data set.

The data set consists of seven data points. Illustration of
four different cases on how a pair of data points is placed in a
pre-specified partition P and a resulting clustering structure C
is shown in Table 4.
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Clustering structure C
Partition P

Fig. 6. The numbers of pairs of points for the four cases

TABLE IV
FOUR DIFFERENT CASES OF DATA POINTS

Case | Pairs of data points Total
a X; and Xs; Xz and xs 2
b X; and Xs; X3 and Xs; Xs and Xz 3
c X; and Xg; X2 and Xs; X2 and X7; X3 and Xg; X4 and Xs; 7

X4 and X7; Xs and Xz
d X; and Xp; X3 and Xs; X3 and Xz; Xz and Xs; X, and Xg; 9

X3 and Xs; X3 and Xz; X4 and Xg; Xs and Xg

Some commonly used external indices for measuring the
match between C and P are as follows:

Rand index:
a+d
R= 8
v ®)
Jaccard coefficient:
a
= 9
a+b+c ®)
Fowlkes and Mallows index:
M= 28 (10)
a+ba+c
Hubert’s index:
1 n-1 n
ETOIPROT (12)

i=1 j=itl

The range for the first three indices is [0,1]. High values of
these indices indicate great similarity between C and P. High
values of the Hubert’s index indicate a strong similarity
between X and Y; its range is also [0,1]. The major difference
between the latter two statistics is that the Rand index
emphasizes the situation that pairs of points belong to the
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same group or different groups in both C and P, but the
Jaccard coefficient excludes d in the similarity measure [4].

Rand index suggests an objective criterion for comparing
two arbitrary clusterings based on how pairs of data points are
clustered. Given two clusterings, for any two data points there
are two cases:

The first case is that the two points are placed together in a
cluster in each of two clusterings or they are assigned to
different clusters in both clusterings.

The second case is that the two points are placed together in
a cluster in one clustering and they are assigned to different
clusters in the other.

In the experimental part two external validity indices were
calculated for IRIS data set — Rand index and Hubert’s index
(true class labels are known) (see Fig. 7 and Fig. 8).

Rand index
T T T T T

1 1 1 1
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number of clusiers
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Fig. 7. Rand index

Hubert index
T
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number of clusters
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@

Fig. 8. Hubert’s index

Cluster validity criteria are used to examine hierarchical
clustering structures, partitional clustering structures or
similar. Estimating the number of clusters in unknown data is
a main task in cluster validation. It is reasonable to examine
the clustering results with different validation methods before
making any conclusions [4].
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Péteris Grabusts. Attaluma metrikas izvéles pamatotiba klasteranalizé

Klasteranalizé ir nepieciesams kaut kada veida klasificét datus vai atrast likumsakaribas tajos, tapéc jeédziens ,likumsakariba” iegiist arvien lielaku nozimi
intelektualas datu analizes konteksta. Biezi ir nepiecie$ams noskaidrot — kada veida dati ir saistiti sava starpa, kada ir dazadu datu lidziba vai atskiriba, kads ir So
datu salidzina$anas mérs. Tadam noltikam var izmantot dazadus klasterizacijas algoritmus, kas datus sadala grupas péc noteiktiem kriterijiem — metrikas. Ar
metriku $aja konteksta tiek saprasta distance (attalums) starp klastera ietilpstoSajiem punktiem. Darba tika parbaudita klasiska klasterizacijas algoritma k-means
darbibas rezultati ar dazadam metrikam: Eiklida distanci, Manhattan distanci, Cosine distanci un Pirsona korelacijas koeficientu. Eksperimentu gaita k-means
klasterizacijas algoritma klasteru centru noteiksanai secigi tika izmantotas mingtas Cetras metrikas. legiitie rezultati tika analiz&ti un tika parbaudits klasterizacijas
korektums. Tradicionali klasterizacijas algoritmos izmanto Eiklida distanci, tacu citas metrikas izvéle atsevi§kos gadijumos var bit diskut€jama. Tas atkarigs no
risinama uzdevuma, datu apjoma un sarezgitibas. Tika konstatéts, ka klasterizacijas rezultati visu apskatamo metriku izmantoSana ir loti 1idzigi. Nevienai no
izveletajam metrikam nebija iz8kiriga parsvara, kas varétu garantéti pasludinat to par labako. Darba izstrades laika aktualizgjas jautajums par klasterizacijas
kvalitates kriterijiem, t.i., skaitliska kritérija noteikSanu, lai varétu novertét klasterizacijas rezultatu. Klasterizacijas kvalitates kriteriji tika novertéti ar Randa
indeksu un Huberta indeksu.

Herepuc I'padyct. O6ocHOBaHMEe BLIOOPA METPUKHU PACCTOSIHUS B KJIACTEPHOM aHAJIU3E

B kiactepHOM aHaian3e HEOOXOAMMO KaKUM-TO 00pa3oM KJIacCH(UIUPOBATh AAHHBIC MM HAWTH B HUX 3aKOHOMEPHOCTH, IOATOMY MOHSATHE 3aKOHOMEPHOCTH
nMeeT GOJIbIIOE 3HAUYCHHE B KOHTEKCTE HHTEIUIEKTyalIbHOM 00paboTKu JaHHBIX. YacTo MPUXOJUTCS BBLICHATH — KAKUM 00pa30M JaHHBIC CBSI3aHBI MEXIy COOOH,
KaKoBa CTEHEHb CXOJCTBA WM PA3IN4Ms MEXKTy HHUMH, KaKOBa Mepa CpaBHEHHS THX JAHHBIX. I TaKUX Ielied MOXKHO HMCIIOIB30BaTh Pa3iIMYHBIC aITOPHTMBI
KJIaCTepH3alliy, KOTOpbIe IPYNIHUPYIOT JaHHbIE IO ONpPEASCHHBIM KPHTEPUSIM — METpUKH. I1oJ METpUKOil B 9TOM KOHTEKCTE MOAPa3yMEBAeTCsl pacCTOSHUE
(mUCTaHLKS) MEXAy TOYKaMH Kiactepa. B cTaTbe MpOBEpSIOTCS Pe3yibTaThl pabOThI KIACCHYECKOTO ajlrOpUTMa KIacTepusaluu K-means ¢ pasinuHbIMU
METpUKaMu: DBKIHIOBBIM pAacCTOsSHHEM, MaHX3TTeHCKOM ucranimei, Cosine jucraHumueii u kospduimenrom koppensuuu I[lupcona. Bo Bpemst
9KCIIEPHMEHTOB [UISl ONPEJENCHHUs IEHTPOB KIACTEPOB IOCIEIOBATEIBHO NPUMEHSUINCh BCE UYETHIPE YIIOMSIHYTHIE METPUKH. I[loiydeHHbIe pe3ynbTaThl
aHAIM3UPOBAJINCH, U OblIa MPOBEPEHA KOPPEKTHOCT KJIaCTepu3aui. TPagHIHOHHO B AITOPHTMAX KJIACTEPU3ALMH UCIIONIB3YeTCsl DBKIHI0BO PACCTOSHUE, HO B
OIPEJICTIEHHBIX CITy4asiX BBIOOp APYroll METPHKH MOXKET OBITh LIeNeCOOOpa3HBIM. DTO 3aBHCUT OT peIlaeMOM 3aiadyu, 00beMa M CIOKHOCTU JaHHBIX. BhLIO
YCTaHOBJICHO, YTO TIPH UCIIONB30BAHUU PA3IMYHBIX METPHK PE3yJIbTaThl KJIACTEPU3aLMU ObUIN OYeHb CXOXH. HH O/lHa M3 paccMaTpHBaeMBIX METPUK HE UMela
TAKOro MepeBeca, YTOOBI OMPEAETNTh e¢ KaK HAWITydInyio. Bo BpeMs HammcaHus CTaThbU CTal aKTyaJlbHBIM BOIPOC O KPUTEPHSIX KaueCTBA KIACTEPU3ALMH, T.C.
OIpe/IeeHNE YHCICHHOTO KPUTEPHS JUTs OLCHKH KadecTBa Kiaactepusanny. OLeHKH KadecTBa KJIACTEPU3aLnK ObUTH HPOU3BEACHBI C ITOMOIIBIO0 HHAekcoB Rand
u Hubert.
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