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Analytical Solution to an Eddy Current Testing
Problem for a Cylindrical Tube with Varying
Properties
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Abstract — Closed-form solution for the change in impedance of
a single-turn coil located inside a conducting cylindrical tube is
presented in the paper. The axis of the coil coincides with the axis
of the tube. The electric conductivity and magnetic permeability
of the tube are power functions of the radial coordinate. The
system of equations for the vector potential is solved by the
method of Fourier cosine transform. Equations for the
transformed components of the vector potential in free space are
solved in terms of the modified Bessel functions of order one. The
ordinary differential equation for the transformed component of
the vector potential in the tube is solved by means of the
confluent hypergeometric function. Results of numerical
calculations are presented in the paper.
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I. INTRODUCTION

Theory for eddy current testing problems for multilayer
cylindrical regions with constant properties is well developed
in the literature [1]-[3]. For some engineering applications
such as surface hardening and de-carbonization, it is necessary
to develop a theory for the case where the electrical
conductivity and magnetic permeability of a conducting
medium are not constants (see, for example, [4] and [5]).
Analytical solutions to eddy current testing problems for
multilayer cylindrical tubes are presented in [6] in terms of
modified Bessel functions for the case where the electrical
conductivity and magnetic permeability are power functions of
the radial coordinate.

In the present paper we construct a one-parameter family of
analytical solutions of eddy current problem for a conducting
tube where the properties of the tube are modelled by power
functions of the radial coordinate. The solution is expressed in
terms of improper integrals containing confluent
hypergeometric functions and modified Bessel functions.

Il. MATHEMATICAL FORMULATION

Suppose that a single-turn coil of radius I is located inside
an infinitely long cylindrical tube of the inner and outer radii
rand I, , respectively. The centre of the coil is situated at the
plane Z =0. In addition, the axis of the coil coincides with
the axis of the tube. The inner radius of the tube I, is chosen
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as the measure of length. The dimensionless outer radius of
the tube is R .

Consider the following three regions:
(a) the free space

R,:0<r<10<¢<27,~0<Z<+w0;
(b) the cylindrical layer

R 11<r<R0<¢p<27,—0<Z<+x0;
and the outer free space

R,:R<r0<¢p<2r,—0<7<+0,

The current in the coil is given by the formula

it)e, = 1 op(jat)s,, @

where | is the amplitude of the current, @ is the frequency
and §¢ is the unit vector inthe ¢ — direction.

We assume that the magnetic permeability 4 and electric
conductivity o are power functions of the radial coordinate of
the form

p=poprr, o=o.r’, @

where &, [, p.and o.are given constants.
The vector potential A, 1 =0,1,2is represented in the form

A

A(r z,0)€, = A(r.z)exp(jat)e,. (3)
Using (1)-(3), we obtain the following system of equations for

the amplitudes of the vector potential in regions R;, R; and

R, (see [6]):
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where p=r,,/joou, , r, =r,/rand &(X)is the Dirac

delta-function.

The boundary conditions are

0 10
Ala= Al 2= S, (7)
1
10 o
Aler Azlr R’_a_All :ilr:w- 8)
2
where £y = p(r)and 2, = u(r,).

In addition, Agis bounded as r — Oand A, is bounded as
I — 0.

1. SOLUTION TO THE PROBLEM
Applying the Fourier cosine transform of the form

A(r,i) :TAi(r,z)cos/lzdz, =012, ©)
)

to (4)-(8) we obtain

ddr'30 %Z;Aro_%_f'&oz Og ( )'(10)

508 (i i
S (11)

ddzr’} +1%—%—12A2:0 (12)

The boundary conditions have the form

Roloam A1|_1,dA°| ”Aw_l, 3

:
&Irfﬂzlmi%l =ﬂ| (14)

2

Some analytical solutions of (11) for different values of the
parameters ¢ and S in terms of the modified Bessel

functions are presented in [6]. Here we present a one-
parameter family of analytical solutions of (11) for the case

a + [ =—1. Using the substitution
A =r@bizg (15)
we transform (11) to the Whittaker’s equation (see [7])
~ 1 k 1/4-v
BXX +( 4 X TJB 0 (16)
2
o
where X = 21r, k :—p—, v=—+1.
22 2
Using the substitution
’B‘ px/2 —c/Zy (17)
equation (16) can be written in the form
C a
y"+(— —1] y'——y=0, (18)
X X
where a=v —k+1/2and c=2v +1.
General solution to (18) can be expressed in the form:
y=C,y(a,c,x)+Cew(c—a,c,X), (19)

where y/(@,C, X) is the confluent hypergeometric function

(see [7]), and C,,C.are arbitrary constants. Thus, a general
solution to (11) can be written in the form

A =C,rle*y(a,c,2ar)

(20)
+C.r*"'e”w(c—a,c,—24r).

In order to simplify the notations we define the following
functions

o, (r) =r“"e*y(a,c,2r)

and

a+1 Ar

p,(r)=r""e"y(c—a,c,—2A1r).

Hence,

;&1 =C,p,(r) +Cy,(r). (21)
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The solution to (10) is found in the following two sub-regions
of R,, namely,

Ry ={0<r<r,0<p<27,—-0< 2z <400}
and
Roi ={r, <r<10< ¢ <27,—0< 7 <+ox}.

The bounded solution to (10) in region R, has the form

Ay =Cy 1, (Ar), (22)

where |, (Ar) is the modified Bessel function of the first kind
of order 1.

The general solution to (10) in region ROlis

Ay =C,1,(Ar) +C,K, (4r), (23)

where K, (Ar) is the modified Bessel function of the second
kind of order 1.

The functions Ay and A, satisfy the following conditions at

r=r,:
Ao Lo = Bos lror (24)
A, dAy Ir;
- =—u, —. 25
dr |r:rO dr |r:r0 /uO 2 ( )
The bounded solution to (12) is
A, =CgK, (r). (26)

The coefficients C; — C in (21)-(23), (26) are obtained from
the boundary conditions (13), (14), (24), (25). In particular,

Ir? D
C, :_'uozl I‘0|1(lr0)E, 27)

where

D = K,(Dlre (D) -9, (D]
+ A, Ky (D, (1) - 7, D],
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E=1,DDe0)-0,1)]
+ A, (D)o, @) =y, D],

_ #,2K(AR)@, (R) - K, (AR)¢, (R)
1,2K; (AR)¢, (R) — K, (AR) ¢, (R)
It can be shown that the induced change in impedance of the

coil due to the presence of a conducting tube is given by the
formula

A (r,2) = C, 1, (4n), (28)
where C, is given by (27).
Applying the inverse cosine transform of the form
ind 27 ‘A ind
A (r,z) = —j A (r, A)cos AzdA
%
to (28) we obtain
ind 2 T
AM(r,z) == j C, 1, (Ar)cos AzdA. (29)
%

The change in impedance of the coil is given by (see [3])

Z.g =‘I—‘”§A;“d(r,z)d|, (30)
L

where L is the contour of the coil. Substituting (29) into (30)
we obtain

Zing = —20014,1°Z,

where

o D
Z=jr 17 (1) £ 2. (31)
0

The results of numerical computations of the change in

impedance Z using formula (31) are shown in Fig.1. The
three curves in Fig. 1 correspond to three different values of

o , namely, a = —1/2,—1and -2 (from bottom to top). The
following values of the other parameters are used for
calculations: z4 =1, 1, =0.8, R=1.2, 0. =1, 1. =1.
The points on each curve in Fig. 1 correspond to different
values of the parameter & = I, /@0, (O increases from 2
to 8 from left to right in Fig. 1). Calculations are performed
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using MATHEMATICA since confluent hypergeometric
functions and Bessel functions are the built-in functions in
MATHEMATICA.
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Fig. 1. The change in impedance computed by means of (31) for three values
of &

IV. CONCLUSIONS

Analytical solution for the change in impedance of a single-
turn coil located inside a conducting tube is obtained in the
present paper. It is assumed that the electric conductivity and
magnetic permeability of the tube are power functions of the
radial coordinate in the form s = ,u*r“, o= J*rﬂ,where
o and [ are given constants. A one-parameter family of
closed-form solutions for the case & + f# = —Lis presented in
the paper in terms of different special functions. The
corresponding ordinary differential equation for the Fourier
cosine transform of the vector potential in the conducting tube
is solved in terms of the confluent hypergeometric function.
Results of numerical calculations are presented in the paper.
The method of solution can be easily generalized in case of a
multilayer tube with varying electric conductivity and
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magnetic permeability.

Valentina Koli$kina, Inta Volodko. Analitisks atrisinajums elektromagnétiskas nesagraujosas kontroles probléemai vadosa caurulé ar mainigam vides
ipasibam

Raksta iegiita impedances izmainas aprékinu formula vijumam ar stravu, kur$ atrodas vadosas bezgaligi garas cilindriskas caurules iekSpusé. Vijuma ass sakrit ar
caurules asi. Tiek pienemts, ka caurules parametri (elektriska vadamiba un magnétiska caurlaidiba) ir radialas koordinatas pakapes funkcijas. Vektorpotencials
rékinats tris dazados apgabalos: gaisa caurules iekSpus€, caurules cilindriskaja slani un gaisa arpus caurules. Diferencialvienadojumu sistéma vektorpotenciala
aprékinasanai risinata analitiski, pielietojot Furjé kosinusa transformaciju. Parastais diferencialvienadojums vektorpotencialam vados$a cilindriska caurulé ar
mainigam elektriskam un magnétiskam Tpasibam risinats, izmantojot degeneréto hipergeometrisko funkciju. Atrisinajums vektorpotencialam gaisa gan caurules
iekSpus€, gan arpusé izteikts ar modificétam Besela funkcijam. Atrisindjums inducétam vektorpotencidlam ieglts neista integrala veida. Formula vijuma
impedances izmainas aprékinaSanai iegita, integréjot inducéto vektorpotencialu péc vijuma kontlira. Impedances izmainas skaitliskie aprékini atkariba no
dazadiem problémas parametriem veikti, izmantojot programmu paketi ,,Mathematical”. Raksta iegiito analitisko atrisindgjumu vektorpotencialam var viegli
visparinat vairaku slanu cilindriskas caurules gadijumam ar dazadu elektrisko vaditsp&ju un magnétisko caurlaidibu.

Banentuna Koabimkuna, Mara BoJioako. AHaJMTHYeCKOe pelleHHe 32]a4Y¥ 3JEeKTPOMATHHTHOrO Hepas3pylalolero KOHTPOJIsS /sl IPOBOAsILei
TPYOBI ¢ NepeMEeHHbIMH CBOJiCTBAMH

B crarbe momydena ¢opmyra Juist pacdeTa M3MEHEHHs MMIIeJaHCa BUTKA C TOKOM, PacloIOKEHHOTO BHYTPH TPOBOAANIEH HIHHApHYIecKoil TpyOsl. Och BUTKa
COBIazaeT ¢ ochlo TPpyOsl. [Ipenmomaraercs, YTo HmapaMeTpsl LUIMHIPHIECKOH TPYOB! (DIEKTPOHNPOBOAHOCTH UM MATHHUTHAS IPOHUIIAEMOCTH) SIBIISTIOTCS
CTEIEHHBIMU (DYHKIMSIMU PaJHAIbHON KOOpPAMHATHL. BeKTOp-NIOTeHIHal paccMaTpuBaiCs B TPEX OONACTAX: B BO3AyXe BHYTPH TPYOBI, B IPOBOASIICH
IWINHAPHYECKO TpyOe M B BO3gyxe BHe TpyObl. Cmcrema ypaBHEHMid JUIS BEKTOP-TIOTEHIMAla pelleHa aHAIUTHYECKH C IOMOIIBI0 METOJa KOCHHYC-
npeobpasoanns Dypre. OObIKHOBeHHOE IU(depeHInaTbHOe YpaBHEHHE B TPOBOJSIICH NMIMHAPUYECKONH TpyOe C TepEeMEHHBIMH 3JIEKTPHYECKHUMH U
MAarHUTHBIMH CBOMCTBAMU PEIICHO C UCIIONB30BAHIEM BHIPOXKACHHOI IUIepreoMeTpuieckoi GpyHKIuH. BekTop-noTeniuan B Bo3ayxe Kak BHYTPH TPyObl, TaK U
BHE TPYOBI BBIpaXKeH depe3 MoauduunpoBanHele GpyHknun beccens. Perenue ais MHAYINPOBAHHOTO BEKTOP-TIOTEHIHAIA TTOJMYYEHO B BHJE HECOOCTBEHHOTO
uHTerpana. dopmyna s pacyeTa M3MEHEHMs HMMIIEJAHCA BUTKA IONy4YeHa HHTETPUPOBAHHEM HHIYLHPOBAHHOIO BEKTOP-NOTEHILHANa MO KOHTYPY BHTKA.
ITpoBeneHsI YNCIOBBIE pacueTh! M3MEHEHUS MMIEJAaHCa B 3aBUCHMOCTU OT IAapaMeTPOB 3a[add C HCIIONB30BaHHEM IIPOrpaMMHOTO makera ,,Mathematica”.
IMomy4enHoe B CTaThe aHATUTUYECKOE PEIICHHE IS BEKTOP-TIOTEHINAIa MOXKET OBITh 0000IIEeHO Ha CIydail MHOTOCTIOWHON NMITHHAPUIECKOIN TPYOBI pa3IudHOMH
3JIEKTPOIPOBOAHOCTH M MAarHUTHOM MPOHMIIAEMOCTH.
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