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Abstract - In this paper we describe practical example of our
studies for an analytical solution for a problem of pricing
financial actives with autocorrelated returns. This example is
based on option price for Tesla Motors Inc stock. In previous
studies we developed a continuous diffusion model for the case of
serially correlated stock returns, obtain European call option
pricing formula and show that even small levels of predictability
due to serial correlation can give substantial deviation from
results obtained by Black-Sholes formula and made Monte Carlo
simulation for stock volatility. Finally, we showed recalculated
option price, based on the simulation result.

Keywords - Discrete time stochastic difference equation
systems, GARCH models, Markov chain, Black Scholes option
pricing formula.

I. INTRODUCTION

Last year aroused discussion about price of options with
deep out of the money characteristics [1]. Some experts
believe that selling insurance on some asset price (selling
options) and selling lottery tickets have delivered positive
long — run rewards in a wide range of investment contexts.
Financial markets are full of strategies that resemble insurance
or lotteries. Thus, the main question whether investors can
boost longterm expected returns by buying or selling
insurance and lottery tickets—that is, financial investments
that have insurance-like or lottery-like characteristics. The
answer depends on the market pricing of skewness: how
investors trade asymmetry against mean return. If most
investors prefer positive skewness, investments with positively
asymmetric payoffs tend to be highly priced and offer
relatively low long-run returns. Selling volatility on either the
left tail (insurance) or the right tail (lottery tickets) adds value
in the long run. Conversely, buying option-based tail risk
insurance against financial catastrophes and then holding
lottery-like high-volatility investments results in poor long-run
returns. As it shown in the Figure 1, implied volatility, which
is part of an option price mostly, is overvalued comparing to
real volatility. So, it gives possibility to earn positive return
on selling options contracts in the long term. However, this
outcome is not a foregone conclusion. Conceivably, for a
given mean return, investors may prefer to suffer losses in one
big hit instead of a slow trickle, implying a preference for
negative skewness.
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Fig. 1. Historical implied volatility and real volatility

From other hand Table [2] pay attention to huge losses
missing nonlinear effects and asymmetries in errors
(deviations from the model result in considerably more harm
when one is wrong than when one is right). Merely adding
these nonlinear responses to tail events does more than reverse
the result.
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Fig. 2. Distribution of historical returns.

If historical returns are skewed to the left (Figure 2), most
missing observations are in the left tails, causing an
overestimation of the mean. The more skewed the payoff, and
the thicker the left tail, the worst the gap between observed
and true mean

Ilmanen [1] included a review of all supporting arguments
against the purchase of small- probability events, refuting his
article allow the refutation of the prevailing arguments that
posit the overpricing of small odds in finance. So, it turns out
that there is not a single study that convincingly demonstrates
the overpricing of small probabilities in finance or economics.

Hence, one would need more than 2,000 years of data
showing an absence of 1987- style crashes - generously
assuming that the environment is stable - to pronounce the sale
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of these options “safe.” Even those options that are closer to
the money (and commonly traded) deliver large enough a
payoff to forbid us from making claims from few decades
worth of data; for instance an option 12 standard deviations
away from the money return 5,000 the daily erosion. Another
misunderstanding concerns the path dependence of these
payoffs, which compounds the payoff asymmetry. When the
implied volatility quadruples, a 15-standard-deviation out-of-
the-money option becomes a 4-standard-deviation option and
its value is multiplied by 3,300. Implied volatility (as
represented by various volatility indices, such as the Chicago
Board Options Exchange Volatility Index, or VIX) quadrupled
at least six times over the past quarter century. Another word
speaking - options that are extremely nonlinear in response to
market movement should be studied with caution before
selling.

So, further we want to suggest an approach to analyze the
payoff and risks of options based on the nonlinearities
(GARCH model) in the tails which is shown on Tesla Motors
Inc equity price dynamics. The main idea is to use
autocorrelation effect in continuous time approximation of
stochastic difference equation in a form of diffusion
approximation with stochastic volatility which described by
GARCH (1,1) process.

The paper is structured as follows. Section 2 gives a brief
review of the proposed model which take into account
autocorrelation problem in asset returns and the idea of the
diffusion approximation [3]. Section 3 describes Stock
Volatility Simulation via Monte Carlo. In Section 4 we report
our test results for the distribution of the stationary solution
and time to convergence to stationary solution based on fixed
parameters, but Section 5 concludes and discusses several
possible avenues of the future research.

II. REVIEW OF THE PROPOSED MODEL AND PARAMETERS
EVALUATION

A lot of papers study serial correlation of stock returns. One
of the first researches - Mezin [4] found a relationship
between asset price volatility, asset return volatility and asset
return autocorrelation coefficient. The analytical solution
obtained reduces to the well known Black Scholes option
pricing formula for the special case of autocorrelation in asset
returns. In Mezin’s paper were created a framework of a log
normally distributed asset price S with serially correlated
returns and derived an analytic option pricing model, capable
of providing an exact solution for a value of derivatives on
such an asset. Developed framework of random, normally
distributed, process x, such that InS = X, with autocorrelated
increments & that have volatility o2 and autocorrelation
coefficient p. Both parameters can be estimated using
historical data. Instead of heuristically based approach it is
possible to assume limit theorems which proposed Carkovs [5]
and get the continuous time approximation of stochastic
difference equation in a form of the diffusion approximation.

The simplest mathematical model describing development
of stock’s price S, and involving assumption of serial
autocorrelation in stock’s returns under commonly used
condition on risk neutrality of probabilistic measure P may be
written in the following way

St+1 = St(1+52ﬂ+goyt+1) (1

where Y, is a Gaussian random sequence with zero mean and
unit variance. When it is considered that these random
numbers are independent we may write that y, follows AR

(1):
Yeu = A 1= p & )

where {£},, ES, =0, E¢ tz =1 isiid. Gaussian
sequence. To be able use results derived by Carkovs in [S] we
denote X, =S, and rewrite equation (1) in the following form

X = X, + EOY,, X, + &7 11X, 3)

These results states that for small &, equation (3) can be
approximated by distribution of  the vector

X (1), X(t,),..., X(t, )$> defined by solution of stochastic
Ito differential equation:

dX (s)=a(X(s))ds+ o (X (s))dw(s) (4)

And calculation of (4) we derive continuous time
approximation of stochastic difference equation (1) in a form
of diffusion process satisfying stochastic Ito differential
equation:

dS(t) = S(t)( + o2k)dt + S(HV1+ 2koda(t) O

k=S'C =P
2 orr{y . ¥} i,

After substitution we get the final equation

dS(t) = S(t)(u + o> —L—)dt + S(t) /”—pada)(t) (6)
I-p I-p

This equation is used as a main source for option price
derivation using Black Scholes technique. But from other hand
we have here constant volatility o . It is not always true and if
we want to get more reliable option price we should give
possibility for changing ¢ in time. For this purpose we can
use a very well known GARCH(1,1) process. And further,
option price revaluation will be done including mode of the
last trajectory value of the Monte Carlo simulation of the
volatility process for one year period and derived Black-
Scholse option equation with autocorrelation in Tesla Motors
Inc returns.
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Tesla Daily Returns Volatility process in Figure 4 is decreasing. It gives possibility
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Fig. 3. Tesla Motors Inc daily returns for period from 26.06.2010 till
17.09.2013

I1I.

To make option price revaluation taking into consideration
above mentioned equation (6) we have to find volatility value
for replacing implied volatility which is quoted in the market.
Our aim is to find volatility for one year period. Making
standard econometrical approach for time series analysis
(ACF, PACF, model error tests) were suggested to use for
Tesla Motors Inc stock returns volatility simulation
GARCH(1,1) model. As we know from [6] that GARCH(1,1)
has stochastic diffusion approximation in a form:

STOCK VOLATILITY SIMULATION VIA MONTE CARLO

do? = (w+ (a®k = 0)0?)dt + av/1+ 2k02dW (1)
Ol = Blyes) kel 7= 32 CO) £0

(7

Monte Carlo simulation for Garch(1,1) with correlation 0,2
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Fig. 4. Volatility paths simulation (1000) results for 1 year period

Parameters o = 0.14011, 6 = 0.53541, ® = 0.0004499 were
found in MatLab for simple GARCH(1,1) volatility difference
equation. So, if parameters are known and assuming that
equations (7) correlation parameter k = 9 (correlation is equal
to 0.9) , rewriting (7) in a discrete form it is possible to make
Monte Carlo simulations (1000 paths, lyear length) in MatLab
making simple code for this procedure (see results in figure 4).
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Fig. 5. Distribution of the last value of the volatility Monte Carlo simulation

As it is shown in Figures 5 expected variance distribution is
skewed to the right with most possible values in a 25% area.
For the Tesla Motors Inc European call option price
calculation we can take volatility with a buffer 10%.

IV. TESLA MOTORS STOCK’S OPTION PRICE EVALUATION

Now we can derive European call option pricing
formulas if underlying stock’s price process S(t) satisfies
the stochastic differential equation (6). The boundary
conditions for the European call option are given in a form
C(S(T),T) =max@S(t)-K;0) and C(0,t) =0 (where K is option
strike and T time till option expiration). Using well known
techniques we get the following results

C(S(1).H) =SHN(d,) ~ Kexpt-(u+ k)T ~t))N(d,) (®)

where
log(S(t)/K)+ (u+ o’k + %az(l +2K)(T —t)
B oL+ 2K)(T —1)

dl

and

d, =d, — o1+ 2K)(T —t)

where N() is the standard normal cumulative distribution
function.

Now by replacing results in (8) with evaluated via Monte
Carlo volatility with buffer 35% and market volatility as well
other conditions for annual interest rate (1% p.a.), strike
380 USD and maturity we get revaluated price for Tesla
Motors Inc stock with out of the money Europen call option.
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The results in the table can help to make decision for a
security portfolio manager, risk analyst or any other person
who involved in to option selling. As we see from the table,
revaluated option price with small serial correlation in Tesla
Motors Inc stock returns is cheaper than it is quoted in the
market. But it is not true if we assume large correlation. In a
small serial correlation evidence equation (6) with GARCH
(1,1) process for volatility suggests to sell European call
option on Tesla Motors Inc, because it is overpriced.

Tesla Motors, Inc, Option Valuation

Option Price Black - Scholes Our Approach

Maturity 1 year 1 year

Strike 380 USD 380 USD

Volatility 57% 35%

Annual, % 1% 1%

Price 5,22 USD 1,36 USD; if p=0.2
102,5 USD; it p=0.9

V.CONCLUSIONS AND FURTHER WORK

We have been obtained European call option price for Tesla
Motors, Inc, taking into account serial correlation of returns
and volatility. This results show that even small levels of
predictability due to serial correlation can give substantial
deviation from results obtain by Black-Sholes formula. So,
selling European call option could be profitable if correctly
estimated serial correlation in returns and volatility, as it
shown in Tesla Motors Inc case (ACF function is minimal)
and Ilmanen [1] hypothesis cannot be rejected.

Further approach in this area could be divided in to
2 different ways. One way is to find a solution of the
stochastic differential equation system where volatility is
stochastic (see equation 9). It gives the possibility to use
Monte Carlo simulations for evaluation possible future stock
price outcomes.

dy(t) = codt + o /t—’;d o,(t)
2
daz(t)z[a)—az[Q—az p ZDdtﬁLaza /Hipda)z(t)(g)
1-p I-p

Another uncovered division in option price revaluation is
taking copula based semi parametric regressions.

teZ: X = f(xt—lag)""g(xt—lag)é(lo)

This allows to built copulas for GARCH process (we know
from our example that Tesla Motors Inc stocks has GARCH
effect) and assuming [4] that stationary GARCH(1,1) process
has inverse I'- distribution we can revaluate nonlinear
functions parameters. It can be proved that this approach
should give the same result because copula density is equal
Markov transition probability which helps to find stochastic
diffusion approximation for any stochastic difference

equation. But make applied calculations with equation (10) is
much easier.
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Andrejs Matvejevs, Jegors Fjodorovs. Opciju cenas parvértésana, izmantojot GARCH procesu un ta ipasibas

Saja raksta tiek aprakstits opciju cenas parvértéSanas mehanisms, izmantojot analitisko risindgjumu finandu aktivu cenu noteikSanas problémai ar autokorel&to
ienesigumu. Par darba pamatu kalpo divu autoru hipotézes par apdrosinasanu un loterijas biletes pirkSanu konteksta ar finansu tirgus gaidam [1], [2] un dazadu
zinatnieku pétniecibas rezultati [3], [4] un [5], kas tika veltiti akciju indeksa autokorelacijai, kad $aja indeksa tika ieklautas mazas kapitalizacijas kompanijas.
Pétijums balstas uz Tesla Motors Inc kompanijas akcijas ienesiguma dinamiku. Rezultati parada, ka eksisteé pozitiva korelacija un ienesiguma dispersija mainas
laika. Tadgjadi, lai aprékinatu tadas akciju opciju cenas, ekonometristi attistijusi GARCH tipa modelus, kuros nosacita dispersija varétu mainities laika. Bet, kad
diskrétais modelis satur nenovérojamo mainigo (piem., nosacito dispersiju), varétu but griiti atrast ticamibas funkciju nelinea@rai stohastisko vienadojumu
sisteémai, definétai diskrétos intervalos. Nelsons [3] bija pirmais, kas attistija nosacijumus, pie kuriem diferen¢u tipa GARCH modelis konvergg péc varbitibas uz
Ito procesu, kad diskréto laika intervalu garums samazinas 1idz nullei. Savukart visa iepriekSminéta ideja tika izstradata gadijuma, kad aktivu ienesigums nav
autokorel@ts, bet realaja situacija $1 korelacija pastav, kas butiski varétu mainit novertgjumu. Tadgjadi Saja darba tiek izmantots nepartraukts diftzijas modelis
(kura pamata ir J.Carkova darbi par diferenc¢u vienadojumu aproksimaciju ar stohastisko diferencialvienadojumu, skat. [S]) gadijuma, kad akciju ienesigums ir
serijveida autokorel@ts, iegits Eiropas tipa opcijas cenu noteikSanas vienadojums, kur§ nem vera autokorelaciju. Bez tam mingtais vienadojums ieklauj
stohastisko svarstigumu. Sis svarstigums tiek modeléts ar Monte Karlo panémienu, izmantojot GARCH(1,1) procesa difiizijas aproksimaciju diskrétaja laika. Sts
aproksimacijas realizacija tika Tstenota MatLab vid€. Rezultata tiek izskaitlota Eiropas tipa opcijas cena Tesla Motors Inc kompanijai ar terminu 1 gads un
paradits, ka opciju cenu noteikSana ir atkariga no aktivu korelacijas un svarstiguma vértibas. Tadgjadi Eiropas tipa opciju pardoSana varétu nest pelpu gadijuma,
ja ir pareizi noverteta autokorelacija un svarstigums, kas lautu biitiski parvertet rezultatus, kas iegiiti ar Black-Scholse formulu, un 1idz ar to Ilmanena [1] hipotézi
varétu nenoraidit.

Amnapeii MatseeB, Erop ®énopos. [lepeonenka neHbl onuuoHa ¢ ucnoJib3oBanuem npouecca GARCH u ero cBoiicTs.

B HacTosmell cTaTbe MBI ONMCHIBAEM MEXaHU3M IpoIecca IEPeOleHKU OIIHOHOB, HCIONB3Ys aHAIHTHYECKOe pelleHHe (PMHAHCOBOU MPOOJIEMBI OIEHKH
aKTHUBOB C aBTOKOPPEINPOBAaHHBIMH JOXOJHOCTSIMH. B 0CHOBE pabOTHI ABE T'MIIOTE3bI O CTPAXOBAHHUU U MOKYIIKE JIOTEPEHHBIX OMICTOB B KOHTEKCTE (PMHAHCOBBIX
oxxuaanuii peieka [1] u [2], 1 Tpyasl pa3anvHOro mepHoaa O MoBeIeHUH (pUHAHCOBBIX PHIHKOB [3], [4] 1 [6], KOTOpPBIE B OCHOBHOM MOCBSIIEHBI aBTOKOPPEIISILIIN
HHIEKCAa aKUuil. DKCIlepHMEHTalbHBIE PE3yIbTaThl IOKA3bIBAIOT, YTO CYIIECTBYET IIO3UTHBHAs aBTOKOPpE/SILHsA, KOTJa B MHIEGKC BKIIOYEHO OoIbIIOe
KOJIMYECTBO MAJIOJIMKBUHEIX akuuid. Hamre vccnenoBanne 0CHOBaHO Ha JUHAMUKE JJOXOIHOCTH akiumii komnanuy Tesla Motors. Pe3ysibTaThl OKa3bIBAIOT, 4TO
CYLIECTBYET IOJIOKUTENIbHAS aBTOKOPPEISILUS JOXOJHOCTEH aKLUi 3TOM KOMIIAHUM, a TaK e C TEeYEHHEM BPEMEHHU M3MeHsercs aucnepcus. Takum oOpaszom,
UL pacdeTa LEeH OIMIMOHOB dKOHOMETpHCTHI pazpabotanu GARCH mozenw, rae ycioBHas Qucrepcust H3MEHYHBA BO BpeMeHH. Ho korga JuCKpeTHas MoJemb
COZIEP)KUT HeHaOfoJaeMble MepeMeHHbIe (HalpHMep, YCIOBHYIO AUCIEPCHIO), 3TO MOXKET COCTAaBHTH TPYJHOCTU B HAXOXKACHUH (YHKIUIO MPaBIONOOOHS
HEJIMHEITHOTO CTOXAaCTHYECKOTO YPaBHEHHUsS CHCTEMBI OIPENENICHHOW Ha IUCKPETHHIX HHTepBajaX. HembcoH [3] OBUI HEpPBBIH, KTO NPELTONKHI YCIOBHS
cxogumocT 1o BeposaTHocTd GARCH mozenun Ha Mo mporece, Korja HHTepBal AUCKPETHOTO BPEMEHH CTPEMUTHCA K HyIo. Bes BhIIEymOMsIHYTast TEOpHS
pa3paboTaHa Ha ciIy4ail OTCYTCTBUs aBTOKOPPEJAIMH, YTO He BCETAa COINIACYeTCsl ¢ PealbHOCThIo. MBI pa3paboTany HempephIBHbIE Mojenn AU(Gy3un As
cityyasi CepUIWHOM KOppeNsMU JIOXOAHOCTEH akiuii (Oosee moapoOHO ¢ MPHHIMIIAMU AIPOKCHUMAIMKH U €€ CXOJMMOCTH MOXKHO O3HAaKOMHThCS B pabore
E.LlapbkoBa [6]) , HOJy4usIM ypaBHEHHE I LIEHBI €BPOIEHCKOr0 OINMIIMOHA, KOTOPOE YYUTHIBAET aBTOKOppelsuuto. Kpome Toro, B 3T0 ypaBHEHUE BKIIIOUAECTCS
CTOXACTUYECKAasl BOJATUIILHOCTB, KOTOpasi Mozaenupyercs merogoM Moute-Kapno ¢ momompio nquddysuonnoro npudbmmkenuss GARCH(1,1) mpouecca. 9to
MOJICTIMpPOBaHUe ObLIO peann3oBaHo B cpene MATLAB. B pesyibrare ObUIM pacCUMTaHbl pa3IM4YHbIC BapHaHTHI IIEHBI €BPOIEHCKOrO THIIA OMIHOHOB IS
xomranuu Tesla Motors MHK co cpokom moramnieHus 1 roJ U moka3aHo, 4To LIeHa ONMIMOHA 3aBUCUT OT KOPPEISILIUK aKTHBOB M 3HAYEHHUS BOJATWIBHOCTH. Takum
o0pa3oM, MHpOAa)ka OMIHOHOB MOXKET OBITh BBITOJHA, €CIM JOJDKHBIM 00pa3oM OLCHEHBI aBTOKOPPENAMS M BOJNATHIBHOCTH HOXOJHOCTEH, YTO MO3BOJSAET
CYIIECTBEHHO NEPEOLICHUTh Pe3yIIbTAThl, HOydeHHbIe opMynoi bioka- Illoynca u, cnexoBatensHo, runore3a MnmaneHa [1] MoxeT OBITH HE OLPOBEPTHYTA.
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