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Abstract. The paper deals with impulse type non-stationary dynamical systems fast
switched by step Markov process having m invariant measures. We have derived more
simple Markov dynamical system in a form of ordinary differential equation with right
part switched by merger homogeneous Markov process with m states and have proved
that for sufficiently fast switching this dynamical system approximates initial system.
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1 Introduction

Let (2,3, {§'},P) be filtered probability space and {y.(t),t € R} be F-adopted right contin-
uous homogeneous Markov process with countable phase space Y giving by weak infinitesimal
operator Q° = @y + €)1, where

Qov(y) = aly) Y _[v(z) = o) po(y, 2), Quoly) =Y _[v(z) = v()] psy, 2), (1)

e is small positive parameter, a(y), po(y, z),p1(y, 2) are non-negative uniformly bounded on

y,z € Y functions, and > po(y, z) = 1. By definition [2] Q. is closed operator with located in
zeY

the left complex half-plane {\ € C : R\ < 0} spectrum o° := ¢(Q°) for any €. We will assume
that defined by weak infinitesimal operator )y embedded Markov chain is decomposable and
there exist m such non-intersecting invariant subspaces {Y;,j = 1,2,..,m} that

Vk,j=1,2,..mk# jVyeY;VzeY;: poly, z) =0 (2)

but for all j = 1,2,...,m reduction of operator ()y at the phase space B(Y;) defines ergodic
Markov process with spectrum consisting of simple eigenvalue 0 and remaining subset at the
half-plane {\ € C : R\ < —p}. This assumption permits to confirm that operator g has 0 as
an isolated simple eigenvalue of multiplicity m with the eigenfunctions defined by equalities

1, foryeY,
q; (y) = ’ : (3)
0, forye Yy, k#j.
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The remaining part of spectrum is situated in the half-plane {\ € C : R\ < —p} for some
positive p. Adjoint operator ()f also has 0 as an isolated eigenvalue of multiplicity m and m
invariant probabilistic measures i (y) with the same supports Yy, k = 1,m. Using an averaging
procedure by the above mentioned invariant measures we can define numbers

ko j € {1, omy s 4Gk =)0 D pi(y,2) m(y) (4)

and draw up a matrix

where v(k) = > v(j, k) for each k = 1, m. By definition [2] we may interpret this matrix as a
j=1

transition probability matrix for Markov chain with set of states Y = {1,2,...,m}. Matrix T
can be embedded into Poisson process [3] with intensities of jumps v(k), k € {1,2,...,m}. The
defined by this procedure Markov process {f(t), t > 0} on the phase space Y = {1,2,...,m}
has weak infinitesimal operator

Qu(k) ==Y (G B)w(j) — v(k)] (5)

Using one-one equivalence
Y ={1,2,...,m} <= {Y1,Ys,....YV,,} ;=Y

we will refer to the above defined Markov process as merger Markov process on the merger
phase space Y.
Now we define projective operator from space P : B(Y) to space B(Y) := PB(Y) with basis (3)
by equalities:

EeYyeYe: (Po)y) =) v(z)m(z) (6)

2€Yyg

For any function v € B(Y) a difference v — Puv is element of the kernel K of operator P.
Therefore [2] for any v € B(Y) there exists improper integral:

o

(M)y): = - / £ u(z) — (Pv) (=)t

0
00

— [ B fo(s) - (Po)(us))ds )
t
where Py(t,y, z) is corresponding to weak infinitesimal operator @y transition probability. For-

mula (7) defines linear continuous operator I : B(Y) — B(Y). It is not difficult to prove [2]
that

keY,yeY,: Q(Iv)(y) = (Pv)(y) —v(y) (8)
for any v € B(Y).
By definition any realization of Markov process {y.(t)} is piecewise constant right continuous

function with jumps at time moments {75, j € N}. Using this sequence we define nonstationary
fast oscillating impulse Markov dynamical systems in R? as the system of equations:
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o the differential equation in R?:

B plte a7 0), et )
forallt e UjeN( £ Ti)s
o the difference equation in R%:
2°(15) = 2°(75_,) +egle” 178 LA(T5), ye(e™ 17‘a ) (10)
for all j € N,
o initial conditions:
70 = to, y=( o) = Yo, 2°(to) = w0 (11)

We assume that:

(i) functions f(t,y,z) and g(¢,y,x) have continuous derivative ont and two continuous
derivatives on x;

(ii) there exists such a constant L that

Vo, 29 € RY: sup [ f(t, o1, y) — f(t 22, 9)| + [9(t, 21, y) — g(t, 22,9)|] < L|wy — 29
7y

(iii) there exists such a constant C' that

Stuyp{lf(t,ywl +lg(t,y,z)[} < O+ |z])

(iv) for any x € R? s € R, and y € Y there exist

s+T s+T

fm>—m—/fw,ﬁm%>=m%/mMMﬁ (12)

T—o0
s

(v) there exists such a constant K that for any 7> 0,y € Y, and s € R

/[f(t,y,x)—f(y,x)]dt < K(1+ |z]), /[g(t,yw)—g(y,x)]dt < K(1+|z|) (13)

It is not difficult to prove that for any to,y, and x in (11) on the assumptions (i)—(iii) there

exists unique stochastic process satisfying (9)-(10)-(11).

The same like in the papers [4] and [5] we may study the satisfying (9)-(10)-(11) triple {e~ ¢, y. (e~ ¢), 2°(¢) }
as Markov process on enlarge phase space {R,Y Rd} with weak infinitesimal operator £° given

for sufficient smooth on ¢ and z function v(¢,y, z) by equality

£6U<t7 yax) - ( + QO) t Y, T + le(ta Y, l’) +
+ (flte ' y.2), Vo) v(t,y, 2) + Goo(t, y, x) (14)



where (., .) is scalar product, V, is operator-gradient in R, and
1 _
GEU(t, Y, .T) - g Z[U(t7 Yy,x + €g<€ 1t7 Y, I‘)) - U(ta Y, ‘r)]<a(y)p0(y? Z) + ‘Spl(y7 Z)) (15)
zeY

Let V be set of satisfying assumptions (12) - (13) bouded continuous differentiable by ¢ and «
functions v(t,y,x). For any v € V after averaging by ¢

T
_ I |
U<y7 l’) T 711_{20 T / U(ta Y, Zlf)dt
0
we may define operator
t
(Ro)lt..a) s = [ Pols,a) = Poly,a)lds +
0
s [ e MDuls, ) — Pols. gl (16)

t

Applying formula (8) it is not difficult to prove that for any v € V:

0
(aﬁ‘@o) Rv="Pv—v (17)
After averaging by ¢ and execution by operator P from (6) the vector-function

Ut y,x) = f(t,y,z) +aly)g(t,y, x)
we can define merger process Z(t) as solution of equation

dz(t)

= F(y(t), z(t)) (18)

where F(y,z) :== P{(y,x)}. As F(y,x) remains unchanged by y at any Y}, we may look for
merger process as solution of more simple merger equation:
di(t)
dt

= F(§(t), 2(1)) (19)

where {f(t)} is above defined Markov process with infinitesimal operator Q on the phase space
Y = {1,2,...,m}. Defined by equations (18) and (19) processes have the same distributions
because for any k € {1,2,...,m},y € Y, and x € R? we have identity F(y,z) = F(k,z).

Theorem 1.1 [Merger principle] Under assumptions (i)-(v) the defined by (9)-(10)-(11)

family of processes {{x°(s)),s € [to,to + T}, e > 0} for any to € R and T > 0 weak converges
with € — 0 to the solution of equation (18) with corresponding initial conditions.
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Proof. Later we will operate with functions ¢(¢,y,x,u) = ¥(t,y,z) — F(y,u) and Re(t,y, x).
Owing to the assertions (i)—(v) this functions the same as functions ¥ (t,y,z) and F(y,z) are
bounded continuous differentiable by z and have sub-linear growth by z at infinity, that is,
there exists such a constant a > 0 that

[t y, 2)| < a(l+ |2]), [Fy, )| < a(l+ Jul) [Re(t, y, z,u)| < a(l+ |z| + |u]) (20)

forallt € R,y € Y. To analyze an asymptotic by ¢ of satisfying (9)-(10)-(11) stochastic process
we define

e function vy (t,y,z,u) = 2(z—u, (Re)(e~'t, y, z, u)), which owing to formula (20) satisfies
inequality
oLt y, @, u)] < a1+ 2] + [ul?) (21)

with some positive constant a;
e function
vt e, y, ) = | =l +ev(ty, oyu) +ela+ 1)(1+ |2 + [uf?) (22)
where constant a is taken from (21);

e compound Markov process {t,z°(t),y-(t),z(t)} with weak infinitesimal operator L(e),
which executes on function (22) in the following way:

L(e)v*(t,y, x,u) = L0 (t,y, z,u) + (F(u,y), V) (t,y, x,u) (23)
Applying formulae (20) and (21) we can compute that
o —ul* +e(L+[x + [u]?) < v*(t, 2, y, u) < o —ul* +e(2a+ 1)1+ |2 + [u?)  (24)

Not so difficult to prove that function vy (¢, y, x, u) has bounded continuous derivative on x and
u. Therefore we may write an equality

i[ 1ty z+egle ty, @) u) —o(ty, z,u)] = (9(te ™y, 2), (Vovr)(ty, 2, 0)) + (25)
+ (g(tE_ Y, T )7 (v U1)<t y,ZL‘—I—EQ(t Y,z )7 )) - (g(t€_17y,l’), (Vﬂ?vl)(t7yvx7u>>

where 0.(t, z,y,u) € [0,1]. This assertion permits to rewrite formula (23) in a form of equality:

J

+ w( 1t Y, ),V )v(t,y,x)—i—ah(t,y,x,a)

where function h(t,y,,e) satisfies inequality |h(t,y,z,)] < C(1 + |z|? + |u|*) with some
positive constant C' uniformly on ¢,y,z,u, and £ € [0,1]. Owing assertions (9)-(10)-(11) and
independence of function |z — u|? on t and y we can rewrite the above formula in a form of
equality:

L) (t,y,z,u) = 2(z—u,¥(e 'ty 2)) — Fu,y)) +

2 (x —u, (% + Qo> (Rp)(e™'t, y, , U)) +
+ eh(t,y,z,u,¢) (26)
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Therefore on the ground of formulae (17) and (24):
L(e)ve(t,y, x,u) = eh(t,y, v, u,e) < eC(1+ |z|* + |[ul®) < Cv°(t,y, z,u) (27)

Let process {z°(t),t € [to, to+T]} be solution of (9)—(10)—(11) and process {Z(t),t € [to, to+T]}
be solution of equation (18) satisfying initial condition Z(ty) = x. By definition [1] of weak
infinitesimal operator L(e) we can derive inequality:

LBl (1, (0, (1), 3(0))} = ~Ce~O'B (o (1 (™0), (1), 70))} +
£ e OB (L) (1 pele ), (1), } <0 (28)
for all t € [to,to +T'). Therefore
" B{v(tye(e7"), 27(1), 2(1))} < e v (to, Yo, %0, o) (29)

for all ¢ € [to,to + T, and in addition
v*(to, Yo, To, To) = eh(to, Yo, To, To) < eC(1 + 2|xo|?)

because processes z°(t) and Z(t) have the same initial condition xy. Applying inequality (24)
we can derive for any A > 0 inequality

Pla(t) ~ 71 >} < gBla() ~ 20} < ;3B (te(e ), 2°(), 2(0))} <

C o C
S gﬁecu to)(1+2‘x0’2) SsﬁeCT(l_FQ’mO‘z)

for all ¢t € [T'— 0,to + 7. After limit processing

lim sup P{|z°(t) — ()|>)\}<hr%{)(\;Y T(1 + 2|z )} 0

=0 4o <t<to+T

proof is completed.
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