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Abstract. The paper proposes the use of the Bloss curve (also known as
biparametric or bi-hyperclothoid) as a braking curve in the exit lanes of road
intersections. The main international standards continue using the clothoid
as the principal transitional geometric element, even though the limits of its
use in driving regimes with non-uniform speeds are known. The proposal
to use the Bloss curve is aimed at overcoming these limitations and opening a
debate on the possible need to codify, even in the international standards, the
use of more suitable alternative braking curves. In this context, a kinematic
study was conducted by comparing the main parameters of the motion (lateral
jerk, lateral acceleration, steering speed) between the Bloss curve and more
traditional curves, such as clothoid and Generalized Cornu Spirals (GCS). Nine
case studies were conducted, each case was characterized considering the type
of transition curve used (clothoid, GCS and Bloss curve) and radius R of the exit
curve (R = 60 m, 80 m, 100 m). The numerical values assumed by the kinematic
variables along the transition curves were “locally” calculated, i.e. “point-
by-point”, to take into account the non-uniform motion regime. The results
obtained, limited to the cases studied, show that the Bloss curve better meets
the kinematic conditions of the vehicle motion in non-uniform driving regimes.
Therefore, the Bloss curve can be considered as a braking curve in the design
of road intersections and be a candidate for further investigation to assess any
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additional benefits in terms of comfort, driving safety and visual perception of
the geometric element.

Keywords: Bloss curve, braking curve, Generalized Cornu Spirals (GCS), lateral
acceleration, lateral jerk, rolling speed, steering speed.

Introduction

Transition curves are generally divided into two groups (La
Camera, 1992): curves that can be traveled at constant speed and
curves corresponding to vehicular trajectories with variable speed.
The curves belonging to the first group can be further categorized in
two subfamilies depending on two geometric parameters, such as the
curvilinear abscissa s and curvature p. The clothoid (s/p = constant) is
the main curve of the first subfamily. In modern road design, the clothoid
is no longer regarded as the ideal line, but as a special case (n = 1) of the
largest family of two-parameter spiral curves, s"/p = constant, where n is
the shape parameter.

The second group includes curves suitable for use at significantly
variable speeds, their use is essential in certain road sections, such
as exit lanes of intersections where they also perform speed control
function.

All these curves have as theoretical reference the fundamental
studies that Blaschke (1956, 1958, 1959) and Heller & Blaschke (1961)
conducted on the travel dynamics of exit lanes that allowed defining the
ideal line covered by a vehicle in deceleration motion. The difficulties in
expressing the intrinsic equation of this line in Cartesian/parametric
form have promoted the study of curves with similar characteristics and
simpler mathematical expressions. The Generalized Cornu Spiral (GCS)
belongs to this family; with the appropriate choice of its shape factor n,
it better explains the dynamic and design conditions (La Camera, 1992).

In this paper, the authors, after describing the main geometric and
kinematic characteristics of clothoids and GCS, have examined another
transition curve called the Bloss curve (Bloss, 1936) and have evaluated
its suitability to be used in the exit lanes of road intersections.

It should be noted that over the years, the Bloss curve has been
studied by many authors who have investigated its mathematical and
geometric aspects (Ciobanu, 2015; Kobrin, 2017; Wladyslaw, 2014).
Studies on the Bloss curve have shown its affinity with the family of
GCS so that it is also known as biparametric or bi-hyperclothoid curve
(Agostinacchio, 1983).

However, there are relatively few studies on the use of the Bloss curve
as a braking curve and these studies have been mainly conducted in the
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railway sector (Kufver, 1997; Wladyslaw, 2014). Therefore, at present,
the use of this curve in the exit lanes of road intersections is quite
innovative.

1.  Transition curves in road design

The main geometrical and kinematic characteristics of the transition
curves considered in this study (clothoid, GCS and Bloss curve) are listed
below.

11. Clothoid

The clothoid is used as a transition curve between two elements with
constant curvature. If we indicate the scale factor with 4, the curve radius
with r and the curvilinear abscissa with s, its intrinsic equation results in:

rxs=A". (48]

It can be seen that the clothoid is characterized by a linear trend
of curvature 1/r along the curvilinear abscissa. Through Eq. (1)
and exploiting the existing link between the final deviation angle T,
curvature 1/r and curvilinear abscissa s (dt = ds/r) it is possible to
identify, in the closed form, a series of relations that interconnect the
variables described previously, that are:

2 2
K K A

T= =—= .
24> 2r 277

(2)

The Cartesian equation of the clothoid cannot be expressed in
the closed form, as can be observed from expression (3) given below
(Agostinacchio et al., 2010; La Camera, 1992):

0 . (21'72)
x:A\/EZ(—l)Hl (4 T
i=1

i—3)(2i-2)

0 . (21'71)
y:A\/EZ(—l)HI( T
i=1

4i-1)(2i-1)1

(3)

To ensure that the clothoid can be used in road design, the minimum
value of the scale factor (A,,,) must be greater than the larger of the
minimum values obtained by applying various criteria, such as the
dynamic criterion (or lateral jerk limitation criterion), the constructive
criterion (based on the AS,,, value - maximum superelevation rate)
and the optical criterion. Compliance with the above-mentioned criteria
ensures optimum conditions of limiting the rate of change in lateral



Table 1. Limitations to the clothoid scale parameter A

Criterion Anin A nax Notes
Dynamic 0.021v? V — maximum velocity, km/h
Pb 18b
Constructive R max = T
AS_ R 1007
R
Optical ? Recommended limit

acceleration ¢ and rolling speed of the roadway #. The maximum value of
the scale parameter A,,,, must not exceed the radius of the circular curve
R at the end point of the clothoid. The analytical expressions of these
criteria are summarized in Table 1 (Agostinacchio et al., 2010; MIT, 2001).

The expression of the constructive criterion (Table 1) refers to the
general case in which the clothoid connects a straight line to a circular
curve of radius R and the axis of rotation coincides with the axis lane of
the roadway. In the case of single slope straight line, P, = qf - g; is found,
where g and q; respectively identify the roadway slope at the end and
the beginning of the transition curve. Indicator b defines the distance (in
meters) between the axis of rotation and the edge of the carriageway in
the initial and final clothoid points.

The A values can also be calculated with other parameters, such as
the steering speed 3 (rad/s), where 9 is the steering angle in radians,
travel speed v (m/s) and vehicle wheelbase p (m), applying the following
expression (Agostinacchio et al., 2010):

_ |PY
A—\/;. )

As a general rule, to evaluate the effectiveness of clothoid use in
road track, it is necessary to study the trends of at least three kinematic
quantities, the transversal acceleration a,, lateral jerk c (variation of
transversal acceleration in the unit of time) and steering speed 3, whose
analytical expressions (for n = 1) are (Giannini et al., 1993):

viooy?
a’ZTZFS; (5)
da, V'’
= ar :?; (6)
. \
sz%zv%. 7)
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A further kinematic parameter to be considered is #, rolling speed of
the roadway. Its value (expressed in rad/s) is obtained by applying the
following expression (8):

U= J X’ (8)

where ;- roadway rotation angle (single slope) at the end of the transition
curve, rad; 9, - roadway rotation angle (single slope) at the beginning of the
transition curve, rad; t - travel time of the transition curve, s.

As it is generally known, the clothoid is only fully effective in uniform
driving regimes, given that under such conditions, the jerk and steering
speed remain constant (Egs. (6) and (7)) and the lateral acceleration
varies with a linear trend (Eq. (5)).

1.2. Generalized Cornu Spirals (GCS) and braking curves

Generalized Cornu Spirals are variable radius curves defined by the
following intrinsic equation (Nemesdy, 1984):

rxS=A", )

where the parameter n # 1 is called the shape factor. This equation is
related to the clothoid case when n takes on a unitary value (Eq. (1)). For
n>1and n <1, GCS curves are called hyperclothoid and hypoclothoid,
respectively.

Similar to the clothoid (Eq. (3)), the Cartesian equation cannot be
expressed in the closed form for the GCS either (La Camera 1992):

© . (2i-2)
:A'M 1 _1 i+l T .
x (n+ )'cl:lzl:( ) (2i—2)!p[}
1+] (ZI ])
y= ./ n+1 ‘c 721_1) ,

(10)

4

where

=(2i-2)n+1)+1=2in+2i-2n-1;

=2i-1)(n+1)+1=2in+2i-
gi=pi+n+1l

From Eq. (10) it is possible to obtain all geometric characteristics of

GCS. The same considerations on the A scale parameter developed for the
clothoid (Table 1) are valid for GCS. These limitations are summarized in
Table 2 for n # 1 (La Camera, 1992).
_ The trends in lateral acceleration a, lateral jerk c and steering speed
9 are described by the following analytical expressions, which are also
valid for n = 1 (Giannini et al., 1993):
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Table 2. Limitations to the GCS scale parameter A Intersections
Criterion Anin A ax Notes
V4 !
Dynamic ]| —— | R v = velocity, m/s
14R
Constructive R AS .y = 0.005
. +1 )1 .
Optical —_— Recommended limit
18
2 2
v v
4 == s (11)
r
da noo,_
—* ’ n+l ! 1; (12)
dt A
. n n-1 p
SZPVWS :vizC. (13)

For the rolling speed # nothing changes with respect to the clothoid
(Eq. (8)).

The braking curves derive from Blaschke and Heller’s research
into the dynamics of vehicles travelling on the exit ramps of junctions.
This research allowed identifying a behavior pattern characterized by
constant jerk and longitudinal deceleration over time. The limit of this
behavioral model is that it cannot establish the link between the curvature
and curvilinear abscissa. The first researcher who proposed to use the
hyperclothoid instead of the theoretical braking curve was Lorenz (1971)
who suggested the following procedure (La Camera, 1992): the two curves
(hyperclothoid and theoretical braking curve) must be equal in terms of
initial and final radius values and length, then the corresponding lateral
accelerations are calculated point-by-point and the one that minimizes
their difference is chosen from the infinite possible solutions.

The shape factor n that guarantees this result is called optimal n
(nopy)- In literature, there are tables that allow identifying its value
as a function of variables N = V;/Vyand K = R;/R; where V;, V; R; and Ry
represent the speeds and the radii of curvature at the beginning and at
the end of the transition curve, respectively. These tables (for example,
Table 3) allow calculating both the maximum relative variation of lateral
acceleration between the design hyperclothoid and the corresponding
ideal braking curve (La Camera, 1992).
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1.3. Bloss curve

The Bloss curve is a transition curve that reduces the negative
effects of geometric discontinuities at the start and end points of the
transition curve. The analytical expression of the generic transition
curve of length L inserted between a straight line and a circular curve
of radius R derives from the equation of a simple 3rd degree polynomial
curve (Wladyslaw, 2015), on which four boundary conditions are
imposed (Kobryn, 2017): zero curvature and horizontal tangent at the
starting point, passing through the midpoint of coordinates (L/2; 0.5R)
and passing through the end point of coordinates (L; 1/R). Called
1/r, representing the curvature in correspondence with the generic
curvilinear abscissa s, we obtain the Bloss curve equation in implicit
form (Bloss, 1936; Tas¢i & Kulog, 2011):

1 52 2s
—=—3-=. 14
r RLZ( Lj (14)

In Eq. (14), the condition of horizontal tangent at the end point is also
met. Some authors (Agostinacchio, 1983) have highlighted that Eq. (14)
in the implicit form has an affinity with the equation of the GCS (Eq. (9)).

In fact, if it is provided that the curvature 1/r is equal to the difference of
two generic curvatures 1/r; and 1/r:

1 s s?
n A (RP (15)
3
3 3
Tos _ s (16)
no A (RD
2
we get just expression (14):
111 & s 5 2s
i yF Sl il s [ Al (17)
r n n A A RL L

Eq. (17) allows attributing the name of biparametric (or
bi-hyperclothoid) also to the Bloss curve (Agostinacchio, 1983)
considering that its intrinsic equation can be obtained from the
difference of equations of two GCS with shape factors n; and n, greater
than the unit (n; = 2 and n, = 3) and with scale factors A; and 4,
respectively equal to:

RI? 3 RL ;
A4 = (3] and 4, = (2J . (18)
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Table 4. The Cartesian equation of the Bloss curve
(biparametric or bi-hyperclothoid curve)

Cartesian equation Notes

3

i

_1)i 2

=1fori=0

(_1)f (21)| s6i+j+1

ey
(

)

= (2i) = i+j+1j!(2i—j)!(3A13)2i’f(4A;)f (20)
——>—=1forj=00rj=2i
]!(21—])!
& ()& (R (i g (2i+1)! , .
- (2i+1)14Z6i+ j+4 j!(2i+1—j)!(3A13)2"+1-J'(4A;).i m—lforJ—OOTJ—ZHl
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The Cartesian equation of the Bloss curve is shown in Table 4.
If we assume that speed v is constant, then lateral jerk c is written as
(Agostinacchio, 1983):
-3}

It is observed that in order to take into account the real conditions of
the motion, which is uniformly varied, in the kinematic tests that will be
conducted in this study the speed will be “locally” evaluated, i.e. point by
point along the transition curves.

Rewriting Eq. (19) according to scale factors (Eq. (18)), we obtain:

_daq, —v3s[ 2 3SJ

Cd 44
Multiplying both members of Eq. (14) by V* we obtain the lateral
acceleration expression, that is:
2

V2 2
By appropriately processing expressions (18), it is possible to link
two scale factors:
4
o[

N

L

_da, 3£

=V rC (19)

c (20)

2

2
L

(21

r R

(22)

Vs
1 1
3 —
_ 3
1.5Lj and 4, = (1.5L4])*

The last kinematic parameter to be evaluated is steering speed 9.
Given that 3 can be expressed in the following form (Giannini et al., 1993):

1
dl =
- d9 (I"J
o g (23)



and that from Eq. (14) results (Agostinacchio, 1983):

(24)

ds  RP\ L

()

r) _ 6s (1 s j
the comparison between Eqs. (23) and (24), and taking into account Eq.
(19), results in:

9opr(1-2)Le 25)

For the rolling speed u, the same considerations formulated for the
clothoid (Eq. (8)) and the GCS are true.

2. Exitlanes

The exit lane is a specialized geometric element that allows vehicle
deceleration in the right exit maneuvers. Their width depends on the type
of intersection, the type of road (MIT, 2001) and the area context (urban
or rural). From a geometric point of view, these lanes are, in general,
constituted by the succession of two elementary sections: a taper section
of L, length, where the vehicle makes the transverse displacement that
allows it to leave the lane, and a deceleration section of L;, length that
is determined by a kinematic criterion. In the deceleration section of
Lg, length, the vehicle decelerates from the initial speed v, to speed v,
appropriate for entering the exit curve. At grade intersections, the length
of the taper is 30 m in the rural area and 20 m in the urban area (MIT,
2006).

The deceleration value assumed in the exit lane design is equal to
a = 2.0 m/s* (except for urban and rural highways, where a = 3.0 m/s%). In
general:

vi-v;

Ld,u_j (26)
| |
?_,_.,.,_ __________ —= ___________T._{
I;iii:::::::::g’_;_f_i:::: 7777777 4{

| Taper (L) . ‘
I Deceleration (L)

Figure 1. Exit lane (parallel type)
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Taper (Lm,u)

Deceleration (L)

Circular curve (R)

Figure 2. Exit lane (tapered type)

The deceleration section may be parallel to the main axis of the road
(Figure 1) or tapered if coincides entirely with the element with variable
curvature (Figure 2).

3. Case studies

The examined case studies refer to an at-grade intersection exit lane
(parallel type) in the rural area (MIT, 2001). Three cases were analyzed
considering the transition curve adopted (clothoid, GCS, Bloss curve). These
cases were then further subdivided into three sub-cases (for a total of
9 study configurations) according to the value adopted for the planimetric
radius of the circular exit curve (R = 60 m, 80 m, 100 m). Among the
various types of GCS it was decided to use the hyperclothoids (n > 1) as
they are better suited to be used as braking curves in non-uniform driving
regimes (La Camera, 1992). To facilitate comparison between various
configurations, the different transition curves must have the same length.

The procedure adopted consisted of the following steps:

1) case studies 1-2-3: geometric design of the first three exit
lanes (calculation of L, , calculation of L,, and design of the
hyperclothoids) varying radius R = 60 m, 80 m, 100 m;

2) case studies 4-5-6: design of further three exit lanes obtained by
replacing each hyperclothoids with a clothoid of the same length;

3) case studies 7-8-9: design of three exit lanes obtained by replacing
each hyperclothoids with a Bloss curve of equal length.

The nine configurations studied have been designed assuming the
real hypothesis of uniformly varied motion, with constant deceleration.
A deceleration value of 1.4 m/s* was imposed so that this value remained
constant both in the deceleration section Ly, and in the subsequent
transition curve. This was done is in order to avoid the presence of
geometric sections characterized by significantly different motion
conditions.



As already noted (Section 2), the standards require a maximum
longitudinal deceleration of 2.0 m/s® and this value is generally
considered as the limit not to be exceeded to ensure optimal driving
comfort (Wu, Liu, & Pan, 2009). Actually, the deceleration along L, is not
constant: it is very small in the initial deceleration phase (1.0-1.5 m/s?)
and higher in the braking phase (1.5-3.5 m/s®) (Zhou, ., Fang, & Zhou,
R.-G., 2013). The average variation (equal to about 1.9 m/s*) coincides,
in fact, with the maximum deceleration mentioned above. The value
of 1.4 m/s* adopted in this study (equal to 70% of the maximum) is
therefore compatible with a safe and comfortable driving regime.

3.1. Case studies 1-2-3: hyperclothoid

The deceleration section consists partly of the straight line and partly
of the hyperclothoid. However, a rate of L,,, (around 50%) is used in the
deceleration phase of the vehicle (Figure 3). For the geometric design of
the hyperclothoid, both the scale parameter A and the form factor n must
be calculated. The following expression (27) can be used to calculate the
scale factor. It is obtained by manipulating and comparing expression
(9) applied at the end point of the hyperclothoid and by expression (26)

written for v, = v,and v, = vg
1

4= R[f(jzv‘l)] , @7)

where R - radius of the exit curve (R = 60 m, 80 m, 100 m); v, - exit curve
design speed for R = 60 m, 80 m, 100 m, i.e. the speed at the end point of
the hyperclothoid (vy= 8.33 m/s, 9.72 m/s, 11.11 m/s corresponding to
Vy=30 km/h, 35 km/h, 40 km/h); v, - speed at the starting point of the
hyperclothoid, m/s; N = v,/vs; a - imposed deceleration, equal to 1.4 m/s’.

It should be noted that for the same considerations developed on the
maximum longitudinal deceleration (Section 3) at v;speed, the values on
average equal to 70% of the maximum values laid down in the standards
have been attributed (MIT, 2001).

In practice, the values of Table 3 for N =1.3, 1.4, 1.5, ..., 3.0 and for K = oo
have been attributed to the parameter N = V,/V; and the corresponding
optimal shape factors (n,,) have been associated with each of them. Eq.
(27) was applied for each pair (N, n = n,,) and the corresponding scale
factor A was calculated. Subsequently, for each pair (4, n.p), Eq. (9) was
applied at the final point and the L, length of the hyperclothoids was
calculated in the various examined cases (r= R = 60 m, 80 m, 100 m, s = Ly).
Finally, the v, velocities at the starting point of the designed hyperclothoids
have been calculated for v, = v v;=v,, Ly, = Lyyand a = 1.4 m/s* (Eq. (26)).
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Table 5. Design hyperclothoids: scale factor A and shape factor n

CASE STUDY R, m N Am n=ngy
1 60 1.6 44.76 2.0
2 80 1.6 60.52 2.0
3 100 1.5 68.17 1.8

The lengths of the deceleration section reduced by the hyperclothoids
length (Lg = Lgy - Lyy) for R = 60 m, 80 m, 100 m are obtained from
Eq. (26) after placing v, = v,, v; = v;, Ly, = Lyand a = 1.4 m/s” (Figure 3). It
should be noted that the value of v; was assumed to be 25 m/s (90 km/h),
corresponding to 90% of the design speed of the main road.

By hypothesis the deceleration is constant (@ = 1.4 m/s?) along the
entire exit lane (straight and transition curve).

Among all designed hyperclothoids, those characterized by pairs (4,
Nopt) able to satisfy the limitations required on the scale parameter have
been accepted (Table 2).

Some considerations are necessary. The dynamic criterion has
been applied considering the maximum speed (v = v,) and using the
corresponding radius of curvature R = 60 m, 80 m, 100 m. It was not
necessary to carry out the local verification because in all the cases it is
n > 1 and, therefore, the imposed condition is the most precautionary.
The constructive criterion was applied by imposing b = 3.50 m (Tables
1 and 2). In fact, the width of the exit lane (3.50 m) coincides with the
traffic lane width of the main road and then the rotation of the roadway
along the transition curve takes place around the inner edge (MIT, 2001,
2006).

The results obtained are shown in Table 5.

The summary of the geometric and kinematic parameters related to
the examined case studies (1-2-3) is given in Table 8.

3.2. Case studies 4-5-6: clothoid

The scale factor A is obtained by Eq. (1) forr=R =60 m, 80 m, 100 m,
§= Lclot-

In each case, the length of the clothoid (L., is attributed to the
value of the corresponding length of the hyperclothoid calculated in
Section 3.1 (Table 8 - Case studies 1-2-3). It is easy to demonstrate that
all designed clothoids meet the limitations required on the A scale factor
(Table 1) and that the latter is always lower than the recommended A
maximum value, equal to radius R (Section 1.1).

The results obtained are shown in Table 6.
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Table 6. Design clothoids: scale factor A Intersections
CASE STUDY R,m A'm
4 60 48.16
5 80 64.89
6 100 74.23

Determination of the geometric and kinematic parameters is done in
the same way as in the case of the hyperclothoids (Section 3.1) and the
values obtained are completely equivalent (Table 8).

3.3. Case studies 7-8-9: the Bloss curve

Scale factor A, is calculated from the second expression of (22).
For this purpose, it was necessary to assign an arbitrary value (for
convenience it was assumed equal to the radius of the exit curve, 60 m,
80 m, 100 m) to A; and the length of the corresponding hyperclothoid or
clothoid - to the Bloss curve length L. (Table 8).

The final results are shown in Table 7.

Also, in this case, the geometrical and kinematic parameters are
completely equivalent to those of the hyperclothoids and, therefore, of
the clothoids (Table 8).

The planimetric scheme of the designed exit lanes (case studies 1-9)
is shown in Figure 3.

Table 7. Design Bloss curve: scale factors A; and A,

CASE STUDY R, m Aym A;ym
7 60 60 59.49
8 80 80 79.74
9 100 100 ?5.35

Table 8. Summary of design data and geometric
and kinematic results (case studies 1-9)

CASE R, Vi, Vi Vi, Vi, a, Va Vi Loy,ur Lyu L*,
STUDIES m km/h m/s km/h m/s m/s> km/h m/s m m m
1-4-7 60 30 8.33 4799 13.33 198.43 38.66
2-5-8 80 35 9.72 Q0 25 1.4 55.98 15.55 30 189.47 52.64
3-6-9 100 40 11.11 60.01 16.67 17913  55.10

Note: * transition curve length.
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Figure 3. Planimetric scheme of the designed exit lanes (case studies 1-9)

4. Kinematic parameters

In order to compare the kinematic performances of the designed
transition curves, four important parameters are taken into account:
lateral acceleration a,, lateral jerk c, steering speed 9 and rolling
speed u of the roadway. Since we have designed transition curves of
equal length (Section 3), the # parameter loses its significance. In any
case, its evaluation is useful to verify that the recommended limits
are not exceeded (Section 5). The trends of ¢, a, and 9 were analyzed
and compared under hypothesis of uniformly varied motion, with an
imposed longitudinal deceleration of 1.4 m/s’.

4. Hyperclothoid: analytical formulation
of kinematic parameters

The expressions for the calculation of lateral acceleration, lateral jerk
and steering speed are given in Section 1.2 (Egs. (11), (12) and (13)).

These expressions (with the exception of the one that allows the
calculation of the steering speed) are valid in the absence of roadway
superelevation. Anyway, the superelevation is always achieved because
it helps to partially compensate the lateral acceleration and reduce the
lateral jerk. If g is the gravity acceleration, m — the mass of the vehicle,
0 - the generic roadway rotation angle, and v - the instantaneous vehicle
speed in m/s (Figure 4) it is deduced that with the superelevation, a, is
reduced by g-tan® or by a value equal to g6 ™. In this case, Eq. (11) takes
the following form:

2 2
atz(V_gefﬂdj{ d 1s"—gem‘]. (28)
7 An+




\
\
0
SIS
g ¥

Figure 4. Cross-section of the roadway and pseudo-dynamic balance
of the in-curve vehicle

At the hyperclothoid starting point (s = 0), the roadway rotation
angle 0 is equal to 0.025 rad, while at the end point (s = L) it is equal
to 0.07 rad (MIT, 2001). If 8 assumes a linear trend in function of the
hyperclothoid curvilinear abscissa s and we impose to it the above-
mentioned boundary conditions, Eq. (28) assumes the following form:

2 2
a, = L_g 0'045S+0‘025 = VH s"—g 0'045-s+0.025 . (29)
r Lhy A" Lhy

The lateral jerk c is the variation of lateral acceleration in the time
unit. If we replace Eq. (29) in ¢ = da,/dt, we consider Egs. (11) and (12)
and we attribute to v the meaning of instantaneous vehicle speed in the
generic point with curvilinear abscissa s (Section 1.3), the analytical
formulation of the lateral jerk is:

oo da :(Va nls'”)‘ £ 0.045v |. (30)
dt An+ L

hy

For the rolling speed # the same procedure as for the clothoid is used
(Sections 1.1-1.2 and Eq. (8)).
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4.2. Clothoid: analytical formulation
of kinematic parameters

The same considerations as those formulated for the hyperclothoid
remain true (Section 4.1). The final expressions are obtained by placing
n=1and Ly, = L in Egs. (29) and (30):

2 2
a =Yg X945 005 ||= Yos—g 0045 L0025 ]|; (31)
r Lc]ot A Lclot

3
c=94_V [ & o0450]. (32)
o A L

clot

4.3. Bloss curve: analytical formulation
of kinematic parameters

To obtain the expression of the lateral acceleration it is sufficient to
subtract from the a, general formula (Eq. (21)) the contribution of the
superelevation, represented by the second member of Eq. (29).

Indicating with L, the length of the Bloss curve:

2 2.2
a = o VS5 28 || 0085 6005 | (33)
r RL;, L, Ly,

For the lateral jerk calculation, Eq. (33) is replaced in its general
expression (¢ = da,/dt) and both Eq. (20) and the meaning attributed to
v are taken into account (Section 1.3). As in the case of hyperclothoids, it

results in:
c=3% gl 2 35118 0450 (34)
dt A] A2 LBc

5. Limits and requirements towards
kinematic parameters

For lateral jerk ¢, the literature identifies a number of limits
that should not be exceeded to ensure safe and comfortable driving
conditions. For example, in the case of highways, the AASHTO considers
a range of ¢ between 0.3 m/s* and 0.9 m/s® (AASHTO, 2001) acceptable.
Other authors (Schofield, 2001) accept, instead, a maximum value of
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0.6 m/s® in the residential area and 0.3 m/s® in the rural area, or 0.6 m/s’
in any conditions (Uren & Price, 2006). The following is an analytical
expression that allows calculation of the maximum permissible jerk
Cmax as a function of speed v expressed in m/s (or V expressed in km/h)
(MIT, 2001):
14 504
cmax = =0
% V

(35)

Limit values are also suggested for lateral acceleration a, which
should not be exceeded. For example, according to the German RAL
Standards, the maximum value tolerated by passengers in cars is
1.47 m/s® (Kilin¢ & Baybura, 2012). For highways, an indicative limit of
2.45 m/s* is recommended (Schofield, 2001).

However, for the steering speed 3 there are no experimental limits
(Giannini et al., 1993). For this reason, the reference value is obtained
by replacing the maximum lateral jerk formula (35) in the general
expression of 3, valid for all types of curves: clothoid (7), hyperclothoid
(13) and the Bloss curve (25). The following analytical expression is
obtained:

: P
B =142 (36)

The last kinematic parameter to be taken into account is the
roadway rolling speed u. The literature limit values adopted by
various international standards are quite similar (Cenek et al., 2011).
In particular, the maximum value of u# compatible with the desired
comfort level is assumed to be 0.044 rad/s (California Department of
Transportation, 2006) and this limit is practically the same as the value
of 0.05 rad/s adopted (MIT, 2001).

6. Results

The results drawn as a function of the dimensionless curvilinear
abscissa are shown graphically in Figures 5 and 6. All kinematic analyses
were “locally” carried out (point-by-point) along the transition curves.
This means that after having subdivided their generic total length L
into a suitable number of elementary sections (in the specific case n.10
sections of length / = L/10), the speed has been calculated in each of the
k extremities of / applying the uniformly varied motion law, with the
deceleration of 1.4 m/s*:

v, = V2, —2al ,where k=0,1,2, .., 10. (37)
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Figure 5. Kinematic comparison with the variation of the exit curve radius
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Figure 6. Kinematic checks and comparisons between different
types of transition curves

Table 9. Speed along transition curves (case studies 1-9)

CASE oL Vie Via CASE Vie Via CASE Vie Vie
STUDIES km/h  m/s STUDIES km/h m/s STUDIES km/h m/s
0.0 4799 13.33 5598  15.55 5998  16.66

01 4650  12.92 5426 15.07 58.30  16.20

0.2 4496  12.49 5247  14.57 56.56  15.71

0.3  43.37 12.05 50.61  14.06 5477  15.21

0.4 4173 1159 48.69  13.52 5291  14.70

1-4-7 0.5  40.01 MM 2-5-8 4669 1297 3-6-9 5098 1416
0.6 3822 10.62 4459 1239 4898  13.61

07 3633 10.09 42.40 178 4690  13.03

0.8 3435 954 40.08 113 4472 12.42

09 3224 896 3762 10.45 4242 1178

1.0 30.00 833 35.00 9.72 40.00 1.1
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It should be noted that at the initial point of the transition curves
(k = 0) vy = v, is true, while at the final point (k = 10) v, coincides with
v;, i.e. with the design speed of the circular exit curves (Section 3.1 and
Table 8).

The obtained results are summarized in Table 9.

6.1. Lateral jerk

Figures 5a-c show the lateral jerk trend as a function of the
dimensionless curvilinear abscissa s/L. The ¢ value has been drawn for
each type of examined curves as the radius R of the exit curve varies
(R =60 m, 80 m, 100 m). Figures 6a-c show the lateral jerk trend (with
the same radius R) for each of the three types of analyzed curves. The
analysis of these diagrams shows the following:

1) the maximum jerk (in absolute values) is always lower than the
limit values in the scientific literature (Section 5). In particular,
for the Bloss curve, the maximum lateral jerk is significantly lower
than the above-mentioned limits (Figures 6a-c);

2) the influence of the exit radius R on the maximum lateral jerk is
low for the clothoid and the hyperclothoid (variation of about
20% and about 15%, respectively, in the passage from R = 60 m
to R = 100 m (Figures 5a-b)) and is more sensitive for the Bloss
curve (variation of more than 130% in the passage from R = 80 m
to R =100 m (Figure 5c));

3) for each R value, the hyperclothoid shows a better behavior than
the clothoid only in the first half of its length. In fact, in this
section, the lateral jerk values are lower and without the starting
peak. The Bloss curve shows a more regular trend, sufficiently flat
and with maximum values much lower than those demonstrated
by the two previous curves (Figures 6a-c).

4) the clothoid, compared to other types of curves, generates a high
initial jerk that significantly worsens the safety and comfort of
travel;

5) the lateral jerk maximum values evaluated by expression (35)
are higher than the maximum values indicated in Section 5 and
largely meet the calculation results (Figures 6a-c).

6.2. Lateral acceleration
The trend of lateral acceleration a, is shown in Figures 5d-f

(comparison with changes in R) and Figures 6d-f (comparison with
changes in the type of transition curve). It should be noted that:
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1y

2)

3)

4)

5)

6.3.

in all cases, the maximum value of lateral acceleration is largely
precautionary compared to the maximum values suggested by
literature (Section 5 and Figures 5d-f);

the influence of the exit radius R on the maximum value of the
lateral acceleration is smaller than jerk and, on average, not more
than 18% (Figures 5d-f);

the hyperclothoid is most affected by the roadway superelevation.
In fact, in the first part of its development (equal to about 40% of
its length) it is characterized by a negative lateral acceleration, i.e.
by a beneficial overcompensation (Figures 6d-f). This is also the
case for the other transition curves, but for a more limited length
of their initial section, this is about 10% for the clothoid and 22%
for the Bloss curve (Figures 6d-f). This influence is also evident in
the second part of its length, considering that the a, value is much
lower than that assessed on the clothoid and on the Bloss curve;
the trend of a, along the hyperclothoid is always increasing,
except in the first section equal to 10% of the total length (Figures
6d-f). This means that the a, maximum value falls outside the end
point of the curvilinear abscissa § = s/L = 1. This is certainly the
best situation compared to the other situations that might have
occurred, i.e. 0.8 < § < 0.9 (situation to avoid) and 09 < § < 1.0
(acceptable situation) (La Camera, 1992);

the a, trend of the Bloss curve is located in an approximately
intermediate position between the clothoid and the hyperclothoid
(Figures 6d-f). This only applies to s/L < 0.3. For 0.3 < s/L < 0.5,
the Bloss curve a, values increase significantly compared to those
of the hyperclothoid and tend to align with the clothoid values.
For s/L > 0.5, the Bloss curve shows a, values higher than those
of the clothoid (about 20%) and clearly higher than those of the
hyperclothoid (about 180%).

Steering speed

The results obtained are summarized in Figures 5g-i and Figures

6g-i.

It is noted that:

1

2)

the steering speed trend along the transition curves (Figures
5g-i) have very different shapes (decreasing, increasing or bell-
shaped respectively for clothoid, hyperclothoid and Bloss curve);
the influence of the exit radius R on the steering speed is relevant
(Figures 5g-i). Moving from R = 60 m to R = 100 m there is a
maximum variation of 3 between 85% (clothoid) and 100%
(hyperclothoid and Bloss curve);



3) the steering speed limit values evaluated by expression (36) largely
comply with the calculation results, especially in the second half
of the curve length. Note that wheelbase p of the vehicle of 2.5 m
has been assumed, corresponding to the case of a small car. For
0.2 < s/L < 0.5, the Bloss curve values are instead very close to the
admissible maximum and this situation is repeated for the clothoid
in its initial section for s/L < 0.2 (Figures 6g-i);

4) at the clothoid starting point, the presence of an instantaneous
value of 9 can be observed (Figure 5g) and this negatively affects
both safety and driving comfort;

5) the trend of 9 along the Bloss curve is of bell type, i.e. increasing
in the first half of its length and decreasing in the final part
(Figure 5i); ]

6) the maximum value of 9 at the hyperclothoid end point (Figures
6g-i) coincides with that of the Bloss curve approximately at its
intermediate point (s/L = 0.5).

6.4. Rolling speed

The last kinematic parameter to be evaluated is the roadway rolling
speed u (Section 1.1). Given that at the end and the beginning of the
transition curve, the roadway (single slope) has a lateral slope of 7.0%
and 2.5%, respectively (MIT, 2001), then the rotation angles of the
same roadway (Figure 4) are equal to a 9y 0.07 rad and 9, = 0.025 rad
(Eq. (8)).

The travel time t of the generic transition curve is obtained by
applying the uniformly varied motion formula, that is:

v, =V,

t= , (38)
a

where (Section 3.1 and Table 8) v - speed at the end of the transition
curve, m/s; v, - speed at the beginning of the transition curve, m/s; a -
constant deceleration set at 1.4 m/s’.

The results obtained by applying Egs. (8) and (38) are summarized in
Table 10. It should be noted that # is always below ., (Section 5).

Table 10. Rolling speed of the roadway (case studies 1-9)

CASE R, t, u, u .o
STUDIES m s rad/s rad/s

1-4-7 60 3.57 0.0126

2-5-8 80 4.16 0.0108 0.05

3-6-9 100 3.97 0.0113
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Conclusions

The conclusions of this kinematic study, which proposes the use of
the Bloss curve as an alternative braking curve, can be summarized as
follows.

1. The Bloss curve shows lateral jerk values significantly lower than
those exhibited by both the clothoid and the hyperclothoid along
the entire length of the transition curve.

2. The Bloss curve shows values of lateral acceleration always
higher than those of the hyperclothoids and higher than those
of the clothoid only in the second half of its length. However, the
maximum value of lateral acceleration detected on the Bloss
curve, although it is always higher than that of both clothoids
and hyperclothoids, is equal to about 0.8 m/s2 and, therefore,
is significantly lower than the limit values suggested by the
scientific literature and international standards.

3. Similar considerations can be formulated for the steering
speed, because the Bloss curve, for much of its development
(about 65-70%) exhibits values of 3 higher than those of the
corresponding hyperclothoids. The calculated values are still
lower than the maximum reference values.

The Bloss curve can be proposed as a braking curve in the exit lanes,
since lateral jerk is recognized as a fundamental kinematic parameter in
the design of transition curves, and lateral acceleration, steering speed
and rolling speed are always below the maximum reference values. This
proposal shall also be confirmed from the point of view of safety and
visual perception of the transition element.
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