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1. Introduction

Two-dimensional motion of solids with inelastic impacts against a rough surface is discussed
in this work. Before the collision a body has an additional immovable point of contact with a
surface, therefore the impact occurs in two points. It is considered that contact points with
zero velocity can transfer normal impact impulse; collisions in every point start and come to
the end simultaneously. The state of unilateral constraints is changing during time interval of
impact and transition from non-separation to separation, from stick to sliding, from sliding to
sticking must be predicted. Motion of solid with impacts in two or more points is difficult to
analyze because of necessity to define the state of contact and after-impact behaviour of body.
In this study the problem is solved in the framework of rigid body, lows of impact is modeled
after Poison, deformation does not taking into account, friction is taking into account after
Coulomb with dry friction factor, impact is assumed instantaneous and simultaneous in both
points of contact. Three types of bodies are investigated: homogenous rigid rod, plate and
cylinder. It is shown that the different types of resulted motion of body are possible: stop of
body; sliding on two points of support; rotation round the immovable new point of support;
sliding on the new point of support and rotation round it. We define conditions at which one
or another type of motion takes place after impact. The domains of existence of each mode of
motion are determined for some special cases for different kinds of body. Calculated results
were examined on experimental setup for the rigid rod.

This problem is of special interest for motion of walking machines study, motion of unfixed
objects on ship deck and etc.

88



2. Plane motion of rigid rod with impact in two points

The purpose of this chapter is to define the scopes of applicability of theory of solids bodies
impact to the multi-point impact at two-dimentional motion.

2.1. Model of impact

Non-sliding rotation of uniform rod with mass m, length / accompanied by by collision with
fixed supports is investigated (Fig. 1). Both supports are unilateral and placed on one
horizontal level, @ and b are the distance between mass center of rod and supports location.
In-plane moving solid rests upon a supporting surface in a point 4, which has a zero velocity.
Resulting impact with a supporting surface occurs in the new point B, impact is assumed
perfectly inelastic and after impact the new point of contact remains on a supporting surface.
Rotation motion of rod without sliding around fixed point A4, is described by differential
equation:

(Jc+ma2)¢=mgacos¢). 2.1)
Angular rate of the rod when it reaches the support B, i.e. pre-impact velocity:

2mga . \/ 24ga .
0, = |[———sina =, |[5———sina,
J,+ma " +12a

where a — the angle of initial ascent, Jc =m/’ /12 — moment of inertia of rod.

Sra

Fig. 1. Rotation motion of rod with impacts against fixed supports.

The investigation of collision shows that there are five possible variants of the rod behavior:

1 - the rod doesn’t separate from supports and the motion ends; 2- non-separation in the both
support and sliding of rod in the horizontal direction to the left, 3 - separation of the rod from
support A and further rotation round point B, 4- separation of the body from the support A4,
sliding on a surface in the new point of contact B and rotation round it.

In order to determine the condition of the sticking of rod to the supports or separation from it
rigid body momentum theorem in projection on Cartesian axes and principle of moment of
momentum in regard to mass center is drown up. It is assumed that rod separates from support
when calculated from the system of the general dynamics equations normal reactive impulse
force is negative or equal zero, if the rod sticks to both support it angular speed equal zero.
Taking into account, that the velocity of mass center before and after impact are:v,,, = @,a,

Voo, = @,0.5h (h is the thickness of rod) and @, = 0, hence v, =0, vx =0, we have a system:
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—(—mwya)=S, + Sy,
—(—mw,0.5h) =S, +S,, (2.2)
—J.w,==S,b+Sya+ (S, +5,,)0.5h
Solving the system (2.2) gives the normal impulses in point of contact:
mba —J, 12ba —1* -3k’ ma®+J, 12a* +1* + 3k’

S, =0, ———=w,m , S, =0 =w,m
MY bra 0 12(b +a) M bta ‘ 12(b + a)

It is evidently that at the beginning of impact the rod doesn’t rebound from support B, and

doesn’t separate from A support only subject to: 12ab > I + 3k, where 34 may be neglected
because it is too small, hence the condition of non-separation:

12ab > 1* . (2.3)
In case of a=b, and this condition will be: 0.5/ > a > 0.289/ .
The condition of non-sliding is: ‘SFB + SFA| <(Syp +Sy,) S, ie. f>h/2a. (2.4)

Provided that condition (2.3) doesn’t satisfy and since impact is perfectly inelastic, after
separating from support 4 and energy losing during impact, the rod goes on rotation round
support B in accordance with equation:

(JC +mb2)¢:—mgbcos¢ . (2.5)
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Fig. 2. Angular speed o= (t) and rotation angle ¢=¢ (t) plots depending on time
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The initial angular speed of this motion is determined from the system of the general
dynamics equations for the case of point 4 separation, noting thatv,, = @b, v, =@,0.5h:
mao,b—(—-mw,a) =S,
ma,0.5h—(—ma,0.5h) = S, (2.6)
Jo,-J o, =-S;b+S8,;05h

1> —12ba + 3h*

0= - value of 3A” is too small for rod and
[7 +12ba +3h

Solving this system gives: @, = ®

I —12ab

I> +12ab’
Necessary condition of this mode existing is satisfying an equation (2.4), otherwise it will be
sliding with rotation on the support B.

In Fig. 2 angular speed ® and rotation angle ¢ plots depending on time are shown for the rod
with /= 0.40m in cases of a=b=0.10 m, a=b=0.075 m and a=b=0.05 m; the initial angle of
ascent is 30°.

may be neglected, then coefficient of decreasing of angular velocity will be: &k =

2.2. Experimental setup

For verification of theoretical results obtained above correctness and conditions of
applicability of classical theory of solid body’s impact, the simplest experimental setting,
shown in Fig. 3, was created.

o Collision contacts
Rigid rod

Fixed

Unilateral supports
board PP

Fig. 3. Experimental setup

Test setup consists of the fixed lower supporting board with two unilateral supports on it and
set of wooden, metal and plastic rods with length / = 40 cm, width d =3cm and thickness
h=2.0, 1.0, 0.5 and 0.2 cm. The removable fixation of the supports on a board allows easy
changing its positions, distance @ and b changes from 0 till 20cm. Rotational motion of rod
started with the initial angles of ascent from a=15° till 30°. Plane motion of all rods with
thickness of 2, 1 and 0,5 cm with one fixed point (rotational motion) prove the classic theory

of impact, sticking of rod took place at 12ab > [*, i.e. if a=b then a>11.55 cm. The rod with
thickness 0.2 cm rebounded from both points of contact regardless of the location of unilateral
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supports. This fact confirms the scopes of applicability of classical theory of impact for
solids: if the cross section of body is large in comparison with the local deformations area, the
theory of solid bodies’ impact is applicable. In the case of thin beam (with h=2 mm in
experiment) cross section and local deformations area are comparable and it is necessary to
apply wave theory of impact. Sliding of the rod on wooden surface didn’t observe.

At the asymmetrical location of supports and at a very small a value (for this beam there is

about 1 cm), in spite of satisfaction 12ab >[° +3h>, non-separation of rod in a point 4 and
separation in a point B with a further rotation round a point 4 in opposite direction are
observed. In this case because of small distance from the axis of rotation to the beam mass
center and small ascent angles very small initial velocity of impact is received, at which
impact forces are comparable with gravity force.

3. Plane motion of rigid plate with impact in two points

Massive homogenous plate placed on rough surface rotates round point A till collision with
surface (Fig. 4), impact with surface is considered perfectly inelastic. If the body doesn’t
separate from surface in point of contact 4 and impact is non-sliding, then post-impact
velocity of mass center and angular velocity are equal to zero. Momentum theorem in
projection on x and y axes and principle of moment of momentum in regard to center of mass,
taken into account, thatw, =0, v;=0 is:

mayh =S5, + S5,

maya=S,,+Sy (3.1)

—Jo,=+S h+ S h+S,,a—S,;b
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Fig. 4. Plane motion of the plate Fig. 5. Plot of the dependence
with two-point impacts of factor fon &

Taking into account that J . = mpz, we can define, that S, is always positive and § ,, may
ab— p* —h’ W +a’+p°

a+b a+b '
The condition of non-separation of point A is S,, > 0,1i.e. ab> p* +h>.

be negative: S,, = mo, , Sy =ma,
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In accordance to the Routh theory during impact the friction force is assumed as a dry friction
with factor f, then, if the sliding take place, impact friction forces are:

Spa =SS s Sp=Swuf-
The summarized horizontal impact force: S, +S,; = mo,h (the first equation in (3.1)) must
be less than (S, +S,;)f , i.e. the condition of sticking is: f > h/b.
For the case of non-separation of 4 and full sliding on both supports with velocity v, :
—mv, +maoh=8,,f+Suf
maya =S, +Sy (3.2)
—Jewy =Sy, fh+ Sy fh+ Sy a—Sy,b
Solving (3.2) with respecttoS,, S,;, v, we receive:

ab— p* — fha P>+ fha+a’
— L S =me, —r———, v =0,(h- fa).
a+b NB 0 a—l—b 0( f)

The conditions of existing of this mode are: §S,, >0, v >0, i.e.
ab>p* +h* and f <h/a,or ab< p*+h* and f <(ab-p*)/ha.

Sy =mo,

For the case of point A separation and rotation around point B and non-sliding:
—moh+moh=S,,
mab+mawya =S, (3.3)
Jow, —J 0y =8 5h =S,

Solving (3.3) with respecttoS,;, S;; and @, we receive:

(p> +h*)a+b) hb(a +b) p°+h*—ab

2 2 2 0 2 2 2 = a)o 2 2 2
p +h +b p +h +b p +h™ +b

Sy =ma, » S =

The conditions of existing of this mode are: S,, f > S,,, ®>0, ie.
ab< p® +h*, [>hb/(p*+h?).
For the case of separation of point 4, rotation around point B and sliding:

—moh—mv, +moh=S,;f
mab+maw,a =S, (3.4)
Jewy =J @y =8y fh=Sysb

Solving (3.4) with respectto S,,;, @,, v, we receive:

S, = may,p’ : (a-iz-b) o —o, pi +ﬂzza—ab, v, = o, hab—{(a +2b)(,o2 +h) .
p-+b° — fhb p-+b°— fhb p +b°— fhb
The conditions of existing of this mode are: S,, 20, v, >0, ®>0,1i.e.
ab < p* +h*, (ab—p*)/ha < f <hb/(p* +h*).
As example the rectangular plate with length L, height H and inertia radius p” = (L* + H*)/12

is considered ifa =b = L/2. The height of supported legs is negligible and 4 may be assumed
as h=H/2. The conditions of existence of each mode of impacts are derived as function of

non-dimensional parameter § = H/L : 1- non-separation of A, non-sliding: § < 1/ V2, f=20;
2-non-separation, two-points sliding: 6 < 1/\/5 , [ <o0;or 1/\/5 <odand f<(2— 52)/35;
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3-separation, rotation round B, sliding: 1//2 < & and (2 - 62)/35 < f <35/(45° +1);

4-separation, sticking, rotation round B: 1/ V2 <& and f= 35/ (467 +1).

In Fig. 5 the domains of existence of each mode are presented for the rectangular plate with
length L and height H, where 1- non-separation of point A, non-sliding impact, sticking;

2- non-separation of point A, sliding on two points; 3- separation of point 4, rotation round
point B, sliding. 4- separation of point A, rotation round point B, non-sliding.

4. Plane motion of rigid cylinder with impact in two points

Homogeneous cylinder of radius a rolls on rough surface, and before impact it rotates without
sliding round point A, y,,y, —central angles of contact points (Fig. 6). Impact with surface in
the point B is considered perfectly inelastic. If the point 4 non-separate from fixed point of
contact and impact is sliding, then post-impact velocity of mass centre is equal to zero: v,=0,
but angular velocity nonzero:w, #0 Momentum theorem and principle of moment of
momentum regard to center of mass for this case:

mayacosy, =—=S,,siny, +S,,siny, —=8,,fcosy, —S,,fcosy,

\smayasiny, =S,,cosy, +S,,c08y, =S, fsiny, +S,,fsiny, 4.1)
Jooy —J 0y ==Sy,fa—Syfa
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Fig. 6.Rolling motion of the cylinder Fig. 7. Plot of the dependence of factor
with impacts f on angle vy, provided y, = y,

For the case of point A separation and non-sliding impact the system of equation is:
—m@,acosy, +ma,acosy, =S,,siny, —S,,cosy,
moasiny, + maoyasiny, =S,,cosy, + S, siny, (4.2)
Jo —-J .o, =-S,a
For the case of separation of point A and sliding impact the system is:
—m@,acosy, +myv cosy, + mayacosy, =S,,siny, —S,,fcosy,
moasiny, —my siny, + maoyasiny, =S,, cosy, +S,,fsiny, (4.3)
Jooy—J oy ==S fa
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Thereafter these systems are solved for the homogeneous cylinder withJ. = 0.5ma”, in case

of symmetrical contact points, i.e. 7, = y,. Solving (4.1) with respectto S, ,,S,;, @, gives:

5. =maoa tan2(7)—2ftan(z/)—1’ 5. = maya tanz(7)+12 ’
2tan(y)(1+ f?) 2tan(y)(1+ /)

” 1+3/% -2 ftan(y)

b 2tan(y)(1+ /)

From this we can conclude that point B never separate from contact point and the conditions
Sy > 0of existing of this mode - point A non-separate and impact is sliding:

”;ffz >tan(y)> f+f2 +1.

The condition non-sliding impact in the case of non-separation of point 4:

2
L+3/ <tan(y).
2f
Soling system (4.2) for the case of point A separation and non-sliding impact gives:
_ 2
4 2t221n7/ o =, 3 tzan (7) .
3(tan” ¥ +1) 3(tan”(y)+1)
The conditions of existing of this mode: @, >0, S,,f > S,,,1.e. ¥y <z/3, (tany) >3 f .

2tany

Sy =mo,ya Spp =ma,

tan® y+1

Soling system (4.3) for the case of point A separation and sliding impact gives:
2
S, = mwya 21:2an}/ o =0, tan” () 24ftan/1+1’ v =20, 3f : tan(y) '
tan” y +1 (tan”(y)+1) (tan“(y)+1)

The conditions of existing of this mode: @, >0, v, >0, i.e., (2f +/4f> —1)> (tany) >3 .
In Fig. 7 the domains of existence of each mode are presented for the cylinder with radius a

andJ, = 0.5ma’ for the case of y, = y,; here: 1- non-separation of point A, sticking, impact
is non-sliding, 2-non-separation of point A, impact is sliding; 2-separation of point A, sliding;
4-separation of point A, non-sliding.

5. Conclusion

It is proved that approximate treatment of rigid body collision with Poisson impact law, which
does not take into account deformation during collision, may be successfully used for
determination of the uniform rigid body’s behaviour in some cases, and such as analyzed
above motion with simultaneous impacts in two or more points. It is established that the post-
impact motion of the solid bodies with additional point of contact depends on the state of
contact — separation, non-separation, sticking, sliding or reversed sliding. Friction factor and
linear dimensions of the bodies — distance between supports and moment of inertia - influence
on the state of contact and on the angular speed decreasing coefficient.
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Polukosko S., Sokolova S. Cieta kermena ar nenoturo$o papildsaiti komplana kustiba ar triecieniem

Darba tika izpetita cietu kermenu komplana kustiba ar sadursmem pret nekustigu grubulainu virsmu: homogena
stiena, plaksnes un cilindra. Pirms trieciena kermenim ir papildus kontakta punkts ar virsmu. Pieradits, ka
vispariga neelastiga trieciena gadijuma péc trieciena var bit sekojosi kermena kustibas veidi: 1- kermena
neatvienosandas no abiem kontakta punktiem un kustibas partrauksSana (pielipSana), 2- neatvienosanas divos
punktos un kermena slidésana pa virsmu, 3 - kermena atvienoSanas no pirma punkta un rotacija bez slides ap
Jjaunu kontakta punktu, 4- kermena atvienoSanas no pirma punkta un slidesana pa virsmu jaund kontakta punktd
un griesanas ap to. Visiem kermeniem ir noteikti katra kustibas rezima eksistences apgabali. Uzdevuma
atrisinagjumam ir izmantota klasiska cietu kermenu trieciena teorija savienojuma ar Rausa hipotézi, kas nem
véra berzi pie trieciena péc Kulona likuma. Viendabigam stienim klasiskds teorijas secinajumi ir parbauditi
eksperimentali.

Polukoshko S., Sokolova S. Plane motion with collisions of solid with additional unilateral constraint

In this article in-plane motion of solids with collisions against the immovable rough surface is considered;
examined bodies - homogeneous rod, plate and cylinder - have an additional point of contact with a surface
before the impact. It is established that in general case of perfectly inelastic impact the followings modes of post-
impact motion of body may be realized: 1- non-separation in the both points of contact, non-sliding and stopping
of motion (sticking), 2- non-separation in the both points of contact and sliding of body on a surface two points,
3— separation of bodies from the first point and rotation without sliding round a new point of contact, 4-
separation of the body from the first point, sliding on a surface in the new point of contact and rotation round it.
The domains of existence of each mode of motion are determined for all bodies. For solving of this problem the
classical theory of solid bodies’ impact is used in combination with the Routh’s hypothesis, taking into account a
friction by law of Coulomb. The conclusions of classic theory are tested experimentally for uniform rod.

Honykowko C., Cokonoea C. IInockoe oOeudricenue c yoapamu meépoozo mena ¢ OONROJIHUMENbHOU
HeyOeparcusaloueil céa3vio

B pabome paccmampusaemcs niockoe 0gudiceHue ¢ yoapamu 0 HEnoOSUICHVIO WEPOX0BAMYIO NOBEPXHOCHIb
meépobix mej, UMernwux 00 y0apa OOROIHUMENbHYIO MOYKY KOHMAKMA ¢ HOBEPXHOCTbIO. O0OHOPOOHO20
CmepaICHsl, NAACMUHbL U YUAUHOpA. Yecmanoeneno, 4mo @ obujem ciyyae abComomHo Heynpy2020 yoapa mozym
ObIMb peanu306amvl ciedyrouue 6UObL NOCIEYOAPHO20 0BUICEHUsL mead. - Heompbie 6 0beUx MouKax KOHMaxKma
U npexkpaujerue O8uNceHUsl (npuiunanue), 2- Heompvie 8 08YX MOUKAX U CKOIbICEHUe mead no nosepxHocmu, 3-
OmpbIE Mena om Nnepeoll MouKU U épawyenue 0e3 CKOIbIUCEHUsT OMHOCUMENbHO HOB0U MOYKU KOHMAaKma, 4-
OMpbI8 Mmeia Om Nepeotl MOUKU, CKONbICEHUE NO NOGEPXHOCMU 8 HOBOU MOYKe KOHMAKMA U 8paueHUe OKPY2
Heé. [l kanxcoo2o mena onpedenenvl 001acmu Cyuecmeos8anus Kaxcoo2o pexcuma osusicenus. /s peuienus
3a0ayu  UCNONB306AHA KIACCUYECKAs meopust yoapa meépoblx men 6 couemanuu ¢ 2unomesot Payca,
yuumeigaiowel mpenue npu yoape no 3axkony Kynona. Bwisoovl knaccuueckol meopuu nposepenvl
IKCNEPUMEHINATLHO 0151 CIIYYAsi OOHOPOOHO20 CIEPHCHSL.
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