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1. Introduction

The impact is very important phenomenon in many mechanical systems. The selection of the
most adequate contact force model plays a key role in analysis and design of the mechanical
systems with intermittent motion and clearance. In general, there are two different approaches
for impact analysis: the discontinuous and continuous approach. The first approach is to
assume that impact occur instantaneously. The analysis is divided into two phases — before
and after impact, interconnection between phases is made by impulse-momentum
equationS = m-Av, connecting pre-impact and post-impact velocity, and coefficient of
restitution, representing the energy dissipation in the impact. At that forces and duration of
impact cannot be determined. The duration of the contact period governs the choice of
method used to analyze the impact. If duration of contact is large enough that significant
changes occur in the configuration of multibody system, then assumption of
instantaneousness of impact is no valid. The continuous approach assumes that the forces and
deformations vary continuously and motion of all body during impact is described by the
differential equations of motion of a rigid body (the equation force — acceleration F = m-a ).
The forces acting during impact time
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take into account viscous-elastic

properties of real bodies and are modeled Ve
by a set of elastic spring, viscous \/’
damper, stiff-plastic elements (Fig.1). In ==
this paper the low-speed direct impact of
homogeneous  isotropic  bodies is W w T
considered. The examined bodies have

such forms and size that only local AAAA
deformations in the small area are ———-{-—
significant and wave propagating in the tr trn
bodies may be neglected. N Fd T

The forces models are based on Hertz

contact force. The consideration is based Fig. 1. Scheme of rigid bodies impact

on equations of contacts mechanics. The

purpose of this research is to develop the

method of preliminary estimation of impact character, taking into account the forms of
colliding bodies and properties of its material, in order to correctly create the impact force

models for using it in vibro-impact systems.

2. Quasistatic Hertz’s Model of Spherical Bodies Impact

A theory of contact interaction of the deformed bodies was developed by Hertz on the base of
the theory of elasticity for the case of bodies, confined in the point of contact by curved
surfaces. Three hypotheses lie in basis of model of Hertz: 1) at intersection of colliding bodies
local deformations in the area of contact are substantial, the characteristic sizes of contact area
are small as compared to sizes each of bodies and with the radiuses of curvature of their
surfaces; 2) dependence of contact force on contact deformation remains the same as at the
static compression of bodies; 3) deformations is elastic.

Contact impact force, expressed through approach of mass centers:

F,=k", (1)
where: n- index of power, for the spherical bodies » :% ;

X = x, —x, - relative approach or identation between the surfaces of the two spheres;

k — proportionality factor, depending on curvature of surfaces in the point of contact and
properties of material:

= 4 | RRy , Q)
3n\ R +R,
where R,, R, - radii of curvature of contact surfaces of colading bodies;
n - elastic factor is equal:
1- lulz 1- /122
n=mn+mn= E, + E, > 3)

M, , i, —Poisson’s ratio; E,, E, — Young’s modulus associated with each solid.

When the contact is caused by a collision the second-ordinary differential equation is directly
relation of the contact force and the amount of indentation of two solid is:
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. di 2
or mx— =—-kx?, 4)
dx

mx =-F

e’

m,m,
ml +m2

where m = - reduced mass of two bodies, for the collision a sphere with massive

plane we can accept, that R, =0, m, =0, m=m,.
Equation (4) can be integrated analytically taking into account initial conditions: 1 =0, x =0,

X=v,:
1 (2 2y 2.3
—m\x" v, |)=——kx?2.
Lol )2
At the instant of maximum compression the indentation velocity is zero and maximum
approach of masses center is:
2
5mv,” |
x == ) 5
max [4 k J ( )
The maximum contact force
3
5 3
(5
F_ = kS(vaozjs . (6)
Approximate formula for the time of contact:
2
Sm)ys !
t,=29432- | ——| v, 5 . 7
c (4 kj 0 ( )

In contact mechanics for the case of Hertz’s contact force the following parameters were
analytically developed and experimentally confirmed [1], [2]:
sizes of contact area:
RR
a:bzaénF—1 z_ (8)
4° R +R,

value of maximal pressure between contacting bodies:

2
py=05784.3 L[ Br R )
"\ Rk,

approach of bodies - from it formula (1) is developed:
3, R +R
x =3 — F i S— . 10
\/m (nF) iE, (10)

For the case of contact of sphere and plane with identical properties of material

a=b=; E-FR, p0:0.5784-3%.
\ 7 \7°R
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To illustrate process of the parameters estimation a numerical examples is considered for
direct impact of steel spheres against massive steel plate and of the same size aluminium alloy
sphere against aluminium plate (R, = «).The parameters of colliding bodies are given in the

2 T T T
1.6

pogt(vo) 1.2

pogllve) 0.8

Pressure, GPa

0.4

0

Initial velocity, mfs

Fig. 2. Plot of dependence of the maximal pressure on the pre-impact velocity:
pos- for steel sphere impact against plate, po,- aluminium alloy sphere impact

table 1, where the next characteristics are defined as a function of pre-impact velocity v, :

maximal approach as a function maximal force, time of impact, radius of circular contact area,
maximal pressure. For two spheres the reduced mass and relative velocity are indicated. In
Fig. 2 the plot of dependence of the maximal pressure on the pre-impact velocity are
presented.

Simple elastic-plastic theory suggest that at the point of yield average indentation pressure is
givenby p, ~1.1o,, where o is uniaxial yield stress; full plasticity limit of p, ~ 2.80 .

This allows estimating at what velocity full plasticity will be achieved for given material. It is
evidently that this velocity is a function of material properties and does not depend on the
radius of spheres in the case of sphere - plate collision. Such preliminary estimation allows
choosing the model of contact force more correctly.

Table 1. The parameters of the colliding bodies

Aluminium
Parameter Units | Steel sphere Steel sphere alloy sphere
Steel plate Steel plate Aluminium
alloy plate
Sphere radius R m 0.005 0.01 0.01
Mass m kg 0.004 0.033 0.011
Elasticity modulus E Pa 2.10" 2.10" 7.10"°
Poisson’s ratio u 0.3 0.3 0.33
Factor 7 m’N | 9.1.10 9.1-10™” 2.546-10"
Factor k N/m”” | 1.036-10" 1.465-10"° 5.237:10°
imal h 4 4 4
Tam(r:a) approac m 1.194-10%v,5 | 2.388-107v,5 | 2.358-10 5
max \ " 0
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i f circul 2 2 2
radius of circular m 244310 v s | 4.886-10° -v,: 4.889-107 -v, s
contact area a(v,)

1 6 6 6
maximal force F (vo) | N 427 -v,s 1710 v,s 600- v,
1 1 -1 -1 -1
time of impact #(v,) | g 3.515-105v,5 | 7.029-105v,5 | 6.940-10%v,5
imal 2 2 2
raximal pressute Pa 3419-10°v,5 | 3419-10°v,5 1213-10°v,5
Po(vy)
o, Pa Pa 780-10° 780-10° 340-10°
v, (I.1c,) m/s 0.032 0.032 0.053
v,,(2.85,) m/s 0.326 0.326 0.545

3. Quasistatic Impact Model of Cylindrical Bodies

For the contact between two parallel cylinders (Fig.3) there are few and approximate force-
displacement relationships. ESDU-78035 Tribology Series [2] presented for cylindrical
contact formulas for contact area, pressure and approach the same as Briger-Panovko [1].

For two cylinders with radii R, and R, with parallel axis and with length L is derived:

size of contact area — half of width:

b= inﬁ Rle
7' LR +R,

b

value of maximal pressure between contacting bodies:

_2F |[LF1(R+R,
RIRZ ,

Dy

approach of bodies:

X

_2F

In 2R,
T L n b

Tl 7 Ln

+ 0.407j +1, [ln

2232 + O.407H ,

(1)

(12)

(13)

where elasic factor 7 is the same as in equation (3). Since equation (13) is nonlinear implicit
function for ' with known indentation depth x, F’ can be evaluated using an iterative scheme.
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The simplest method is to establish set of
value of F, calculate x from (11) and (13),
create two vectors: F and x and to find the
unknowns q, n, ¢ of power equation
F(x)=ax"+c,

for example, with help of “pwrfit”
MathCAD function. If we want to estimate
the collision of cylinder and plane surface
(R, > o) the equation (13) cannot be
used. Then based on Hertz theory the
expression of Dubovsky - Freudenstein (for
the indentation as a function of force on the
internal pin inside the cylinder) may be

Fig. 3. Contact between
used: two external cylinders

x=%(771+772)|:1n( L(R ~R,) )J+1}, (14)

FRR,(n, +7,
if we assume, that R, — .

In the expression F' = kx" power index # is changing in the range: 1.5>n>1.0.

For numerical example we calculated the parameters of collision of two steel spheres and
sphere with plate. The parameters of impact as function of pre-impact velocity v, are resulted

in the table 2.
For two cylinders the reduced mass and relative velocity are indicated.

Table 2. Parameters of the colliding circular cylindrical bodies

. Steel cylinder Steel cylinder
Parameter Units | Steel cylinder Steel plate
R1=R2=R

Cylinder radius R m 0.02 0.02
Cylinder length L m 0.10 0.10
Mass m kg 0.50 1.00
Elasticity modulus E Pa 2-10" 2.10"
Poisson’s ratio u 0.3 0.3
Factor 7 m/N | 9.1.1072 9.1-107"
Factor k N/m" | 8.435.10° 1.91-10°
Power index n 1.090 1.081
maximal approach x.. (v,) m 1.306-107v)*7 | 3.535-107° v
width of contact area b(v,) m 2154107y 2.353-107p0"
maximal force F,_ (v,) N 4.004-10* v, 4.779-10* v,
maximal pressure p,(v,) Pa 1183-10°v,"* 914-10°v2%"
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Yield point o, Pa 780-10° 780-10°
vy, (1.10,) m/s 0.539 0.885
Vo, (2.8 (Ty) m/s 3.259 5.340

4. Models of Normal Impact Forces Based on Hertz’s Contact Force

Quasistatic impact model does not represent the energy dissipation process. The dissipation of
energy may be taking into account in the form of internal damping of colliding solid. Some
studies have been performed to extend the theory to include dissipation [4, 7, 8]. The models
of Hunt—Grossley and Lankarani—Nikravesh are given below; Yang-Sun model is similar to
Hunt-Grossley model. We propose two models of impact force on the base of Hertz’s Contact
Force: for very-low-speed impact without permanent deformation and for impact with the
velocity causing plastic deformations. As a numerical example the steel sphere impact against
plate are taken with R=0.0/m, impact parameters for which are given in the middle column of
the table 1 in accordance with quasistatic impact model.

4.1. The model of force for impact without permanent deformation

We take the dissipative part of the impact force in the form of dry friction, multiplied by
approach x in order to eliminate the tensile and plastic deformation appearance, the equation

of motion during impact:
3

m-jéz—k-xE—P-x-sign(fc) (15)
Energy loses can be estimated by integrating the force

ATz%mvg(l—ez)zngdx:Z [ Pxdx =Px],, (16)
0

Taking into account equation (5) the force P for spherical bodies may be expressed from (16):

2 1_ 2
P:%M:()_418-(1—e2)-51/mk4v§ (17)

max

Numerical example for vy=0.03m/s, coefficient of restitution e=0.9 is presented in Fig.4.

0T F 30T
-Fy A - g
— a4 o 207 ' >,
E ,/.. % \\ W
2 - 1
k 101 : k() © 107 — ———H
_[_x'.J 7 — —anidn sa07 1018t
: : | !_5 !_4 ! -0.02 7
0 5407 140 °1.510°° 0 5107 1107 1540 7 —p3-
-0+ % ~lo- ty i

Fig. 4. Dependence of impact force F and its elastic part on displacement F=F(x)
and on time F=F(t), dependence of velocity v on displacement v=v(x)
(m=0.033kg, k=1.465-10"" N/m*”?)
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4.2. The model of force for impact with permanent deformation

The dissipative part of the impact force is taken in the form of viscous friction. We assume
that impact force depends on both contact Hertz force, and on the rate of its growing, i.e.
damping part of force emerges derivative of the elastic force, multiplied by damping factor.
Damping factor b represents the incorporated value, equal to product of n (for sphere n=3/2)
by factor £ and on the corresponding value of damping:

F=k-x"+b-x""-x. (18)

pl
Vo€

When F=0,v =-v,e, x = x, and factor b may be determined from this condition: b =

Plastic deformation x,, is the part of full deformation Xmax (5), depending on coefficient e. The
energy loss during impact may be defined by numerical integration of the equation:

AT = §bx”_Ide =b j x"xdx —b Ix”_l)'cdx .
0 Xmax
1 . o .
On the other hand AT = > mv, (1-e”), hence coefficient of restitution e may be estimated.

4.3. Model of Hunt — Grossley impact force

Hunt and Grossley [4] derived the model of impact force with nonlinear spring-damper,
satisfying the boundary condition. Nonlinear model of force is described as:

F=k-x"+%a-k-x”-x:kx"[l+%a-5c] (19)

The restoring part of force is represented by Hertz’s contact force and its damping part is the
product of Hertz’s force, velocity of deformation and parameter a. Parameter a is found from
the straight line approximation of the coefficient of restitution e as a function of initial impact

velocityv,: e=1-av,, power index n=3/2 for the point contact.

4.4. Model of Lankarani - Nikravesh Impact Force

Lankarani — Nikravesh [7] developed a contact force model, in which hysteresis damping
function was incorporated in the model that represent the energy dissipated during the impact

This model can be expressed as F' = kx" + Dx, where D = ux", factor 4 is determined from
the energy loss equation by integration of the contact force around the hysteresis loop:

J— 2 v
F = k" +ﬂx"x=kx"{1+il4—e)i} (20)

Vo
4.5. Numerical example

Equation of motion during impact: mX = —F is solved numerically for the proposed force for
impact with permanent indentation (18), Hunt-Grossley force (19) and Lankarani - Nikravesh
force (20). Plots of dependence of force F and velocity v on displacement are given in Fig. 5.
(n=1.5, m=0.033 kg, k=1.465-10"" N/m *?, vy=0.3 m/s, x,,=2.3-10° m, e=0.6).

In accordance with equations (5), (6), (7) maximal approach x,,,,= 9.11- 10 % m, maximal
contact force Fmax=403 N, time of impact ¢ = 8.9 -10 ~s. Hunt — Grossley and Lankarani —
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Nikravesh forces show the close results: post-impact velocities are larger than vy e= 0.18 m/s
(0.21m/s for Hunt — Grossley and 0.23m/s for Lankarani — Nikravesh); maximum penetration
Xmax 18 8.04- 10 % and 8.22- 10 ° m, maximal contact force Fmax is 367 N, and 369 N
respectively, time of impact ¢ = 9.2 -10 ~s. Proposed force model shows maximal approach
Xmax= 7.62- 10 % m, maximal contact force Fmax=329N, impact time ¢ = 8.3 <10 7, post-
impact velocity is v,e= 0.18 m/s.

00T
L 0.3
_an 3':":'" f/f; Dz_
3 vi
- F2,, f."f s /4 " |
----- 00+ A w3 0.1
7 7 "
—_ n ‘.-;;"' / _____
- .-‘I/ - o ]"'gn
100+ S A —
: Ry
3 F -0.1
2 e
k[ 23) | | | : |
- 0 240 440% &40 ga0% 140”7 ~0.27
-0 - xly xdy, 23, -03-

Fig. 5. Dependence of impact force F' and velocity v on displacement: (—) in case of
proposed impact force F1=F1I(xI), vi=vI(x1); (-----+) in case of Hunt — Grossley force F2=
F2(x2), v2=v2(x2); (- - -) in case of Lankarani — Nikravesh force F3=F3(x3), v3=v3(x3)

5. Conclusion

The models of continuously acting impact forces represent the impact cycle from the
beginning of contact to its end, these models are the most convenient for systems with
frictionless impacts analysis, as they allow using the differential equations of dynamics with
additional contact forces for solution of the problems of motion. If the contacts between solid
are of hertzian type, it is suitable to use Hertz contact theory for the creating impact force
model. For the modeling the elastic components of the impact force Hertz contact forces
F = kx"are used for spherical surfaces with power exponent n=I/.5 and for cylindrical
surfaces 1.0 <n <1.5. Damping component is expressed as viscous damping part or as stiff-
plastic part, damping force parameters can be determined based on classical impulse-
momentum equation and the work-energy principal. In the contact force the equation’s
parameters may be identified if the coefficient of restitution e is known.

In order to analyze the impact successfully it is necessary to determine whether plastic
deformation may occur in the impact. If impact velocities lower than propagation velocity of

elastic wave across the body, i.e. v, <107°,/E/p, there is no permanent indentation after

impact. The advantage of Hertz contact force model with its damping representation over well
known Kelvin-Voigt viscoelastic model is its nonlinearity, the first shows more realistic
force-displacement diagram.
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Polukosko S., Sokolova S., Kononova O. Kontakta speki vibro-triecienu sistemas

Trieciena spéku noteikSana ir nepieciesama masinu un mehanismu elementu stipribas aprékinos. Saja darba tiek
aplitkots zema atruma viendabigu izotropu sferiskas un cilindriskas formas kermenu taisns trieciens. Kermeniem
ir tadas formas un izmeri, kuriem ir nozime tikai lokalas deformdcijas trieciena momenta. Trieciena parametru
ieprieksejam aprékinam kermenu sadursmes punktda vai pa liniju tiek izmantoti kontaktmehanikas vienadojumi
un secinajumi. Nosakot spiedienu punkta vai uz kontakta linijas, var novértét trieciena sakuma atrumu, pie kura
sakas kermena plastiskas deformacijas. Tadiem kermeniem ir biitiskas lokalas deformacijas kontakta zona. Vilnu
efektu, kas rodas trieciena, var nepemt vera. Kermena kustibu trieciena laika var aprakstit ar otras kartas

diferencialvienadojumu ma = —F | kur spéks F sastav no elastigas un disipacijas komponentes, kas nem véra
kermenu realds ipasibas. Trieciend spéka elastigias komponentes modelésanai tiek izmantoti Herca kontaktu
speki sferiskam un cilindriskam virsmam. Disipacijas komponenté, kas atkariga no deformdacijas atruma, tiek
ievérots energijas zudums trieciend. Galvena uzmaniba ir veltita speku modeliem uz Herca teorijas bazes. Ir
veikts trieciena vienadojumu skaitlisks risinajums.

Polukoshko S., Sokolova S., Kononova O. Contact Forces in Vibro-Impact Systems

The low-speed direct impact of homogeneous isotropic bodies of spherical and cylindrical forms is considered in
this work. At collisions of such bodies in a point or on a line for the preliminary calculation of impact
parameters the equations of contacts mechanics are used. When the pressure in contact point or on the contact
line is defined it is possible to estimate initial velocity of impact, at which plastic deformations of body begin.
The local deformations in the contact area are essential for such bodies. Effects of waves, caused by impact, may

be neglected. Motion of body during impact it is possible to describe by differential equation ma = -F , where

force F consists of elastic and dissipative components, taking into account the real properties of bodies. For
the modeling the elastic component Hertz contact forces for spherical or cylindrical surface are used. Energy
dissipation during impact is taken into account by damping components depending on deformation velocity. A
few models of such forces are created on the basis of theory of Hertz. The numerical solution of the equations of
impact for various forces is executed.

Honykowro C., Cokonosa C., Kononosa O. Konmaxmmusie cuvl 6 6udpoyoapHwix cucmemax

Onpedenenue cui, BOZHUKAIOWUX NpU yoape, HeodX00UMo 071 NPOGeOeHUs NPOUHOCTHHBIX PACYEMO8 INEMEHNO8
Mawun u mexanuzmos. B Ooannoii pabome paccmampueaemcss HU3KOCKOPOCMHOU NPSAMOU yOap 0OHOPOOHLIX
U30MPONHBIX Mell Chepuueckoil u YUIUHOpuyeckol Gopmvl. IIpu cmoikHoeHun makux men 6 mouke uiu no
JUHUY OISl PEO8aAPUMENbHO20 PACHEMA NAPAMEMPO8 YOapa UCNOLb3YIOMCSL YPAGHEHUS. U Gbl80ObI KOHMAKMHOLU
mexanuku. Onpedenug oaeienue 6 Mecme KOHMAKMA, MOJICHO OYEHUMb HAYAIbHYIO CKOPOCMb yoapd, npu
KOMOpOU HAYUHAIOMCA — naacmuveckue oegopmayuu mend. s makux men CYujecmeeHHbIMU AGIAIOMC
MecmHuble Oeopmayuu 6 30He KoHmaxkma. Boamosvimu sgpgexmamu, sosnuxarowumu npu yoape, MOICHO

npenebpeus. Jlsusicenue mena 60 6pems yoapa MOjCHO onucams oupdepenyuarvuviv ypasuenuem ma = —F

20e cuna I cocmoum us ynpyeoii u duccunamuenoii cocmasasowux, yuumsbleaouux peaibhble CeoLcmea mei.
Jlns modenuposanus ynpyzotl cocmagusiioujell UCHOAb3YIOMCA KOHMAKMHble CUuibl 018 CcQepudeckux u
yununopudeckux nogepxnocmeu. Ilomeps suepeuu npu yoape yuumleaemcsi COCMasnaowel, 3agucaueli om
ckopocmu degpopmayuu. I[lpueooamcs HecKOIbKO Mooenell maKux Cul, HOCMpOeHHbIX Ha ochose meopuu I epya.
Buvinonneno uucnennoe pewenue ypasnenuil yoapa.
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