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Abstract - The purpose of the article is to present new sdions
of the Mathieu-Duffing equation in the zone of theprincipal
parametric resonance — the stationary solutions wit the
frequency equal to the frequency of parametric extation. These
solutions are obtained by combining numerical and @alytical
research methods, but their verification is done bydirect
integration of the original equation. Initially monoharmonic
analysis of the solutions under study has been perined, and
this analysis gave contradictory and inconsistent esults. Only
further polyharmonic approach has made it possibleto do
definite conclusions.
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|. INTRODUCTION

The behavior of nonlinear dynamical systems duedtso
variety is under the constant attention of reseachAs it was
shown by V.V. Bolotin [1], oscillations on the balmof the
zone of the principal parametric resonance are wgdcwith
frequency, which is two times smaller in comparisdgth the
parametric excitation frequency. Due to the natwk
oscillations on the bounds of the parametric intatzone, it
is assumed by many researchers that inside thige toa&
halving of the excitation frequency is occurredy.t@he later
discovery of chaotic motions in such systems dit ai@nge
these concepts (at last for small values of parammetf the
system) [2]. The review of research on nonlineanatgics,
which is given in [3], shows the increasing intér&s the
analysis of systems with periodic coefficients. Blutre are
not found results relating to the conditional "ags" values
of the parameters of the system. However, the sofdghe
systems with piecewise linear elastic charactedsti
performed with the use of analog computers [4] wsdtb the
possibility of dividing the frequency of excitatian the zone
of the principal parametric resonance not onlywn,tbut in a
different value. Looking for additional clarificati on this
matter the Mathieu equation with a symmetric chiréstic of
the Duffing is considered below, and the conditiarfsthe
existence of stationary solutions in the zone @f phincipal
parametric resonance with a periequal to the period of
parametric excitation are studied.
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Il. EQUATION UNDER STUDY
The Mathieu-Duffing equation is considered in theri

X+ B X+ A-2ucos2wt)x+6x° =0, (1)
where parametersf?, i, 6 are assumed as positive. This

equation describes the dynamics of the system kédtimonic
parametric excitation and nonlinear cubic charéstier of
restoring force. Equation (1) obviously has a #figolution,
but under certain relations between the coefficief
excitation x# and resistancef in certain frequency ranges
the rest state becomes unstable and parametritateos are
excited. Zones of instability have wedge-shapedsie the

)

plane of parameteEs,u, —j The most wide zone of
o

instability is the principal one, which is contigiowith the
@

point —2 =1 whenf = 0. The peculiar feature of these
w

oscillations lies in the fact that their amplitudegow
exponentially, and even the existence of a line@cous
damping is not enough for the limitation of ampliés of
oscillations, if & = 0. However parametric oscillations have
limited amplitudes in the case#0, if there are
nonlinearities in the system.

[1l. MONOHARMONIC ANALYSIS OF SOLUTIONS

For analytical research the method of harmdmilance is
used. Considering the oscillations in the main zamfe

instability and assuming a)g =1 andw=1, the
monoharmonic solution of the equation (1) can beghbin
the form of
X, (t) = A, + A cos2t + B, sin2t, (2)
where Ay, A, B; are the constant coefficients. After
substituting of solution (2) into the equation @)d some
manipulations, a system of algebraic equations

determination of the coefficientdy, A and B; can be
written in the following form:

for
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Po-urvol A+ S A A+ S mef |0
~3A+2/B - 2uhy+
+5[3A€A1+§A13+%A1812j:0, 3)
3B, -2/ A+
+5(3Ag B+ A Bl+%Bf’j:0.

With the parameter valuegy = 0001, 4= 03 and

0 =1/3 the solution of system (3) was conducted inAO’

this pair of solutions has shown, that

p12=08167+ 05759, ie. |pi,|=09987<1, and,

therefore, solutionsXy, 34 are stable. Thus the apparent

contradiction between the results of the analytaztulation
(4) and its numerical presentation was observed Eg. 1).
The further exhaustion of ODE solvers availabl¢him library
of MATLAB, as well as the variation of control pamnaters of
this contradiction did not eliminate this contrdtio.
The hypothesis, which can explain the observing

contradiction between the numerical and analytieallts, has
been formulated in the following form: the osciltats of the

kind Xan 34 eXist, but despite their monoharmonic character
the system of equations (3) for determination offficients
A and By, compiled on the basis of monoharmonic

MATLAB using the proceduresolve As the result the expression (2), is a crude, and as a result theesabf

following solutions of the equation (1) were found:

Xan12 = +(0.1478+ 3455602t + 0.271Gin2t),
Xan34 =+(0.0116+ 027002t + 3.4536Gin2t). @)

The existence of the first pair of solutions (4)s haeen
confirmed by the direct numerical integration ofiation (1).

But the existence of solutionsXy, 34 did not receive
numerical confirmation (see Fig. 1). The furthelcakation of
multipliers p; o of the variational system corresponding to

analytical solution

a) cos2t — — — — numerical solution
4 1
(1\\ I ﬁ A i V) (f\ / ‘f, ! ;\ | | 'f\ I 'r*\ \ 'f\
! I i I \ | | |
1“%‘\,"\\\}“ W
o A AT AT
Tc\o RN
T A i
x(t)ﬂ\/\ N‘H““ ‘ [ | \ ‘\ ‘ /\’
A AR R
I ] |
IR IRREA R R
[ A A A T y oy Y L I
740 5 10 15 20 2020 2025 2030 2035 2040 4980 4985 4990 4995 5000
t ———
b) 003;21
T
B e B
LI RN Sty W i (R R
TR )T I [Nl IRER AR 1 !
JTRLRH L C YRRt SR RN \‘.‘{‘\y;‘\‘u{H,;jﬁ}{‘\i(‘
\ I AR ‘H” }“”"‘ ‘r” i if ‘ if RN '\“ L il ‘J\l ”\‘J
MR WL ALt RO
ML IR A R R AR
- i T f NN RN ST
= R T
R R R A SV R L
A \H‘V ;’“\ i i U \H"‘f r ‘u\’\ ‘\\{ i U\»,’ ‘y U\] [ H i
AO 5 10 15 20 2020 2025 2030 2035 2040 4980 4985 4990 4995 5000
t ———

Fig. 1. The solutions of the equation (1): a) nu'mﬁerX(t) and analytical
Xan 1 (t) : b) numericalX(t) and analyticalXyp, 3(t)

coefficients Ay, A, By are only the approximate ones.
Therefore the corresponding equation in variaticarsd
calculation of its multipliers can be inadequate.

If this assumption is true, then detailed and csiesi
results can be expected with greater considerafitrarmonic
components in the desired solutions.

IV. POLYHARMONIC ANALYSIS OF THE SOLUTIONS

The equation (1) has a nonlinearity of the polyrarype.
Taking account of the nature of the transformatiand the
desired algorithmization of this process, it is edignt to use
the complex form of Fourier series. As before, smwof the
equation (1) is made with the method of harmonierze, but
solution is sought in the form of

Xoll)= Y €, Q
n=—N

where N is the number of harmonics taken into account in
the expansion.

The relationship of complex conjugate coefficie@ts and

C_p, with coefficients A, and B, at cosne,t, sinna;t
of usual Fourier series is determined by the exgivas

A] =C,+C,, Bn :(Cn_cfn)i' (6)
By the substituting (5) in (1) it can be obtained:
N .
> (G +ippor-prae,dPt -
p=—N
2 i (poy+20)t
—uay Y, Ch€ -
. @
—uad Y cydPear2aty
p=—N
3N N N i ¢
+5 2 ( > 2 CanCp—n—kJe et =0
p=—3N\n=-Nk=-N

39



Scientific Journal of Riga Technical University
Transport and Engineering. Mechanics.
2010

Volume 33
where the conditon— N < p—n—-k<N is valid. The Thus, the nature of the solution remains practcall
.. monoharmonic, but the amplitudes of the main corepts
value of the frequencywy of fundamental harmonic is C : .

) ] o ) are significantly corrected. A higher level of agment is
assigned taking account of the anticipated nattitteoregime  4,,carved in this case and with the numerical resity. 2
under study. Then equating coefficients of equakgrs of ., iges the squtioﬁ(an3? for different valuesN and the

e'“’lt, the system of the equations for determining theesults of direct numerical integration of the eipra (1).
coefficientsC.. is obtained Rather high correlation between the decisions atitfitial
n .

. . . . stage of the motion (in the case bf =3, N =10), in our
Focusing on the middle of the principal zone ofpagtric opinion, confirms the existence of the oscillatiafghis type

instability, it is assumech)g =1 and 20 =2wy =2 (i.e. and provides the basis for investigation of thebagity.
Refinements achieved in the solutioXg, 34 caused the

® =1) in expressions (7). But the fundamental frequeagy
of the oscillations is considered equal to the dexgpy of the relevant revisions in the values of the multiplietso.
parametric  excitation, ie. @ =2@. By equating Their re-calculation to clarify the variational exions for

coefficients, the following system of equations forN =10 showed, thatp, =1.3510 and p, =0.7394.

determination ofC,, is obtained: Thus, because o"p1|>1 the solutions X3, 34 are still

unstable, which is consistent with the behavior thé
numerical solutions (see Fig. 2). The location dife t

2 . _
(1_ ANT-i2/5N )C‘N “HCNatOfn=0 multipliers relative to the unit circle in the cotap plane is

(1—4p2 +i2p p)cp —HUCp g~ HCphy+6 fy=0, shown in Fig. 3.
" (8 The presented images demonstrate the consistency of
p=-N+1 N-1 the obtained results foN =3 andN =10. On the one
(1— AN? +i2p N)CN —ucy_1+0 fy =0, hand, these graphs show a gradual withdrawal of the

numerical solutions from the analytical ones, buat the
other hand this fact can be explained by the inktatof

N N .
where fp _ > Oy Cn Gk Cpnk - these solutions.
n=—N k=-N : -
(p—n—K)e[-N; N] -1 D= T
Further analysis of equations (8) is made usingage o / Sl Db bbbl
Maple. Necessary initial approximations were deteeu o % h (\’\ f’w\ﬂ \lﬂ(‘w‘ﬂ H H H [ M f\ j{r’ M\ ;'!‘ ml\
using Xgn 3(t) . As a result, there were certain trends in the 2 ]4 M }M /‘\}J{H\[ E/\J\/ : \ H (\ \ H H {)‘ H H M
! | . [ I f
progressive increase of numbBt of harmonic components ' N/W \;/M{ \ 1 \/h /M/ \/M | /ﬁ\{/‘ M M\\
in the decomposition (5). Namely, there is a marke :J VERVIRVIEVIRVIRYR ’ WAV
refinement of lower coefficientsy, A, B; up to 40%, .., w w W “WWE’ \g b \l / U ” H M \\ [f \LJ M/
while the amplitude of the higher harmonic compdsen =0, ]\\Y}} ‘y \,J E:‘\J ’,’[\ \'E[UN‘ 02 U J H “ W 1| W \ \//
decreases with the increasing of the nunitb@nd gradually 4 !\ AL LA 3y i d IBL /j il
"disappears”. As an example, the refined solutioQg 34 5 s__d0 5w R fo_15 20 250082;0

obtained for N =10 by transforming them into the usual <nN=10

trigonometric form, using the equation (6), areserged (the 4

expansion coefficients are indicated with the aacyrof u 3l h. o %

o e s ater e decmal g0 [

point): R

Xan 3.4(t) = +(0.00884+ S LA
+0,19389c052t + 3.39108sin 2t — SN
—0.01156c0s4t — 0.10594sin 4t — Iy IR MRIRIRIN U ‘W‘!
—0.01887cos6t — 0.10917sin6t + -3 \v) \l) v v \ \UI \v( U \J J lﬂj W\S\
+ 0.00142co0s8t + 0.00612sin8t + Y5 10 15 20 25 30 35008220

+ 0.00096c0s10t + 0.00327sin10t —
— 0.00010c0s12t — 0.00028sin12t —
— 0.00004cos14t — 0.00009sin14t +
+ 0.00001c0s16t + 0.00001sin16t). (1) for different valuesN

Fig. 2. NumericalX(t) and analyticalX4p, 3(t) solutions of the equation
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Fig. 3. The multipliersp = & + i ﬂ for different valuesN

V. THE “MECHANISM” OF EXCITATION OF THE NEW
OSCILLATIONS
As is known [5], the zones of instability ofethtrivial

solution of the Mathieu equation (fa¥ = O in the equation
(1)) are similar to the wedge-shaped areas on theep

(u#,w). In the absence of damping these zones lie near LE:

frequencies @ = a)o/n (where nN=1,2,3,...). Besides,

on the borders of even zones the oscillation pecmidcides
with the period of excitation. Further, it is knowthat in
non-linear systems with hard elasticity, the anujolé-
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Fig. 4. Amplitude-frequency characteristics of tkttionary oscillations
corresponding to the first two resonances
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frequency characteristics (AFC) are sloped towanitgher
frequencies. Therefore, in order to explain theseauof the
existence of the found solutions, the AFC of thesiba
response regimes for the two first zones of paramet
resonance have been plotted.

Systems of equations to determi@g were formed on the
basis of (7), while for the principal parametrisoaance it is
supposedy, = » and for the 2nd resonance, ®, = 20.
AFC of the first harmonics are presented by thatiahship

A =A(o),
where A, = \Ja? + b? = 2Jc;c_; (see Fig. 4). It is clear

from the analysis of the AFC, that presence ofdhserved
oscillations in the principal zone of instabilityart be
considered as the result of pulling of stationasgikations,
self-excited in the zone of the second resonanceother
words, superposition between pulling zone and zohé¢he
principal parametric resonance is the reason ofehbézation
of this kind of oscillations.

VI. CONCLUSION

The analysis performed in this work confirms théseence
in the Mathieu-Duffing system in the zone of thenpipal
parametric resonance of two pairs opposite eachr @most
harmonic solutions with the period equal to theiqukrof
parametric excitation. Only the first couple of ghesolutions
has a certain stability margin, solutions of theosel pair are
unstable. Despite the nearly harmonic nature ofréggmes,
their qualitative understanding and compliance witie
umerical results can be achieved only with thevedince of
igher harmonic components in the analytical sohdi It can
be noted, that the revealed excitation mechanisisedhon the
phenomenon of oscillation pulling peculiar to naefr
systems, makes such anomalous behavior to be amaord
and a quite predictable one (at a small level ofigiag).
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Valerijs Belovodskis, Maksims Suhorukovs. Par Mat§-Dufinga vienadojuma jauniem periodiskiem risinajumiem galvenaja nestabilitates zora

Raksta rarkis — iepazstinat ar Etijuma rezulitiem par Mat§-Dufinga vieradojuma jauno risiijlumu eksistiSanagpadbam parametrisks rezonanses galveaaj
zor, proti — par iesgiam realiZt staciorrus risirijumus ar frekvenci, satoSu ar parametrigk ierosmes frekvenci. Rezitltiegati, kombirgjot skaitlisko un
anattisko Etijumu metodes, bet taibaude izpilata, tieSi integgjot sakotrejo viemadojumu.Sakotngji tika izpildita iedito risinajumu monoharmonigkanaize,
kas deva pretrdgus un savstagj nesaskaotus rezulitus, un tikai turprika poliharmonisk pieejalava izdaft viennoZmigus secigjumus.

Baunepuii besioBoackuii, Makcum CyxopykoB. O HOBBIX IepHOIUYECKHX pelleHusiX ypaBHeHust MaTbe-/lyppunra B riiaBHoii 30He HeyCTOHYHBOCTH
Llenb cTaTbyl — W3JI0XKUTh PE3YyNIbTAThl HCCIIEJOBAHHUS BOIPOCOB CYIIECTBOBAHNS HEKOTOPBIX HOBBIX pellcHUil ypaBHeHus Matbe-/ly(duHra B 30He IIIaBHOTO
IapaMETPUYECKOr0 PE30HAHCa, a MMEHHO, — CTAIMOHAPHBIX PELICHWH C YacTOTOW, paBHOW YacTOTEe MapaMeTpUYecKoro Bo30yxaeHWs. OHM IONyuYeHbI
KOMOUHUPOBAHHEM YHCICHHBIX M aHATUTUYECKUX METONOB HCCIENOBAHUS, a MX BepUGHKANUsS HPOM3BOIUTCS IIyTeM HEIOCPEACTBEHHOTO WHTETPHPOBAHHS
HCXOIHOTO ypaBHeHUs. [lepBOHAYaIbHO BBIMOIHEHHBIII MOHOrapMOHUYECKUH aHAIN3 N3Y4aeMbIX PCIICHUH Jall IPOTHBOPEUUBBIC U HE COMIIACYIOIIHECS MEXKITY
c0o00ii pe3yNbTaThl, ¥ TOJIBKO IOCIEAYIOMINH MOITMTrapMOHUYECKUIT TTOAXOA J1aT BO3MOXKHOCT CJIENIaTh O{HO3HAUHBIC 3aKITIOUCHHUS.
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