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Abstract —In the present paper the change in impedance per conductivity and magnetic permeability of the uplzser are

unit length of a double conductor line formed by tvo parallel
wires with alternating current is calculated. The duble
conductor line is located above a two-layer medium.The
magnetic permeability and electric conductivity of the upper
layer are exponential functions of the vertical coalinate. The
properties of the lower layer are assumed to be cetant. The
solution is obtained in closed form by means of thBourier sine
and cosine integral transform and is expressed inetms of
improper integral containing Bessel functions.
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|. INTRODUCTION

Analytical solutions of eddy current testing prabte for
multilayer media with constant electric conductviand
magnetic permeability are well-known [1].
engineering applications (examples include surfear@ening
and decarbonization [2], [3]) the properties of anducting
medium are not constant. Experiments [2] indicdbed there
exists a thin upper layer with reduced magnetiangability
where the magnetic permeability is an exponentiatfion of
depth.

Two basic methods are usually used for the analgkis
eddy-current problems in a conducting medium wisinying
properties. The idea of the first method is asofefi. A
conducting medium with varying electric conductviand
magnetic permeability is replaced by a multilayeediom
with large number of relatively thin layers wheréet
properties of each layer are assumed to be consfanto 50
layers with constant electric conductivity and metim
permeability are used in [4] in order to repredbet changes
in the electric conductivity and magnetic permdgbih the
vertical direction. The second approach is basedlosed-
form solutions of the problem. The idea is to apprate the
electric conductivity and magnetic permeability tmgans of
relatively simple analytical expressions

parameters the problem can be solved analyticglipbans of
known special functions (examples can be found&jHg]). In
particular, the solution found in [5] is generatize [8] for the
case where both parameters, that is, the eleatnductivity
and magnetic permeability, are exponential fundiof the
vertical coordinate.

In the present paper analytical solution is obtife the
case where a double conductor line with alternatingent is
located above a two-layer conducting medium. Theetdt

(contagnin
parameters) with the hope that for some values hef t

exponential functions of the vertical coordinateheTpaper
generalizes the results of [9] for the case of a-layer
medium. The problem is solved by means of the Eougine
and cosine integral transform method. The solusarbtained
in closed form in terms of improper integrals camtzy

Bessel functions of a complex argument.

Il. MATHEMATICAL FORMULATION OF THE PROBLEM

Eddy current testing method is widely used in eagiing
applications. Different types of eddy current phbmn be
used for inspection purposes. The choice of thenfof an
eddy current probe depends on a particular problnis
shown in [10] that if the ratio of the sides of ectangular
frame with alternating current is 1:4 or smalleerththe

In someectangular probe can be approximated by a doubiductor

line.
Consider two parallel infinitely long wires with want
located above a two-layer conducting medium (sge Bi
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Fig. 1. Two parallel infinitely long wires above tavo-layer conducting
medium.

The alternating current in the wires at the poiftg, h) and
(y;,h) is equal totl exp(jat), respectively, wherd is the
amplitude of the current. RegionsR, ={z>0} ,
R ={-L<z<0}and R, ={z<-L} represent the upper half-
space, the upper conducting layer and the lowelrspaice,
respectively. The electric conductivity c and magnetic
permeability ¢ of region R, vary with depth in accordance
with the formulas
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0 =0,6%, u=u,e”, (1) In order to find the even component of the solution
A (y,2), i = 01,2 the Fourier cosine transform of the form
whereo,,, u,,, a, fare constants ang,is the magnetic
constant.
The vector potential has only one non-zero compbiren A(C’ 14,2 = J-Aeven (v ,z)cosAydy, i= 012 (20)
thex-direction in all three region&,, R and R, . In addition,
the vector potential depends only on the coordm&nd 2: is applied. In th|s case the right-hand side ofi§3eplaced by
Foven (¥:2) -
A=AY2, A=A2, A=A(Y 2. (2) Applying the Fourier cosine transform (10) to peshl (3)-
(8) we obtain
The functionsA,, A and A, satisfy the following system
of equations dz;&éc) ~ 1,
o —22AL :%(cosiyl—cosﬂyo)é(z—h), (11)
o0*A, 0°
p;J + '30 = _ﬂ0|5(y_ y0)5(z—h) (3) dz;&l(c) dA1(C) -
v = B A = j00 o 1,6 AL =0,
+ o1 6(y = ¥1)6(z-h), dz dz
(12)
0? 0° 0 : i)z 4
e LT DR e © _ (13)
oy oz oz dz? -AA Ja)o-zﬂo,uzAz =
oA, %A, The boundary conditions are
o7 +?— joo ypgu,A, =0, 5)
where §(2) is the Dirac delta-function. A© | = A9 | dA” | _1.dA® | (14)
The boundary conditions are =0 = dz 0 oy, dz
0A 1 oA ~ ~
! T = ’ (C) (C)
AJ |Z 0~ 'A& |Z 0 az Z—O ﬂm az z=0 (6) AFC) | AZ(C) | dA- | _ dA2 | .
z=-L dz z=-L dz z=-L (15)
AL =ALL By )
z=-L™ P2 lzLr 57 L g Tt Consider two subregions of R, , namely,

Ry ={0<z<ht and Ry, ={z>h} , respectively._ The
The functionsA,, A, A, and their partial derivatives with solutions in these regions are denoted A§ and Aé“’

respect toy tend to zero at infinity: respectively. The general solution to (11)Rg, has the form
AL AL A, aAo A aAz_) 0 VY’ +7' oo (8) A9 (1,2)=Ce”+C,e” (16)
oy oy’ oy
The solution to (11) that is bounded as» +w is
Problem (3)-(8) is solved in the next section byanse of ~© 2 Cet
the Fourier cosine and sine integral transforms. 1 (1,2)=Cee a7
Ill.  SOLUTION OF THEPROBLEM The general solution to (12) in regid® can be written in
It is convenient to represent the solution in egagion as the form (see [11]):
the sum of even and odd solutions (see [7]): ,5,1@ (4,2=C,e”"? V(Ce(a+/3>z/2)+ C.e”?’K, (Ce<a+ﬁ>z/2),
A(Y,2) = Apen(¥:2) + Agea(¥,2), =012 9) (18)

wherel , (z) and K, (z) are the modified Bessel's functions of
the first and second kind, respectively.
The parametersand v in (18) are defined as follows:

2\ jouu,on, B2 +4A?
f(y! Z) = feven(y! Z)+ fodd(yl Z), c= a+ﬂ V= 0!+ﬁ )
The solution to (13) that is boundedat> —o |, is

The right-hand side of (3) is also representechasstim of
even and odd parts of the form

where
Foren(¥:2) = Foga(¥22) = ”—Slw(y— ¥.) -8y - ¥o)8(z - h). AP (1,2)=Coe®, (19)

where q = v 22+ o o,
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The vector potential is continuous at h: Aceren (¥, 2) =
~ ~ | (23)
AR lov= 250 Lo (20) =—’;° [ (cosay, —cosay, e coszyd%,
T
0
Integrating (11) with respect ta from z—¢ to z+¢ and A 2 °°C 12 cos dA
taking the limit ass — +Owe obtain even(¥:2) _;I o€ COS yT' (24)
0

A© A© |
d(’;‘; |z:h—dﬁ‘; =225 (cos1y, —cosiye).

The values of the constantg,C,,...,C, in (17)-(19) are
obtained from the boundary conditions (14), (120)(and
(21). In particular, the values of the consta@jsind C, are:

ol _
C, = —4—; (cosy, —cosly,)e ™"

C,= %' Fe *"(cosly, —Ccosly,),
where

F=F/F,,

F, =G+Au,[DK, (c)-1, ()],

F, =G-Au,[DK, (c)-1I, (c)],
=21+l (0

[ﬁK ()+c("‘ A) KV'(c)},

D=D,/D,,

D, = (29~ A1, [ce " ?)-

_C(a+ﬂ)e—(a+ﬂ)L/2| '(Ce—(a+ﬁ)L/2)

= (29-B)K, (Ce—(a+ﬂ)L/2)_
—C(a+ f)e @2k '(Ce—(a+ﬁ)L/2)

Applying the inverse Fourier cosine transform af form

A ae (¥, 2) =EJA‘°) @ z)coslydd, i= 012
T

0

to (16)-(19) we obtain the solutioA .., (Y, 2),i = 0,12 for the
even component of the vector potential in regiGsR, and
R,.

The solution in regiorR, can be written in the form

Alnd

Ceven

Afree

QCeven (j’! Z) (}“1 Z),

AOeven (y! Z)

where

(21)

(22)

The first term on the right-hand side of (22) reygr@s the
even component of the vector potential in an undednfree
space while the second term is equal to the evarpooent of
the induced vector potential in the double condutite due
to presence of the conducting two-layer medium.

The odd components of the solution,
A o (¥,2),i = 012 are determined by means of the Fourier
sine transform

A (1,2) = [ Ao (v, 2)sin Ayely, = 012, (25)
0
and the inverse Fourier sine transform
—2w~‘5>,1 inAydA, i = 0,12
Aiodd(yiz)_;.[pﬁ (,z)sinAydA, i = 01,2, (26)
0

It can be shown that the induced component of thetor
potential in regionR, can be written in the form

AT (1,2) = 22 [ Fe “[oosA(y - y)~cosa(y- o) 2
Zaxs A 27)

The change in impedance per unit length of dbable
conductor line is computed by means of the formula

ind
Zper unit Iength

jo § A (y, z)dx. (28)

Substituting (27) into (28) and evaluating the gngéé we
obtain

_ Ho®

zm o7, (29)

per unit length —
where
(30)

£ =21 @+t
2 2

I, (©)-
3 5{% K, @-+5 & Kv'(E)}—ksym[lSKv(E)— L@,
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The parameters in (30) are defined as follows:

E=ad, n=pd, L=L/d,

27x/T

E+n

d:yl_yO'

V= d\lwo-m/uoﬂm ’ V1= d _(fH])L y C =
2 2
- - n°+4s
ENEPT R il

S+n

The change in impedance given by formula (30) immated
for different values of the parameters of the peablusing
package “Mathematica” since it allows one to calteil
improper integrals and evaluate modified Bessettions of
variable order and complex argument.
calculations are presented in Fig. 2.

The three graphs correspond to the cages-1 ,
n =-5and n = -8(from left to right). The points (from top to
bottom) correspond to the values pf 12...10. The other
parameters aref =0, L = 005and & = 005.
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Fig. 2. The change in impedance (30) as a function

IV. CONCLUSIONS

The results ﬂ{]

the vertical coordinate. Analytical solution of theoblem is
obtained by means of the method of Fourier sine @gine
transforms. Computational results are presentedifterent
values of the parameters of the problem. Calcuiatiare
performed with “Mathematica”.
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Valentina KoliSkina, Inta VVolodko. Divvadu linija virs vadoSas divsiinu vides ar mairigu elektrisko vadamibu un magretisko caurlaidibu

Rakst iegita divvadu inijas impedances izmgs formula, kad divvaddnija atrodas virs vadoSas divdigh vides. Divvaduihija sastv no diviem bezgadi

gariem paraliem vadiem ar maiigu stévu. Tiek pimemts, ka vada$ vides augga slkna parametri (elektriskvadimiba un maggtiska caurlaidba) ir
eksponendili atkaigas no vertiklas koordiritas. Vieradojumu sistma vektorpotenéla noteikSanai atrisita anaitiski, pielietojot Furg integalas

transfornacijas metodi. Parasts difereBleienadojums augda vadod slani ar maingiem elektriskiem un magtiskiem parametriem ir atrisits ar Besg
funkciju paidzibu. Atrisinajums ir iedits ki nastais intedilis no funkcijas, kas satur kompleksa argumentaifie@tis Beséa funkcijas. Formula,ge kuras var
aprekinat impedances izmail uz divvadu thijas vienu garuma viébu, iegita, integgjot inducto vektorpotendiu pa divvadu thijas kontiru. Skaitliskie
aperkini impedances izmaai atkatba no uzdevuma parametriem igiy izmantojot programmu paketi ,Mathematica”. i¢g anaitisko atrisirgjumu vektoram-
potenciilam vado3 vide var visgrinat daudzsinpu vides gagumam.

Banentnna Koabnukuna, UaTa Bosoako. /IByxnpoBoaHasi JTHHUS HajJ NPOBOAsiIIeli ABYXCJIOHHON cpeoill ¢ mepeMeHHOH 3J1eKTPONPOBOJIHOCTHIO M
MATHUTHOH NPOHUIA€MOCTbI0

B crathe momyuena dopmyna Uit pacyeTa M3MEHEHHs HMIIEJlaHca JBYXIPOBOJHOH JIMHUM, PACHOJIOXKEHHOW Haj NPOBOAALICH IBYXCIOWHON Cpeoi.
JIByXIIpoBOJHAS IUHUSI COCTOHUT U3 IBYX OCCKOHEUHO NIMHHBIX MapajlIeNbHBIX IPOBOJOB C MEPEMEHHBIM TOKOM. IIpenmonaraercs, 4To mapaMerpsl BEpXHEro
CII05 IPOBOJLSILECH Cpe/ibl (3IEKTPOIPOBOIHOCTD U MArHUTHASI IIPOHMI[AEMOCTD) SKCIIOHESHIMAIBHO 3aBHCAT OT BEPTHKAIBHON KoopauHatel. CHcTeMa ypaBHEHUIH
JUISL BEKTOP-TIOTEHIMAJIa PEIIeHa aHATMTHYECKU ¢ MOMOIIBIO METOJIa MHTErpajbHOro npeodpasosanus Oypee. O0bIKHOBEHHOE T depeHInaIbHoe ypaBHEHHE B
BEpXHEM IPOBOMAIIEM CJIO€ C IEePEeMEHHBIMH JICKTPHYCCKHMH M MAarHHTHBIMH CBOHCTBAMH DELIEHO ¢ HCIonb3oBaHueM (yHknuil beccems. Pemenue mms
BEKTOP-TIOTCHIIHAIa MOJIyICHO B BHJE HECOOCTBEHHOIO MHTETpala, cojepikaliero Moaudunuposannsie GyHkmu beccenst kommuekcHoro aprymenta. ®opmymna
JUISL pacyeTra W3MCHEHMS HMMIICAHCAa Ha CAWHHIYY JUIMHBI ABYXIPOBOAHON JIMHWM MOJy4eHAa WHTEIPUPOBAHHUEM HHIYIMPOBAHHOTO BEKTOP-NOTEHIMANA IO
KOHTYPY ABYXIPOBOAHOH nMuHMH. IIpoBefeHB! YNCIOBEIE pacdeThl N3MEHEHUS! HMIIEIAHCA B 3aBUCHMOCTH OT IIapaMeTPOB 3aJadyd C HCIIOIb30BAaHHEM IIaKeTa
+Mathematica”. IlonydeHHOe B CTaThe AHATUTHYECKOE PEIICHHE IS BEKTOP-TIOTCHI[MANAa B IMPOBOMSINCH Cpeae MOXeT ObITh 0000IeHO Ha cirydait
MHOT'OCJIOHHOM cpelpbl.
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