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Economic Forecasts with Bayesian Autoregressive
Distributed Lag Model: Choosing Optimal Prior in
Economic Downturn
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Abstract. Bayesian inference requires an analyst to set prisr
Setting the right prior is crucial for precise forecasts. This paper
analyzes how optimal prior changes when an econoniy hit by a
recession. For this task, an autoregressive distrilted lag model
is chosen. The results show that a sharp economitowdown
changes the optimal prior in two directions. First,it changes the
structure of the optimal weight prior, setting smaler weight on
the lagged dependent variable compared to variablesontaining
more recent information. Second, greater uncertaint brought by
a rapid economic downturn requires more space for aefficient
variation, which is set by the overall tightness pameter. It is
shown that the optimal overall tightness parametemay increase
to such an extent that Bayesian ADL becomes equiwalt to
frequentist ADL. The results may be used in other &lds of
science where it is necessary to estimate/predictprocess using
Bayesian inference.

Keywords: Bayesian inference, Bayesian autoregressive
distributed lag model, forecasting, Litterman prior, optimal
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I. INTRODUCTION

Bayesian inference requires an analyst to setaa. (Betting
the right prior is crucial for precise forecastshisT paper
analyzes how optimal Litterman prior changes when
economy is hit by a recession. By an ‘optimal kitten prior'
in this paper | define Litterman hyperparamete&t thinimize
the root mean squared error from one-period ahe@tdsts.

Although the question about what hyperparametergs®
has been addressed in a series of papers by, aotbacs,
Litterman and coauthors (Litterman (1979), Doarttelriman
and Sims (1984), Litterman (1986)) and LeSage aadithors
(LeSage and Magura (1991), LeSage and Pan (1985ade
and Krivelyova (1999)), the role of a business eych the
optimal prior, to the best of my knowledge, has betn
discussed. Thus, this paper analyzes how (if amorp
hyperparameters should be altered for the bestperied
ahead forecasting performance when there is a Isviitca
phase of a business cycle. For this task, an ayressive

greater importance to improve forecasts. This chanthe
structure of the optimal weight prior, setting skaaiveight on
the lagged dependent variable compared
containing more recent information.

Second, greater uncertainty brought by a swift eoun
downturn requires more space for coefficient vatgtwhich
is set by the overall tightness parameter. Padibtyl the
results show that, in economic downturn, the opltiowerall
tightness parameter may increase to such an exhait
Bayesian ADL becomes equivalent to frequentist Aidhjch
may imply that a greater uncertainty in an econaeguires
more skills from an analyst to set the right préarch that,
during great economic uncertainty, one may beconogem
comfortable using frequentist rather than Bayesifarence.

The paper is organized as follows. Section 2 dessrihe
model and its estimation procedure. Section 3 ptssthe
results from a case study. Finally, Section 4 amhes.

Il. METHODOLOGY

A. The Model
Consider an autoregressive distributed lag mo&iBL] of

Qorder(p,q):

p q
Y =D BaVemt 2V at S 28, (€N
m=1 n=0
where y, is the dependent variablg, is adx1 vector of

key explanatory variableg =[x x,... X] , z is (a vector

of) other explanatory variable(s) potentially coniag a
constant, a dummy variable for an outlying effestt;., and

g . N(0,07). The Bayesian prior is set to
B N(J{{l} (m),oﬁ)
7i ,n : N (Ofaiz,n ) (2)

where Jg(}() is an indicator function,m=1,2,..,p ,

i=1,2,..d, andn=0,1,.. ,q. The specification of the
standard deviation of the prior & la Doan, Litterman and

distributed lag model (ADL) is chosen. The priosét up like Sims (1984):

in Litterman (1979). The model is solved by “mixed

estimation' set forth in Theil and Goldberger (1P@latvia's
gross domestic product (GDP) was found to be weted for

the analysis. The results show that a sharp ecanomi

slowdown changes the optimal prior in two direcsion

First, a lagged dependent variable loses its domimas the
key explanatory variable and, instead,
information contained in leading indicator-type iahtes is of

100

o, =okm’
o .
o, =0l (L+n)?| 2L
u,y
where &u'y and o, are the standard errors from a

®3)

more currefpivariate autoregression involving and x , respectively, so

that 6-u,i/6-u,y is a scaling factor that adjusts for varying

to variables
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magnitudes of the involved variables. The paramétes  or

referred as the overall tightness. The termé and (1+ n)"” h= [X'Z‘1X+ RO R]_l[ Xzt y B! ﬂ (11)
are referred as lag decay functions forand x, , respectively, o R

with ¢ >0 reflecting a shrinkage of the standard deviatiolNormalizing R and r such thatE(vv')=o°l , the GLS
with increasing lag length. The paramet&rsaand| specify estimator in (11) reduces to an ordinary least sEa
the relative tightness of the prior for variablgsand x , estimator:

respectively. Note that, for simplicity, we dethe same for /A;:[XrXJr I?T?]fl[ Xy ~Rﬂ- (12)

all X -
B. Estimation IIl. RESULTS

The model (1) to (3) can be estimated using the€thi e gependent variable of the model (1) is Latvia's
estimation' method set forth in Theil and Goldber(je€61). quarterly GDP series from 1995q1 till 2009gl. They k

For ease of exposition, drap from (1) and rewrite it as explanatory variables are two quarterly series, the output in
y=Xp+e ) manufacturing industry (according to Nace revisidril

wherey is theT x1 vector of observations on the dependen§ybsequently called D) and output in electricitys gnd water

variable, X the T x( p+(qg+1)d) matrix of observations on supply industry (E). All three series are chaineitgn as of

the explanatory variables with ranp+(q+1)d, B the Year 2000 and twice regularly and once seasonally

- differenced. The second regular difference is perém for
\E:c:o(rq(;ld)igt)ut;a\rzizt;;uz; t(r:]c;(tefhments, and: the T>1 better forecasting performance during the lattert pd& the

GDP series due to a sharp economic downturn (ses, R009

Ec=0, X:=E(s')=0"h,;. ®) for a discussion). Series D and E are publishedrbefhe
The Bayesian prior is included in GDP flash estimate is released, thus we can pathntise
r=RB+v, (6) these series to forecast GDP before its other coes are

wherer is a (p+(g+1)d)x1 vector[100...0], R is a known. The model may contain a constant and other

(p+(g+1)d)x (p+ (g+1)d) identity matrix, andy is a explanatory variables, all contained ia in (1). All
1)d)x 1 vector of disturbances such that calculations are performed in Scilab with the aifl i3
(p+(a+1)d)x Ev=0 econometrics toolbox Grocer.
Vv =

and E(») is a (p+(g+1)d)x(p+(gr1)d) diagonal A Wam-up
matrix with diagonal elements being the varianqescified in ~ To start, Table 1 shows root mean squared foremasts
(), (RMSE) for the whole sample, the first half of tkample
Q:=EW) (RMSE1sthalf) and the second half of the sample
ro q (RMSE2ndhalf) from one-period ahead pseudo read-tim
ol 0 0 o : ;
) forecasts beginning at sample size 17 from simplechmark
0 o seasonal autoregressive moving average model (SARMA
0 0 . (8) autoregressive models (AR), and frequentist andeBan
o2 autoregressive distributed lag models (FADL and BAD
= : 2 : respectively) of order(p,q) with explanatory variable in
2 parenthesis.
Notation (D+E) means the variables are summedstaltran
a single explanatory variable. The Bayesian copaterof
Gj,q,l 0 ADL requires to specify the hyperparameters for, (3lled
0 0 o} Litterman prior consisting of four parameteks, |, ¢, and
) . ¢, with w:=[k I] for one-dimensionak. The forecasts are
.called pseudoreal-time because they are made on the revised

Th le and the independent ext infasmat
may Sescaor;pb?ne%nby Wﬁti'r?g ependent extraneous INIMat - lues of left-hand-side and right-hand-side vaeisbin (1);

y X u u although the revisions for the specific variablegdiin this
[ } :{ },BJ{ }; E{ }: 0; analysis tend to be relatively small, they mightlemestimate
r R v v 9) RMSE. Nonetheless, this does not harm for our mepo
u Y 0 The sample is split in halves because the firdt d@itains
Eq }[u' ’]]=[ } a smooth growth whereas the second half contaipg ra
v 0 Q economic downturn, so we can analyze how the fotewa

An application of generalized least squares (GuSedure performance of the models changes with the busiogske
leads to estimatingg as and, especially, how Bayesian prior has to be edtdor the

1 -1 1 best forecasting performance.
n , 0 X . 0 y
aefoe ey o TR)) ox s o [l

101



Scientific Journal of Riga Technical University
Computer Science. Technologies of Computer Control

2010
Volume 42

TABLE |
A BRIEF COMPARISON OFSARMA, AR, FADL AND BADL.

Model RMSE RMSE1sthalf RMSE2ndhalf
SARMA(01)(01) 0.0328737 0.0160291 0.0436398|
AR(1) 0.0275043 0.0194567 0.0336810
AR(2) 0.0263058 0.0203990 0.0311106
FADL(1,0)(D) 0.0277540 0.2011203 0.0330832
FADL(2,0)(D) 0.0289995 0.0272706 0.0306310
FADL(2,1)(D) 0.0253833 0.0196827 0.0300202
FADL(2,1)(E) 0.0257016 0.0216257 0.0292142
FADL(2,1)(D+E) 0.0247125 0.0220415 0.0271218
FADL(3,2)(D) 0.0260984 0.0216730 0.0298754
FADL(3,2)(E) 0.0257382 0.0217008 0.0292230
FADL(3,2)(D+E) 0.0253316 0.0251711 0.0254912
BADL(2,1)(D+E)(.95,.1,.8,0)] 0.0239113 0.0196482 0.0275217
BADL(2,1)(D+E)(.05,1,2,0) 0.0264237 0.0258526| 0.0269828
BADL(3,2)(D+E)(1,.35,.2,0) 0.0223288 0.0171109| 0.0265400
BADL(3,2)(D+E)(.8,.25,.2,0)] 0.0225414 0.0166686 0.0271732

(a) Full sample. Optimal k = .95 and optimal { = .1.

(c) Second half of the sample.

optimal { = 1.

Optimal & = .05 and

(b

S

Full sample. Optimal # = .9 and optimal ¢ = 0.

(d) Second half of the sample. Optimal # = 2 and opti-

mal ¢ = 0.

Fig. 1. Results from grid search for optimal prfiar BADL(2,1)(D+E). Fig. 1a and 1b represent d &aimple, whereas Fig. 1c and 1d represent thendduaif
of the sample. The figures on the left (1a and skmjw RMSE (z axis) as a function of a weight vector (k,I)drd y axis, respectively) at the RMSE-
minimizing theta and phi. The figures on the righh and 1d) show RMSE(z axis) as a function of theta and phi (x andkig,arespectively) at the RMSE-

minimizing weight vector.
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() First half of the sample. Optimal & = .8 and optimal
I= 25,

so ANzE; 42

(b) Full sample. Optimal # = .2 and optimal ¢ = 0.

(d) First half of the sample. Optimal 8 = .2 and optimal
¢ =0.

Fig. 2. Results from grid search for optimal pffior BADL(3,2)(D+E). Fig. 2a and 2b represent d §ample, whereas Fig. 2c and 2d represent thtehfii§ of
the sample. The figures on the left (2a and 2c)vsRMSE-1 (z axis) as a function of a weight veciqgl) (x and y axis, respectively) at the RMSE-miiding
theta and phi. The figures on the right (2b and2tjw RMSE-1 (z axis) as a function of theta and(ptand y axis, respectively) at the RMSE-minimgi

weight vector.

The least RMSE in each column is framed. It carséen
that Bayesian ADL models compare well with otherdeis. It
can also be seen that the BADL(3,2) models give niwest
precise one-period ahead forecasts for the whatepleaas
well as for the first half of the sample among thik ADL
models considered, but they are outperformed by [EAR
the second half of the model. This observation satgythat
the optimal Bayesian prior might be different fbe tfirst half
of the model (smooth positive growth) comparech® econd
half of the sample when there is a rapid econoroigrdurn.
We check this hypothesis further by employing géarch for
the optimal prior.

B. Search for optimal priors

First, the grid search is performed for BADL(2,1HD).
The weight vector k |] is 2-dimensional, one elemerk,

overall tightness@, is set to range from .6 to 2.5 with step .1,
and the lag decayj, from O to 1 with step .2. So, the grid size
is 20x 20x 20< € containing overall 48000 prior
combinations for each one-period ahead forecast sdample
size ranging from 17 to 51. The minimum RMSE foe th
whole sample is attained at the coordinate [1912 ®ith the
corresponding values | 8 ¢]=[.95 .1 .8 0] with a
boundary value ai=0. The boundary forp can not be
decreased further since negative values would predags of

a higher order be more informative which is counteitive.
Figures 1a and 1b show the inverse of the RMSEfasdion

of the prior for the whole sample.

Figure 1a shows the inverse of the RMSE as a ifumatf
the weight vector (the x and y axes represknand | ,
respectively) given the rest of parameteédsand ¢, at their
RMSE-minimizing values. It can be seen that theiealofk

for the dependent variable and ohefor a single explanatory pave the major impact on the RMSE with acceptablege

variable x, both ranging from .05 to 1 with step size .05eTh
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about (.4,1), otherwise the RMSE increases subaligntOn  optimal k =.8, | =.25, § =.2 and ¢ = 0. It can also be seen
the contrary, values df have less influence on the RMSEthat| has more influence on the RMSE compared to tHe ful

given k , nonetheless, a peak is evidentlat.1 for all
acceptable values d&.
Similarly, Figure 1b shows the inverse of the RM&Ea

sample, with lowest RMSE concentrating on the ldvpast of
| space.
Regarding the results for the second half of thepta, the

function of @ and ¢ (representing x and y axes, respectivelyfoordinate of the optimal value is [20 20 10 1}hwall values
given the RMSE-minimizing weight vector. It candeen that being at a boundary and suggesting a gre@tére., more
the values of bothg and ¢ have a nontrivial impact on flexibility for coefficient values). An extensivesarch for the
RMSE at its optimum with the maximizing values /&0, optimal & resulted to its value arourdd® with RMSE being
respectively. The maximizing value gf=0 might be due to the same as for FADL(3,2)(D+E) at least up to amauiding

the small number of lags, which is one for each Ridable
in this model.

the 7" digit after a comma, shown in Table 1. The latésult
might suggest that during a sharp decline in ameey one

Now, calculating the minimum RMSE for the secondf hamight wish to set the overall tightness parameferso loose

of the sample, the optimum value is attained atctiwrdinate
[1 20 15 1] with the corresponding valuds [ 6 ¢]=[.05 1
2 0] with three boundary values fér, | and¢. It can already
be seen that the optimal prior weight is differeampared to
the full sample. Figures 1c and 1d show the invarfs¢he
RMSE as a function of the prior for the second Idltthe
sample. Figure 1c looks almost like the inversé-igiire 1a.
Now, the RMSE is increasing witk, with an optimum at the
lowest k considered; other values & would significantly
increase the RMSE at all levels bf the latter being also
critical for optimal RMSE with acceptable range ab(3,1),
otherwise the forecast error increases substantidlhis
observation is in line with our hypothesis thatridg sharp
decline in the economy, explanatory variables daimtg most

that one is more comfortable to use frequentissivar of
ADL.

IV. CONCLUSIONS

Bayesian inference requires an analyst to setgrietting
the right prior is crucial for precise forecastshisT paper
analyzes how optimal prior changes with businesslegcy
specifically, when an economy is hit by a recesslatvia's
GDP is well suited for this analysis. The result®w that
when economy is growing, the optimal overall tighgs
parameter is less than one, and the optimal weigttior sets
a higher weight on a lagged dependent variable aoadpto
other explanatory variables. However, a swift ecoito
downturn changes the optimal prior considerably tivo

recent information are more important than the éag gjrections.

dependent variable.

Figure 1d shows that, for the second half of thrapde, the
optimal tightness parameter is higher comparedht full
sample, with acceptable values in about (1,2.%)erstise the
forecast error increases substantially. This olsem is as
expected since the model coefficients should bergimore

First, a lagged dependent variable loses its domimas the
key explanatory variable and, instead,
information contained in leading indicator-type iahtes is of
greater importance to improve forecasts. This chanthe
structure of the weight prior, setting smaller vwign the
lagged dependent variable compared to variablesairiing

flexibility during a rapid change in an economy. rFoqore recent information.

acceptabled, the values of lag decay parametgr,is of less
importance. The forecasting performance of BADLJDYE)
for the first half of the sample is not impressasmd thus not
presented here.

Second, greater uncertainty brought by a rapid @oin
downturn requires more space for coefficient vatgtwhich
is set by the overall tightness parameter. Padityl the
results show that, in economic downturn, the opitiowerall

Having explored BADL(2,1)(D+E), we now check thejghiness parameter may increase to such an extemt

results for BADL(3,2) (D+E) whose forecasting penfance
for all sample spaces considered, as it can beiseEable 1,
is promising. The grid space is formed kyand| being from
.05 to 1 with step .059 from .1 to 1 with step .1, ang from
0 to 1 with step .1. The coordinate for the leastSE for full
sample is [20 7 2 1] with the prior valuek | 8 ¢]=[1 .35
.2 0], showing some resemblance with the results
BADL(2,1)(D+E). The inverse RMSE for full sampleoand
the optimal prior values is shown in Figures 2a @bd The
behavior of the inverse RMSE around its optimalueals
similar to that of BADL(2,1)(D+E).

We can see from Table 1 about the
BADL(3,2)(D+E) comparatively competitive forecagin
performance for the first half of the sample. Fegi2c and 2d
show the inverse RMSE around its optimum as a fonatf
prior parameters for the first half of the sampé¢e see that
the results are similar to the results from a fdmple with

104
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model's

Bayesian ADL becomes equivalent to frequentist Aidhjch
may imply that a greater uncertainty in an econaeguires
more skills from an analyst to set the right préarch that,
during great economic uncertainty, one may beconogem
comfortable using frequentist rather than Bayegid@rence.
This inference may be used likewise in other fia@fiscience
@here it is necessary to estimate/predict a proaessg
Bayesian inference.
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Ginters BuSs. Ekonomikas prognogSana ar Beiesa autoregr@go sadaito lagu modeli: optimala priora izvéle ekonomikas lejupsides laika

Lai veiktu Beiesa angdi, anattikim ir nepieciesams noteikt priorus. Pareizo prinaoeik$ana ir namiga pretzu prognozu veikSanai. Sis raksts artalka
optimalais priors maias lidz ar biznesa ciklu, konéti gadjuma, ja ekonomiku ir skrusi recesija. Latvijas IKP laikrinda ir pi@nota &idai anaizei. Sim
nolikam tika iz\éléts autoregrasais sadato lagu modelis. Rezulti rada, ka norralos apsiklos, kad kusbas trajektorija ir labi paredzama, \dsfjais cieSuma
parametrs ir maks par viens, un optiéa priora svara vektors pieg lielaku svaru atkagajam noelotajam maifigajam nek pagjiem izskaidrojoSajiem
mairigajiem. Strauja ekonomikas lejujald izmaina optidlo prioru, galvenofrt, divos veidos. Pirmiet, atkafgais noelotais maifdgais zaud savas
izskaidroSanas sfas, idz ar ko tiek izmaifta optingla priora svara vektora strukt, nosakot maku svaru atkdgajam maifgajam sabizinot ar
izskaidrojoSajiem maigajiem, kas satur ja@ku informaciju. Otrkart, straujas ekonomigk lejupsides ra@ta lielkka nezia par akotni prasa lielku bivibu
koeficientu varicijai, ko nosaka vispgjais cieSuma parametrs. Reitilrada, ka lielas negas apstklos optinalais visgrgjais cieSuma parametrs var pieaugt
tada mera, ka Beiesa ADL last vierids ar frekventistu ADL, kas nomg, ka lielas nezias apsiklos anatikim ir nepiecieSamas lighas iemaas Beiesa priora
izvéle, un ka anatikim varstu bit vieglak pienerot frekventistu metodi, nevis Beiesa metodi. Soirsumu var izmantot ne tikai ekonomikas nozares
speciilisti, bet jebkuras nozares sp#isti, kas saskaras ar probletiku prognozt procesa vai objekta trajektoriju.

I'natepc Bym. IIporno3 s3xoHoMuKH ¢ noMouIbI0 BaelicoBckoii Moie/ I AaBTOperpecCHOHHOI0 paclpe/ieIeHHOro JIara: BbIGOP ONTHMAJILHOIO
ANPHOPHOTO pacnpeejeHUs B CJy4yae JKOHOMHYECKOH peneccuu

BaiifecoBckuii moaxon TpedyeT OT aHAJIUTHKA BHIOOpA alpHOPHOTO pacHpeneieHHs. JTOT BHIOOp MMeeT Ba)KHOE 3HAYEHUE U TOYHOTO MPOTHO3a. JTa CTAaThs
aHaJIM3MUPYET, KaK ONTHMAJbHbIE allPUOPHBIC pacHpeNieNieHus] U3MEHSIOTCS, KOrJja SKOHOMMKA HaXOIUTCs B pereccuu. st 3Toi 3amaum, BbIOpaHa MOJETb
aBTOPETrPECCUBHOT pPACHpEeTIeHHOro Jyard. BanoBoit BHyTpeHHuil npomykT JlaTBHM XOpOIIO MOAXOAMT IS MNPOBEICHHMS TaKOro aHaiu3a. Pe3ymbraThbl
MOKAa3bIBAIOT, YTO, KOI/Ia SKOHOMHKA PacTeT, ONTHMAJIBHBIA OOLIMI MmapaMeTp CTECHEHHOCTH HIDKE OJJHOTO, M ONTHMAIIBHBIM BEKTOP Beca OHpenessis 0OIbCHit
BEC Ha 3aBUCHMYIO NIEPEMEHHYIO 110 CPABHEHHUIO C APYTUMHU NEepEeMEHHbIMU. Pe3kuil 3KoHOMUYECKUi CraJ] MEHSET ONTUMAJIbHbIX allpuOpHbIE pacnpe/eeHus B
JIByX HAamlpaBJCHHUAX. Bo-TepBBIX, 3aBHCUMas MEPEMEHHAs TEPSAET CBOK CHIIy KaK IaBas OOBSCHSIOLIAs TEpPEMEHHAas, W IOTOMY MEHSETCS CTPYKTypa
ONTHUMAJILHOTO BECa alPUOPHBIC PACIPENEICHNs, ONpeIeNss MCHBIINI BeC Ha 3aBUCHMYIO IIEPEMEHHYIO [0 CPAaBHEHHIO C TIEPEMEHHBIMH, COICPKALIUi Oonee
HOBYIO MH(pOpMaIuio. Bo-BTopsIX, 0oibIlas HEONPEeNIeHHOCTh, BHOCHMAs 332 CYET OBICTPOro 9KOHOMHYECKOro cIaaa TpeGyeT Goiblie BO3MOXKHOCTH IS
BapHaluy Kod()(GHUIMEHTOB, KOTOPBIX OMNPEIENIIOT OOLIMe MapaMeTpbl CTECHEHHOCTH. lloka3aHo YTO, B JKOHOMHYECKOH pELeCCHH, OOLMil mapamerp
ONTHUMAJILHOI CTECHEHHOCTH MOXKET YBEJIMYHUTHCS IO TaKoi crereHu, uto baiiecoBckoe AJIJI cranoBuTCS SKBHBajIeHTHOM 4acToTHBIM AJlJI, uTO MOXKET
03HayaTh, YTO CTENIEHb HEOMPEISTICHHOCTH B 9KOHOMUKE TpeOyeT O0JIbIie HABBIKOB aHATUTUKA /TSl YCTAHOBKH IIPABOr0 anpHopa O Takoi CTENEeHH, YTO BO BPeMs
OCNMUKOil YKOHOMHUYECKOW HEOIPEIeTICHHOCTH, MOXKHO CTaTh Ooyee YIOOHBIM HCIIOJIb30BAaHUE KJIACCHYECKOro a He bailecoBCKOoro BbIBOA. DTOT BBIBOJ MOXKET
OBITH UCIIOJIB30BAH TAKXKE B IPYTUX 00JIACTIX HAYKH, TJE 3TO HEOOXOMMO POrHO3UPOBAHUE MPOLIECCa C UCTIONb30BaHUEM 0aileCOBCKOTO BBIBOJA
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