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A Problem of Arrangement of Service Stations
on the Gven Territory

Andrey KashurinRiga Technical University

Abstract. A number of vital practical problems require the
description of an arrangement of service stations ro the
considered territory. The problem of the analyticaldescription of
the available data on population allocation on theerritory of
Latvia is examined. The elaborated algorithm of theproblem
solution is based on the gradient method. The congded
numerical examples show its efficiency. The authomtends to
apply the suggested approach to solving the practt
arrangement problems.
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|I. INTRODUCTION

Let us consider a real spaxdor thatconcretepoint will be

marked byx, for plane it is two-dimensional vector (it is

available to consider another dimension to#).distance

[(X X*) is determined for points u x*, that satisfies usual

conditional of distance axiomb{X,X)=0,1(x x*) >0,
(% x*) <1(x,X")+I(X, x*) .

Someabjects are arranged in the space (for example meny

animals, sport facilities, stationers). Let us naase—object,
the object that is at the point The density of object
arrangement is described by known density functfgn> 0,
S0

jf(x)x:l.

xeX

1)

Now a problem can be formulated as follows: to find

coordinates X, x® ... x) of station arrangement that
minimizes the total loss:

D(x(l) , X(Z),...,X(k)):-[k;x

ilex)"

i=1

k
x (I (x, x('))) "9, (XY f (x)dx. @)
i=1
Initial problem statement has been given in artidé
ensity distribution functionf(x) appliance for the case of
population density distribution in Latvia has bekscribed in
[2]. Results obtained in previous articles are u$ed the
solution of spatial arrangement problem to find optimal
locations of four service stations on Latvian temy. Station
service type is not explicitly defined. Possibleveme types
considered by author are sports facilities, carhnaml
maintenance stations and others. The article iarizgd in the
following way. At first gradient method is considdr Then

Someservice stations must be arranged in the space, theiwe consider description of analytical dependencies

number is k. It is necessary to determine

D (@ (k)
coordinates® 1 X X
(i)

i—th station then corresponding loss is equag X , for

M) _ _y® o
examplegx(x )_ g(x—x). Let us callgx( ) asloss

" If a x—object is serviced by

thosenumerical example. The article ends by some coimius

remarks.
Il. GRADIENT OPTIMIZATION
real

Now we consider a case when spacé is

function and suppose that it is a symmetry according to zepjaneR? = (—00,0) x (—o0,0) . Then the coordinates of an

(gx(x(i)) = gX(_X(i))) and convex (down).

All amount of service for the—object is deviated between

various service stations according to inverse prigo of the

object arex:(x1 xz)T , coordinates of thg-st station

arex() — (Xl(j) Xéi))T . We will use a gradient method [3]

distances from the—object and the station. Most precisely, 5, the minimization of criteria (2). For that aiflet us

part ofx—object service that belongs to ki station is

calculate a corresponding gradient. For a partiatignt we
have the following expression:
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% D(x(l) x® . X(k))= axq]) D( ® (k))
-2 | - i(‘(x’x‘”))_lg (x”) f (¥dx= j (1 x9) 0, (<) £ (x)cx=
ax(l) Z(I(X, X(i)))—l & X axq]) X('))) ] & ) X
:j 1 =l
S ") [ St )
6,0 ('(KX“)))_Z)%'(KX(”F |
* 1 0 0 F(d= gx(x(”)( (16x”) ) (1)|(XX“))+
1%, x@ ) ox® 20 ) X N f (X)dx—
2 +Hikox?) — 5 9(x?)
_ J‘ ( x(") 1] v %
{[Shor)]
(—(I(x,x(”))_z)%l(x,x(”)x Z(I(x,x('))) g, (x)x
OX f(x)dx. @ x| | F()dx. ()

X
. 71 .
xZ(I (x, x('))) g,(x")
i
Now we are able to rewrite the gradienDoés
VDX®,x@,...x9) =

0 DO, X2, X DO®, X2, 3 ()
- D(x®,x?,..x¥),.. 8)((") Dx®,x2,...x%)

For two-dimensional case in formula (3) we have-two
dimensional vector

~0) D(x(l),x(z),...x("))z

( a}‘;) D(x(l) x@ . X(k)) >0 D(x(l) x@ . %k)))

For partial derivativei(= 1, 2) we have the following
expression:

112

Now instead of (4) we have th2x k)-matrix of the partial
derivatives

VDIX® X2, {9) =

O Ny @ NN

@S‘DXX( X)L &{k)xx( X9 ©)
D(X@ x2,..x%) .. I G )

of i

For the optimization we use the two-stage proced@tehe
first stage the component-wise (coordinate-wisdjntpation
is used as follows. During theth iteration | = 1, 2, ...,K)

function (2) is minimized with respect to both cdiorates of

the j-st station x\) = (Xl(j) x;”), at the same time other
coordinates do not change. According to the gradisgthod
we move along the gradient with respecl()(é)j) xé”),

recalculating the one continually. At the secoradjstwe work
with the full gradient (6).

I1l. DESCRIPTION OF ANALYTICAL DEPENDENCIES

Population density on the given territory has talbsecribed
at first. Reasonably the population of big citiesl aistricts to
be examined separately.
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Let : — be an district index, =1,2,...w, wherew — is a (Y, =1, <y<y,+r)A
number of the considered districts. Let's use fuilhg
designations: 1, if X, —\/(ry)2 —(y-vy,)* <
SR, - is the territory of the-th district (it's point(x,y) € A
R); <x<x, +,(,)2 - (y-,)
&(xy) —is indicator’s function of theth district:
, (X,y)=
1if (xy) € SR, Kl Optherwise,
axy)= { .
Ootherwise, X, Y,, - coordinates of the centre of tjh city
3 ) o r, — radius of the—th city, calculated by the formula
H, — population of the-th district,
P, — square of theth district, knf,
h, — is population’s density for theth district. It is =)
calculated by the formulla = H,/ P, ry= % )
We assume that every district is represented bsckecThe
circle radius is calculated judging by a conditiaghat the
square of the circle and district coincide. whereP, — is square of the-th city.
For the considered case functign(x,y) is described as
following The populations densities of the cities calculdtgdormula
H,=H,/P, where
H, — population of the-th city
(y,—r,<y<y +r)a The density of distribution of the populationjofth city on
. 2 2 territory will be described by two-dimensional n@idensity:
1, if X =) =(y-y) < ,

VAN
<X<X +4/(r)2=(y-V.)? p{

H
f (P(xy)=——ex
(xy) 2207

1 2 2
—272[(X—X;a Y=y ]} 9)

v

& (xy)=

Ooptherwise,

X.Y,, - coordinates of the centre of thth district

’ HE where ¢; is a standard deviation for the density of
r, — radius of the-th districtr,, calculated by the formula

distribution of the population calculated by thenfoila:

n=d?§- (7) 0y = Pl (10)

. o _ _ . wherep>0,5 — is a coefficient of city’s attraction.
Now population density in pointxf) is described as Definitive expression for population density of \iatin a

following function point(x, y) will be
W m
FOxy) =D heE(xy). (8) Fooy)= O+ 2wy fP(xy). a
i=1 y=1
Lety — be a city’s indexy=1,2,...m, wherem — wherem is Further let us use the following distance functamd loss
a number of considered big cities. Let's denote: function:

SP, - is the territory of the y-th city;
w,(X,y) — is an indicator’s function of theth city:

Lf (xy) € SP,,
y,(%y)=
Ootherwise, 9(x,2) =[x — z|+|x, - 2,]. (13)

(2= -2z) +(x,-2) (2

Indicator’s functiony, (x,y) is described as following Then we have the following derivatives:
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% 1(x,2)= L (x-2), 14
A 1 &) T i — 4/, (14
%, Vo -2) +(x -2,

0 _ 0 [(x)(=z))_ ]| Llifx<z,
ag(x,z)_ag x,/\z, )] |-1otherwist (15)

Now we are able to use formula (5) for optimization

IV. NUMERICAL EXAMPLE

Arrangement of 4 service stations across territdriatvia
has been taken an example. As we have mentionexehef
possible station types are sport facilities, cachmécal
maintenance stations and others. On the Tabledl lllathe
data about the population and the square of Laiwviaities
and districts is represented, as well as their dioates. Data
is offered to us by LR Cenfa statistikas prvalde

(www.csh.gov.lv). On the Figure 1 the map of popalas

density of Latvia is shown. Information source iat\lijas
PasSvalibu savietba (LPS, http://www.Ips.lv). The different
colors correspond with different allocation in tiigen region.

BN 130-17.9
18.0-199.9
B 200.0-2490.0

Fig.1. Population’s density in cities and areas
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TABLE I
CHARACTERISTICS OF DISTRICTS OEATVIA
) L g
= 8 5 s 2 3
$) $) S

1 Aizkraukles rajons 270 110 40 116 2 567
2 Alaksnes rajons 360 210 24 483 224%

3 Balvu rajons 390 170 27 245 2381
4 Bauskas rajons 210 100 50 988 1881

5 Cesu rajons 270 180 56 614 2973
6 Daugavpils rajons 340 40 39 496 2526
7 Dobeles rajons 130 100 37 980 163p
8 Gulbenes rajons 340 180 26 281 1876
9 Jelgavas rajons 170 11Q 36 941 1605

10 Ekabpils rajons 300 90 52 593 2997

11 Kraslavas rajons 400 50 33313 228

12 Kuldigas rajons 60 150 35 822 2 500

13 Liemjas rajons 30 110 43 849 3593
14 Limbazu rajons 230 230 37798 2602
15 Ludzas rajons 420 110 31 305 241p
16 Madonas rajons 330 140 42918 3349
17 Ogres rajons 240 130 64 060 1843

18 Preju rajons 340 80 38 317 2042
19 Rezeknes rajons 380 100 40 442, 2 809
20 Rigas rajons 210 150 161119 3132
21 Saldus rajons 50 110 36 735 218p
22 Talsu rajons 100 200 46 680 2748
23 Tukuma rajons 130 150 54 813 2 45y
24 Valkas rajons 300 220 31723 2441
25 Valmieras rajons 260 240 58 328 2378
26 Ventspils rajons 60 190 13945 2 462

TABLE I

POPULATION’S DENSITY, RADIUS AND STANDARD DEVIATION FOR THE BIG
CITIES OFLATVIA

114

TABLE | .
CHARACTERISTICS OF BIG CITIES O ATVIA > > > g R
E 5 [ g | o
< c I
>~ = < Gl GJ m
g | 2 = g °
) > £ £ 2 g £ 1
g = 5 5 5 kS =il Riga 2353,37 9,89 6,92
= 5] <) 3 N 2 )
3 3 e Daugavpils 1480,70 4,82 3,37
3 Jelgava 1100,85 4,37 3,06
1 Riga 190 150 722 485 307 4 Jarmala 554,08 5,64 3,95
2 Daugavpils 340 30 108 091 73 5 Liepaja 1424,62 4,37 3,06
3 Jelgava 170 110 66 051 60 6 Rézekne 2019,17 2,39 1,68
4 Jarmala 150 180 55 408 100 7 Ventspils 791,71 4,18 2,93
5 Liepaja 10 100 85 477 60
6 Rézekne 390 100 36 345 18
7 Ventspils 50 | 200 43 544 55
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TABLE IV
POPULATION'S DENSITY AND RADIUS FOR DISTRICTS OEATVIA
2" k7 g < g~
[a) g 24
1 Aizkraukles rajons 15,63 28,59
2 Altksnes rajons 10,91 26,73
3 Balvu rajons 11,44 27,53
4 Bauskas rajons 27,11 24,47
5 Cesu rajons 19,04 30,76
6 Daugavpils rajons 15,64 28,36
7 Dobeles rajons 23,27 22,79
8 Gulbenes rajons 14,01 24,44
9 Jelgavas rajons 23,02 22,60
10 ZEkabpils rajons 17,55 30,89
11 Kraslavas rajons 14,56 26,99
12 Kuldigas rajons 14,33 28,21
13 Liemjas rajons 12,20 33,82
14 Limbazu rajons 14,53 28,78
15 Ludzas rajons 12,98 27,71
16 Madonas rajons 12,82 32,65
17 Ogres rajons 34,76 24,22
18 Preju rajons 18,76 25,50
19 Rezeknes rajons 14,40 29,90
20 Rigas rajons 51,44 31,57
21 Saldus rajons 16,84 26,35
22 Talsu rajons 16,99 29,58
23 Tukuma rajons 22,31 27,97
24 Valkas rajons 13,00 27,88
25 Valmieras rajons 24,58 27,48
26 Ventspils rajons 5,66 27,99
TABLE V
RESULTS OF SEQUENTIAL CYCLES FOR TWDIMENSIONAL CASE
c =
[}
'% -g — o~ < [Ty}
gz
Xl(l) 0 11.92 34.71 54.71 61.55
ox 0 15.13 48.65 90.07 154.01
x? 100 12936 | 192.70| 268.86|  227.71
x{? 130 137.31 | 151.17| 126.99]  158.93
X 60 74.61 90.53 10852  159.42
x$ 60 86.32 14823 | 14493  159.2
x 190 27772 | 28586 | 31459  333.28
Xé“) 150 138.48 140.57 12217 125.64
D 23*10¢ | 1.89*1CF | 1.64*1F | 1.52*1¢ | 1.44*1¢

Table V contains the results of sequential cycléshe
optimization procedure.

From the table we can see how the gradient method
improves the criteria value continually.

V.CONCLUSION

A problem of service station arrangement in spafiace is
considered. The elaborated algorithm of the prokdeiation
is based on the gradient method. The considerederciah
examples show its efficiency. The author intendagply the
suggested approach to solving the practical arraerge
problems.
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Andrejs KaSurins. ApkalpojoSo staciju dotaja teritorij a izvietoSanas uzdevums

Daudziem praktiskiem uzdevumiem nepiecieSams apgiat apkalpojoSo staciju izvietojumu teritdrifakotngji dotais uzdevums tika aprakstdarfa ‘On a
Problem of Spatial Arrangement of Service StatioBsivuldrt darka ‘Statistical description of a distribution of pdation’s density on the Latvian territory’ tika
piedavata izvietoSanas bluma aprak3§anas proceula, kas pielietota iedzotaju blivuma izvietoSanai Latvijas teritodij Tika apskats iedZvotaju izvietoSanas
Latvijas teritorii datu anatiska apraksta uzdevums. lg@ izteiksme, kas noteildh Latvijas teritorijai koordiatam Jauj apekinat atbilstoSu iedwotaju
blivumu. Lielu pil§tu un rajonu iedwotaju skaitu ir lietdetgi izskait atsevigi. Dota raksta apgkina nosagumos ir pimemts katru rajonu apraksar apli. Aga
radiusu apgkina pec nosagumiem, ka afa laukums sakr ar rajona laukumu, unmi koggja sakritba ir maksinila. Tiek pimemts, ka iedwotaju blivums vig&
rajora ir vienmerigs. Pil§tas teritorijas iedotaju blivums apraksts ar viennérigu divdimensiju livumu. Dotaj rakst divu citgto darbu rezuditi tiek
izmantoti optinala telpiska cetru apkalpoSanas staciju izvietojuma Latvijastdeiji uzdevumu risiaSari. Pie tam konkits apkalpoSanas veids netiek
konkreti£ts. Tada veida autors K apkalpoSanas veidus apskata sporta celtnes, abilomtehnisks apkalpoSanas stacijas u.c. Tika Bdffts spedils
programmas agkojums Mathcad valdd Izstiadatais programmu komplekdauj apgkinat apkalpoSanas staciju koordias Latvijas teritori. OptimiZcijas
procea4 tiek izmantota gradienta metode. Eksperimeadiija, ka algoritms sfida veiksnigi.

Anapeii Kamypun. 3anaya pasmelneHus CTaHUMii 00c/1y;KMBaHUS HA 32JaHHOI TEPPUTOPUHU

MHorue BakHbIE MPAKTUYECKUE 3aJ[a4d TPEOYIOT ONMCAHUS PacHpesieiCHUs CTaHIMH OOCITyXKMBaHWS Ha paccMaTpuBaeMoi Teppuropuu. IlepBoHauambHO
naHHas 3aja4a Obuta ommcaHa B pabore ‘On a Problem of Spatial Arrangement of ServicatiBhs'. B pabore ‘Statistical description of a distribution of
population’s density on the Latvian territor@suia npemtoxeHa mporeaypa ONHMCAHHS IUIOTHOCTH PACIpPECICHHS MPHMEHUTEIBHO K PaCIpEIeICHUIO
IUIOTHOCTH HacelleHus Ha Tepputopuu JlatBun. PaccMoTpeHa 3asaya aHaIUTHYECKOrO OMMCAHMS MMEIOIIMXCS JAHHBIX 10 PACHPE/CICHUIO HACEICHUS I10
tepputopun JlatBun. IlomydeHo BhIpakeHHe, MO3BOJAIONICE JUIS 3a/aHHBIX KOOPAMHAT TeppUTOpUM JIaTBHM BBIYHCIATE COOTBETCTBYIOIIYIO IUIOTHOCTh
HaceneHHs. B maHHOH cTaThbe pe3ynbTaThl ABYX IHUTHPOBAHHBIX PabOT HMCHONB3YIOTCS UL PEHICHHS 3aJaddl ONTHMAIBHOIO IIPOCTPAHCTBEHHOTO Pa3MEIICHHS
4eThIpEX CTaHIMH oOcimyxuBanus Ha Tepputopuu Jlateum. LlenecooOpasHo HaceneHHe KPYIHBIX TOPOAOB M PaiiOHOB paccMaTpHBaTh MO OTAEIbHOCTH. IIpn
HalllX pacyeTax yCIOBHO ONHMCBIBAGM KaxKJIblii paifoH Kpyrom. Pajauyc Kpyra BBIYHCIISIETCS U3 yCIOBHUS, YTO IUIOMIA/b KPyra U paifoHa COBIIAJAIOT, a UX 00IIas
9acTh MakcuManbHa. [IpHHIMaeM, 4TO IIOTHOCTD HACETIEHUS paliOHa pacIpeenseTcs PaBHOMEPHO MO ero TeppHTOpUH. [IIOTHOCTE pacipeieeHus HaCelICH s
ropozia IO TEePPUTOPUH OMHKCAHA JBYMEPHOW HOPMaIbHOH IIOTHOCTHIO. KOHKpETHBIH BHA OOCIY)KHBaHUS IPH 3TOM HE KOHKpeTH3HpyeTcsa. Tak, aBTOpoM
paccMaTpUBAIIMCh B Ka4yecTBE BHUJOB OOCTY)KHBAaHHUS CIIOPTHBHBIC COOPYKCHHMS, CTAHIMM TEXHUYECKOro OOCIyXMBaHMS aBTOMOOMieH M mp. PaspabGorano
CrenuanbHOe TporpaMmHoe obecredenne Ha s3eike Mathcad. PaspaGoraHHBI KOMIUIEKC MPOrpaMM MO3BOJSCT BBIYHCISATH KOOPAMHATHI CTAaHIHIA
obcmyxuBaHUA Ha TeppuTopuHu JlatBum. Bo BpeMs onTUMHU3aLIK HCTIONB3YETCS METO/] FPAIUeHTa. DKCIICPUMEHTSHI ITOKA3alIH, YTO aTOPHTM Pab0TaeT yCIIeIIHO.
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