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Multipole as an Element of Electric Circuit and Its
Equivalent Diagrams

Zane Broka®, Ivars Dumins?, Riga Technical University

Abstract — A multipole in electric circuit theory (unlike to

electric or magnetic field multipole calculation methods) is a
circuit or a part of a circuit, which is connected to other circuits
by a definite number of terminals (poles). An expression is given
for determining the number of parameters of the equivalent
diagramof a multipole depending on the number of poles. Unlike
the generally known four-pole theory that can be used only if
both incoming currents of the four-pole (and the same for both
outgoing currents) are mutually equal, a so called generalized
four-pole is considered, which does not comply with the so-called
rule of regularity. In general case, the equivalent diagram of such
a generalized, passive four-pole (that conforms to the reciprocity
principle) should contain six passive elements unlike the “usual”
regular four-pole, equivalent diagram of which needs only three
resistances.
Mathematical analogy of an electric circuit multipole and a
charged system of bodies is shown. An expression is given for
determining the number of parameters of the equivalent diagram
depending on the number of poles. A double T-type diagram of a
generalized four-pole is considered. Equivalent diagrams of an
active multipole have been created by replacing the inner sources
with outer sources of current or voltage.

Keywords — Electric circuit; equivalent diagram; generalized
four-pole; multipole.

The term “multipole” is used in various branches of physics
and engineering with different meaning assigned to it. In
mechanics, a set of material points, whose objects which mass
density must be expressed by Dirac 8-function, is frequently
called a multipole. Similarly, in electrostatics point charges
are often used as well as dipoles, quadrupoles and more
complex “multipoles”. Using them, methods for numerical
calculations of the electric field in regions of complex
configuration have been created [1] — [3]. It is stated that these
methods are faster and more accurate than the finite-element
method and similar calculation algorithms [4].

In electric circuit theory, a part of the circuit that can be
connected with other parts of the circuit by a definite (n)
amount of terminals (poles) is called a multipole (an n-
terminal device). In theory, most attention is paid to two-poles
and four-poles. However, generally known equations of four-
poles, as well as results obtained for their series, parallel and
series-parallel connections apply only to four-poles satisfying
the rule of regularity. It means that instead of single poles it is
possible to operate with pairs of poles having the same
current. If it is not so, then the entire known “four-pole
theory” is unusable. Co-operation of different pairs of poles
with the external circuit has also been discussed in a
previously known monograph [5], paying little attention to
general cases when poles cannot be integrated in pairs.
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Fig. 1. Diagram for determination of multipole parameters.

Currents flow into a linear passive n-terminal device can be
expressed using the superposition principle:

L =Y+ Y o+ Yo
I = Yuj 1 + Yool o+ Yond nons
Iy =Yoo Y1d ot Hanad new

or in matrix form:
1=Yj.

If we consider a sinusoidal regime, then Iy, I, ... I, are com-
plex currents; Y;, are complex input and mutual admittances of
the branches; but ¢, ¢y, ..., ¢n1 — complex potentials of input
terminals (poles) in relation to the assumed base terminal (n).
Admittances Yjx can be determined experimentally (or
analytically if the inner diagram of the multipole is known) as
ratios I;/Ey in a regime when a single source E, operates in the
circuit, but other terminals are connected to the base pole.

The remaining current 1, can be determined by the
Kirchhoff’s first law for the section surrounding the whole
multipole:

3
al, =0.
k=1
By adding and subtracting quantities @xYw1, OkYkz, -, Ok Ykn-1

to the expression of current I, (1 <k < n-1) and by grouping
elements, a mathematical relationship is obtained:
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where an analogy with an electrostatic multipole is seen — a
charged system of bodies. It is known [6] that in such a system
a similar expression is derived for the charge of a body (k) if
respective coefficients of the potentials are used instead of the
admittances Y. If the directions of currents are chosen to be
flowing into the multipole, all the mutual admittances Yy; (k#i)
are negative just as coefficients of potentials with different
indexes. It is easily noticeable in Fig. 1 — if there is a single
source E, operating in the circuit, and short-circuits in place of
the rest of the sources, all the other currents, except I, will
flow in opposite to the assumed direction. The quantities —Y;
(k#1) correspond to partial capacities of a system of bodies, i.e.
positive quantities.

If the inner circuit of the multipole conforms to the princip-
le of reciprocity, the matrix Y is symmetric (Yix = Y\). Thereby
the possible number of different admittances for an n-terminal
device (and the number of independent elements in the
equivalent circuit) is

S:w+n_l
2

(a half of the matrix Y non-diagonal elements plus the number
of diagonal elements). For a two-pole s = 1 (a passive two-
pole is completely described by its input resistance), for an
arbitrary three-pole s = 3, but for a four-pole where poles
cannot be integrated in pairs s = 6 (let’s call it a generalized
four-pole to avoid any misunderstandings). Thereby it is seen
that a 4-wire line (incl. a three-phase line with the neutral
wire) needs 6 independent parameters to characterize the
connected load in a general case. The number of necessary
parameters can increase to (n-1)? if the multipole contains
elements that don’t conform to the principle of reciprocity
(e.g. amplifiers).
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Fig. 2. Equivalent double T-type diagram of the generalized four-pole

One of the possible equivalent circuits for a generalized
four-pole is the double T-diagram (fig. 2). Expressions for the
circuit’s input and mutual admittances Yy can be easily
derived by impedances Z;...Zg directly from the definition of
Y as ratios of respective currents and voltages:

Y, =17, +11Z,+11Z3; Y, =-117;; Y3 =-117,;
Yo =-12Zy; Yy =UZ+(Zy +Zs)IV; Yg=-Z,Ir;
Yo =-11Zy; Yoo =-Z,I1; Yu =11 Z, +(Z, +Zg) I,
where 1 = 7,7 + 7,7+ ZsZs.

If the admittances are known, impedances of the equivalent
double T-diagram can be obtained, in their turn, by solving
Y11, Y12, Y13, Y22, Yo3 @and Yzs equations in relation to Z;, Z,, Zs,
Z4, Zs and Zg.

It can be seen that

Z=-11Y,
Zy=-11Y
Then
Zy=1/(Yy; + Y5 + Ni3).
Further, we obtain from the Y3 equation:
Zy=-1 Yo,

but after inserting this one in the expressions of Yy, and Yas, Zs
and Zg can also be expressed with the quantity p and the given
admittances:

Zs =1 (Yj3+ Yy +Y33);
Zg =1 (Yp Yy +1p3).
So
r=r’[- Yos (Y3 + Y3 +Ya3) - Yog (Yo + Y5 +¥p3) +
+ (Vg + Yoz +Y33)(Ypp + Yop +Y33)].

After modifications, we obtain an expression of p with the
given admittances:

_ 2171
r={(Yo+Yp) (Y3 +Ys3)- Vo3| -
This allows calculating Z, and Zs as well as Zg.

For an active multipole the equations of current have to
be complemented with addends created by inner sources: |,
loay ooy In1a OF kg (1 < k < n-1). The expression of current Iy
can be modified as

Li- L, =Yg 1+ Y 2+ Ynd nge

Evidently, the equation coincides with the equation of such
a passive multipole which input currents are I —lg,. Since
currents of the active multipole are I, then current sources
have to be added to the passive multipole in the equivalent
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diagram. Currents of these sources are equal to I, Or I, log,
..+, In-1.a- Direction of the sources is determined by Kirchhoft’s
first law for nodes where they are connected to (Fig. 3).
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Fig. 4. Equivalent diagram of an active multipole with voltage sources

It is possible to take into account the influence of inner
sources also with voltage sources. In a regime when an
interruption is made on all terminals of the multipole
simultaneously (Ik=0, 1 <k <n-1):

0=V 12 ¥ Yid 20 -+ Y n-1 n-10 Hias

where @1a, o4 €tc. is the potential on the terminals created by
the inner sources. So the current created by the inner sources
can be expressed as:

n-1
o .

Iy, =-al i Y-

=1

Let Uy, U, etc. be the voltage between the respective
terminal and the terminal with zero potential when all currents
are interrupted. Then Uy, = @10, Usa = @24 etc. Inserting the
obtained
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expression of I, into expression of the multipole current I
and after modifications we obtain:

n-1 n-1 n-1
o . o . o .
Le=aj i%i-aj iYi=a( i- Uil
i=1 i=1 i=1

The expression coincides with the equation of such a
passive multipole, which has voltages on terminals ¢;—Uj,. To
obtain the equivalent diagram of a multipole, voltage sources
have to be added to a passive multipole so that the voltage
created by these sources is Uga, Uz, ..., U145 as seen in Fig. 4.
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Zane Broka, Ivars Dumins. Daudzpols ka elektriskas kédes elements un ta ekvivalentas shémas.

Par daudzpolu var uzskatit jebkuru elektrisko k&di vai tas dalu, kuru ar citam k&dém vai k&des dalam savieno noteikts savienojumu (polu) skaits. Vispariga
gadijuma poli nav apvienojami paros, pa kuriem plistu vienadas stravas (regularitates noteikums), ka tas tiek piepemts, pieméram, visparzinamaja cetrpolu
teorija. Darbs uzskatams par nelielu papildinajumu visai plasajai elektrisko k&zu teorijai.

Izmantojot superpozicijas principu, uzrakstiti lineara pasiva daudzpola vienadojumi un noteikts nepiecieSamais ekvivalentas shémas savstarpgji neatkarigo
elementu skaits atkariba no polu skaita (gadijumiem, kad daudzpols paklaujas savstarpiguma principam). Atskiriba no regulara Cetrpola, kura ekvivalentaja
shéma pietiek ar trijiem elementiem, ,,visparinatam” Cetrpolam vispariga gadijuma vajadzigi seSi elementi. Aplikota viena no iesp&amam $ada Cetrpola
ekvivalentajam shémam — dubulta T-veida shéma un iegiitas sakaribas, no kuram var noteikt tas parametrus, ja zinamas polu (zaru) ieejas un savstarpgjas
vaditspé&jas. Paradits arT, ka aktiva daudzpola gadijuma ieks€jos avotus var aizvietot ar ar&jiem stravas vai sprieguma avotiem.

Paradita daudzpola matematiska analogija ar uzladétu kermenu sistému elektrostatika. Daudzpola iepliistosas stravas atbilst kermenu sistémas ladigiem, bet polu
ieejas un savstarp&jas vaditsp&jas — kermenu sisteémas potencialu koeficientiem. No §im vaditsp&jam iesp&jams izveidot ar1 lielumus, kas atbilst kermenu daléjam
kapacitatem.

3ane Bpoka, UBapc [lyMunbi. MHOTONOTIOCHUK KAK 3JIEMEHT 3J1eKTPHYeCKOii IeNN U ero JKBHBAJEHTHbIE CXeMBbI.

MHOTOIMOMIOCHUKOM MOXKHO CYHTATh JIO0YIO JIEKTPUUECKYIO IIEMb WM €€ 4acTh, KOTOPYIO C APYTHMH YaCTSMU COCIAUHSET ONMpEeICHHOE YUCIO COCAUHEHUH
(mosocoB). B o01eM citydae HOMOCH Helb3sl 00BbEANHUTD B MAPHI MOMIOCOB, Yepe3 KOTOPbIE MPOTEKaaH Obl OUHAKOBBIC TOKH (yCIIOBHE PEryJIIPHOCTH), KaK 9TO
MIPUHUMAETCS, HalpUMEp, B OOIIEH3BECTHOW TEOPHH YETBIPEXIIOIIOCHHKOB. PabOTy MOXXHO paccMarpuBaTh Kak HEOOJBLIOE IOMOIHEHHE K OOLIeH Teopuu
INEKTPUUYECKUX LIETIEeH.

[pu nomoIy NpUHIMIA HAJOKEHHS HAMCaHbl YPABHEHUS JIMHEHHOTO MACCUBHOIO MHOTOIOJIFOCHUKA U B 3aBUCUMOCTH OT YHCJIa MOJIOCOB ONPEIEIEHO YUCIIO
HEOOXOIUMBIX 3JIEMEHTOB KBHBAJICHTHOW CXeMbl (JUIS CIIydaeB, KOTJIa MHOTOIIOJFOCHUK MOAYMHSCTCS NMPUHIMIY B3aMMHOCTH). B OTJIMYMHU OT peryssipHOro
YETHIPEXIONIOCHUKA, B SKBHUBAJCHTHOW CXEME KOTOPOro JOCTATOYHO HMETh 3 3JIeMEHTa, A1 «00O0OLIEHHOro» YETHIPEXIOJIOCHUKA B OOLIEM cCilydae
HEoOXoIuMbl 6 351eMeHTOB. PaccMoTpeHa o/iHa M3 BO3MOXKHBIX HKBHBAJICHTHBIX CXEM TAKOI'O YETHIPEXIIOJIIOCHUKA — JIBOMHAs T-oOpasHas cxema M MOJIy4YeHBbI
3aBUCHMOCTH, 110 KOTOPBIM MOKHO PacCUUTATh MapaMeTPhl JJIEMEHTOB TOM CXEMBbI, €CJIM U3BECTHBI COOCTBEHHBIC M B3aUMHBIC TIPOBOJIMMOCTH BXOJHBIX BETBEH
MHOTOMOJIOCHUKA. [T0Ka3aHO Takxke, KaK B CIydae aKTHBHOTO MHOTOIMONIOCHHKA BHYTPEHHUE HCTOYHHKN MOYKHO 3aMEHUTh BHEIIHUMHU HCTOYHHKAMH TOKA HITH
HAMPSDKEHUS.

TlokazaHa MaTeMaTH4ecKas aHAJOTUs MHOTOIOJIOCHHKA C CHCTEMOIl 3apshKEHHBIX TEN B JIEKTpOCcTaTHKe. IIpM 3TOM TOKHM, BTEKAIOIIUE B MHOTOIMOJIOCHHK,
COOTBETCTBYIOT 3apsiaM Tel, a COOCTBEHHbIC M B3aWMHbBIC MPOBOAMMOCTH BXOAHBIX BETBEHl — MOTEHIHAIBHBIM KOd(D(HIMEHTaM CHCTeMbI Tel. M3 aTux
MPOBOAMMOCTEN MOXKHO 00Pa30BaTh TAKIKE BEMYHHBI, COOTBETCTBYIOIIHE YACTHYHBIM EMKOCTSIM TEIL.
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