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Abstract — This study proposes to assess the effect of some relevant parameters of biomass
pyrolysis on the numerical solutions of n'" order distributed activation energy model (DAEM)
or multi reaction model (MRM). The two-step process mechanisms of pyrolysis is described
by replacing the initial distribution function of f (E) with the Clayton copula. The upper limit
(Ex) of ‘dE’ integral, activation energy (A4), heating rate (m), and the shape and scale
parameters of bivariate distribution function. Temperature ramp rate is assumed to vary
linearly with time. Thermo-analytical data is obtained with the help of thermogravimetric
(TG) analysis. Asymptotic technique is adopted to approximate double exponential and
bivariate distribution function f (E1, Ez), where E1 and E: are the activation energies for
bivariate scheme.
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Nomenclature

Ew Step size width kJ/mol
Es Central value kJ/mol
Y(x) Lambert function -

& (E) The first marginal distribution function (Gaussian distribution) -

H(x) Heaviside step function -

R(x) Ramp function -

m Heating rate °C/min
T Temperature °C

R Universal gas constant kJ/mol-K
DExp Double exponential term -

AE) Distribution function -
C(f(E1), flE2)) Copula function -

Y (E) The second marginal distribution function (Weibull distribution) —
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1. INTRODUCTION

Detrimental effect of conventional fuel on the environment made it indispensable to
promote the energy conversion process of new renewable energy sources, such as forestry
waste. The use of forest waste helps to alleviate the overdependence of fossil fuels resulting
in carbon dioxide emissions, culpable for global warming, through its CO; balancing ability.
Currently, pine needles have been recognized as one of the highly potential new renewable
energy sources due to their adverse effect. However, it has some positive facets on mankind,
but it is overlooked due to its combustible nature [1]-[5]. Pine needles can be transformed
into thermal energy by means of thermochemical processes, such as pyrolysis, gasification
and combustion. In the context of environmental factors; it is highly inflammable and has the
ability to absorb plenty of water which in turn hinders the growth of fodder for livestock [1].
Keeping this concern in view, it becomes inevitable to evaluate its thermochemical behavior
through its kinetic mechanism and explore the possibility to use it in real life, where as an
alternative fuel it can also save the environment to some extent.

Pyrolysis represents one of the most important stages in all thermochemical processes,
therefore, understanding and modeling its mechanism is a primary step to predict the behavior
of the biomass during the whole process. During pyrolysis of the fuel, it decomposes into
volatiles which comprise a major share of the pyrolysis products, and into a solid residue, the
char. The volatiles consist of light gases (CH4, CO,, CO, C,H4), and others. The condensable
species, tar and dust exist with unknown composition as they vary from biomass to biomass.
As pyrolysis is a complex process due to large numbers of products, it becomes cumbersome
to estimate the kinetic parameters through any kinetic model. Generally, it is defined as
a two-step process [6], [7] in which the primary step takes place at a low temperature regime,
which results in light, gas and tar. The secondary reactions occur at relatively elevated
temperatures, where evolving of light gas and the aromatization of the biomass
macromolecules result in char formation.

There are various models that are proposed to describe kinetics of thermal decomposition
of biomass pyrolysis, which can be categorized as single and multi-reaction models.
The iso-conversional method is one of the multi reaction models, which is independent of any
reaction scheme, presumes that the Arrhenius parameters are not constant during the
decomposition process but are the function of conversion and temperature. Moreover, an
iso-conversional scheme relies on different heating rates and a solution is obtained as an
average value of parameters. Another statistical approach is a model based method which
relies on a predefined reaction mechanism or a phenomenological model and estimates kinetic
parameters with high uncertainty in the final results [8]. However, the iso-conversional
method is the most common mathematical scheme used for computation of kinetic parameters
and developing a robust kinetic model, but it consumes appreciable time and resources.
Moreover, in actual practice, the ratio £/R is significantly depended on extend of conversion
X, and the plot to determine kinetic parameters is rarely linear. To tackle the aforementioned
situation, the grey box modelling can be one of the alternative ways to describe kinetic
reactions as continuous distribution functions of activation energies.

Comprehensive studies on these models are proposed in the literature [9]-[14]. The most
reliable and accurate approach to model biomass pyrolysis is to implement the distributed
activation energy model (DAEM) or multi-reaction model (MRM) [15]-[18]. The DAEM or
MRM assume that a series of parallel reactions occur, having the common frequency factor
and distinguished by a continuous distribution of the activation energies. In previous work,
different forms of activation energy distribution functions are used to assess the influence of
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kinetic parameters on the numerical solution [19]. Despite that, there are some major issues
connected with solutions of the DAEM. In addition, the intrinsic description of pyrolysis as
a single step process and as dichotomy of different pyrolysis steps is excluded from its
non-generalized form. In this study, approximation of double exponential terms and
simplification of double integral terms are carried out with the help of asymptotic techniques.
Influence of some relevant parameters is investigated with the help of an extended model by
using the bivariate distribution function instead of univariate, resulting in a model able to
involve the likelihood of some other reactions which are of different activation energies. This
bivariate approach is used to model biomass pyrolysis and gasification so that different
classes of reactions can be brought under a single common equation. Behavior of this
modified approach is applied to predict the behavior of loose biomass and the results are
compared with methods that involve univariate functions. Interpretation of experimental data
obtained by thermogravimetric analysis (TGA) is also performed to demonstrate the
application of loose biomass through different perspectives. The classical DAEM is not able
to describe different pyrolysis steps. To circumvent the demerit of previously performed
analysis, this study has been proposed to see the variation obtained through combination of
two different distribution functions with the help of the copula parameter (6).

In addition, the results are compared with those obtained using single marginal distribution
functions. Both models are used in the interpretation of experimental data derived from
thermogravimetric analysis (TGA).

2. MATHEMATICAL SOLUTION OF MULTI-REACTION MODEL (MRM)

The DAEM belongs to the multi-reaction model, which postulates that many decomposition
reactions take place. It can also be understood as a summation of an unlimited number of
parallel single decomposition reactions, where each reaction is represented in the form:

T = Asexp (=) (my” = my), e
where
i one of several constituents;
m;" total released mass of i constituent;
t time;
Ai frequency factor.

If the number of reactions is large, it can be assumed that activation energies of these
reactions are distributed, and therefore, it can be expressed as a function of the activation
energy [4]. The derivation of the n'-order DAEM can be found in the literature [20].
The non-isothermal n'"-order DAEM equation is expressed below.

First order reaction:

X ={[; exp[f; Zexp (=) dT| F(E), )

n™ order reaction (n # 1):
1-x ={ [1—(1—n)( exp (w2 ))dr]“l"’ ), 3)
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where
E activation energy;
A frequency factor;
n reaction order;
To initial reaction temperature;
X mass fraction released during decomposition.

In this study, it is proposed to distinguish the single marginal distribution function from the
bi-variate distribution function.

In previous studies, univariate functions, which can be either symmetric or asymmetric, are
chosen as a distribution function for the molecular activation energies [4], [21]-[23].
Combining these univariate functions through Clayton copula is advantageous to determine
the multi-dimensional dependence or existence of more than a class of reaction scheme. To
compute DAEM, Eq. (2) and Eq. (3) are simplified individually.

The integrand in Eq. (2) comprised two different terms. The first part is a double
exponential term (DExp) which varies with time through the temperature history experienced
by the sample. On the other hand, the second term is invariant of time, but it depends on the
distribution pattern of volatiles in the sample. The behavior of the temperature-dependent
part, DExp, is simplified first, and thereafter, approximations are derived that are useful for
solving physically feasible problems. The linear ramping temperature history along with the
multi variant distributions of volatiles is perused. Simplification for these two terms, derived
for Eq. (2), is also valid for the n'" order DAEM.

Approximations using double exponentials are performed below. Here, E can assume any
positive value. The scheme adopted here is similar to that in Niksa and Lau [24], but involves
more accurate and systematic approximations.

Invoking Eq. (2), we get:

DExp = f0°° exp (fot —Aexp (I;—:;l) dl), 4)

where temperature 7 (/) is related to time through Eq. (5) and / is the specific time at which
temperature 7 is defined as:

T=Ty+m-L %)

In order to propose the systematic simplifications of this integrand, it would be
advantageous to assume the values of some parameters and functions on which it depends.

The frequency factors are typically in the range of 4 ~ 10!1°-10'3 s7!, whereas the activation
energies of interest lie in the domain of 100-300 kJ/mol. Variation of temperature depends
on the particular experiments, but 800-1400 °C are typically used for gasification [1].
Although simplification performed for DAEM is also implemented for combustion problems
where the temperature is appreciably high, it becomes easy to extrapolate the simplification
made in higher temperature regimes.

Taking typical values, £E/RT, ~ 10 while t4 ~ 10'°. The large magnitude of both parameters
makes the function rapidly varying with E.

The term inside the exponent of Eq. (4) can be solved by using the conventional Laplace
approach where the parameter assumes to be E/Rmt — oo, therefore the integral term shows
its influence at the neighborhood of / — ¢ (and temperature is near its maximum). In this way,
we will get the asymptotic approximation to the function:
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—ARmt? _L)
€ Rmt

as % - 00, (6)

~exp (

Eq. (6) can also be reformed as:

o (22 75) ~exp-exp(55)). "

Here, the exponential term varies rapidly from zero to one as the activation energy £
increases by the step size Ey around Es and this can be further approximated as discussed
below.

Let g(E) =

EZ_E, Eq. (7) becomes:

~exp (—exp(g(E))),
where

g(E) = R_—ni+ In (ARTMZ).

As behavior of g(E) at the vicinity of Es is of concern; hence, this function is expanded with
the help of Taylor series about £ = E:

Q(E)~g(ES)+(E—ES)g'(ES)+ (8)
Using Eq. (8) and definition of g(E), Es and E\ are chosen so that:
g(Es) = 0and g'(Es) = ;_Vt )

Solving these equations gives:

E, = RmtY(At) and E,, = R’;"ZEE .

where Y(x) is the Lambert W function.

In order to simplify it further, introduce the energy rescaling factor ‘y’:

_E _Es _ Ew
y_EO'yS_EO' yW_EO’

where
Ey the mean activation energy;
T the time rescaling factor T = At, then:
_ Rmty(7) s
ST A4E, dyw = 1+Y(1)
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2.1. Distribution Pattern

In Eq. (1) and Eq. (2), DExp is multiplied by the initial distribution, which is substituted
by the Clayton copula. In order to simplify the bi-variant function, the mean (£o) and the
variance (¢°) of marginal distribution functions are assumed to be equal (both of which are
constant). In this study, the combination of symmetric and asymmetric distribution functions
is adopted to evaluate the dependence of the remaining mass proportion on activation
energies, associated with primary and secondary reactions. On the other hand, limits imposed
on the distribution pattern are demarcated with respect to the width of DExp. One is relatively
wide initial distribution compared with the width of DExp, whereas the other has a relatively narrow
width than that of DExp. Behavior of the total integrand changes with time is mainly dependent on
the applied limit. When the initial distribution is relatively wide as compared to Ey, the total
integrand acts in a way that is similar to the initial distribution function. As the time proceeds, it is
progressively chopped off from the left hand side by the step-like function, DExp. The position of
the maximum of total integrand shifts significantly, and the shape of the curve tends to be
asymmetric. On the other hand, if the width of initial distribution is relatively narrower than the
width of DExp, the total integrand is surpassed by the initial distribution with amplitude that is
progressively reduced by DExp as time proceeds. The shape of the curve remains more symmetrical
than that of wide distribution limit, but the location of its maximum is not stationary with respect to
time, and therefore, there is always a need to find the maximum of the total integrand in each iterative
loop. Here, the study is pivoted around the wide distribution limit only. The mode of thermal analysis
also affects the shape of the curve. For example, in case of the isothermal condition (constant
temperature), the amount of release of volatiles with respect to time begins to change perceptibly
even at a very early stage. However, in case of ramping temperature, the location of the central value,
E,, moves with time in a similar way to the constant temperature, with the logarithmic term is
replaced by a Lambert W function [5], [25]. Moreover, the effect of temperature on the width of
DExp, Ew (= Eo - yw), is narrow at the beginning. This factor led to major differences in the
appearances of the curves denoting the release volatile with time between the ramping and constant
temperature profile. In the ramping temperature case, the amount of released volatile does not
perceive until the critical time is reached when the two parts of the total integrand overlap
significantly. Eq. (9) represents the critical time required to see the variation:

tc — tmax;tmin . (9)
Here, tmin is the time when DExp just begins to encounter the distribution, whereas #max
denotes the time when DExp has just moved past the distribution
Note: The ramping temperature case can easily be generalized to the case of a nonzero
initial temperature 7o, by simply replacing ¢ with ¢ + To/m everywhere.

2.2. Wide Distribution Case

In this case, the initial distribution is relatively wider than DExp. DExp varied from zero to
one in the neighborhood of y = y, and has previously been approximated by the step-function
[26]-[29]:

0,y <
Hy —ys) = {1§ > ﬁ .
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3. APPLICATION OF CLAYTON COPULA AS A DISTRIBUTION FUNCTION

Adopting a copula approach is not only limited to the risk management problem, but it also
provides better insight into the engineering system, hence, repairing engineering units that
can either be preventive or corrective. Copula eases complex situations where more than two
sub-unit working conditions are to be analyzed within the main structure. Some examples of
repairing related problems have been reviewed in the literature [30]-[32]. Moreover, the
benefit of using Clayton copula is known by the fact that it has remarkable invariance under
truncation [33].

To correlate different regime of biomass pyrolysis, there is a requirement of an initial
distribution function which can easily and accurately be modeled through a multi-reaction
model as it is indispensable to involve all sets of reactions that affect the remaining mass
proportion of volatiles. Pyrolysis of biomass is significantly dependent on the reaction scheme
and local temperature. However, the overall reaction mechanism of pyrolysis is very
complicated due to the high number of products that are not easily recognized during
experimentation, but postulation and simplification of the existing models provide alternative
means to form different models. To describe the behavior of loose biomass, some variation is
done to include the effect of relevant parameters on pyrolysis of biomass. Interdependence of
various reactions on each other cannot be properly predicted by a single distribution function,
therefore, a bivariate function is used as a substitute of the initial distribution function of molecular
activation energies, so that it can be comprehended as an alternative method to solve the DAEM.
The impact of this study can also be understood by the fact that the classical formulation is not able
to distinguish between the different pyrolysis steps. Dhaundiyal and Tewari [5] have proposed an
alternative method to analyze DAEM through trifurcation of biomass into its major
constitutes, but the computational problem became cumbersome when a different algorithm
for each of the constituents has to be made. Such intrinsic interpretation of pyrolysis as
a single step process can be eliminated, to some extent, through marginal distribution
functions which can be either symmetric, asymmetric, or a combination of the two. Several
other methods are also proposed to counter the implications that arise during pyrolysis of
biomass. One of them is a second Gaussian distribution (2-DAEM) [34]. This multi-Gaussian
approach was also used by Zhang et al. [35] to model biomass pyrolysis and gasification by
using a different distribution of activation energy for each decomposition reactions that share
the same frequency factor. Yang and his co-worker [36] implemented the same scheme to
predict the behavior of selective fuel.

Without making the integral process more complicated, there is also the likelihood of
existence of multivariate distribution function within DAEM. Molecular activation energies
of different reaction steps can be bifurcated and represented by coupling of a different nature
of marginal probability distribution. Moreover, it also overcomes the demerit of 2-DAEM
that only uses the symmetrical distribution functions to interpret the ex perimental data, but it
is not necessary for thermoanalytical data to exhibit the same nature. Experimental results are
significantly dicey and cannot be interpreted with a particular class of distribution function,
as it is not necessary that thermo-analytical data is symmetric about the mean, therefore, there
is always some skewness present in the experimental data. Application of copula provides
a wide variety of combination of asymmetric and symmetric functions. However, it is difficult
to seek the exactness through any approximation technique, but the differences between
different perspectives to model biomass pyrolysis may be abridged through the proper
selection of distribution functions.
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For fruition of the proposed scheme, Sklar delivered an effective way to model the
dependent structure of random parameters with the assistance of copula functions. To solve
this problem, the Archimedean families of copulas have been chosen as an alternative
distribution pattern of activation energies. The well-known representatives of the
Archimedian family are Gumbel-Hougaard and Frank and Clayton copulas.

A copula function may be represented as a cumulative probability function of activation
energies (E1, E2). Now suppose E € (Ei, E») and f (E1) and f (E») are any two univariate
distributions, expressed as:

f(E, Ep) = C(f(E1)i f(Ez))y (10)
where C is the copula used to join the univariate margins f (£1) and f (E»).
Let f(E1) = @p(E) and f(E>) = ¥o(E).

Here, @,(E) represents the Gaussian distribution function and ¥,(E), assumed to denote the
two-parameter Weibull distribution as expressed below:

()
D(E) ===e ' ¥/, (11)
v =£(5)" W 12
Ty e (12)
where
Ey denotes the mean activation energy, kJ/mol;
o’ the variance of the Gaussian distribution and function, kJ/mol;

pandn  the shape and scale parameters of the Weibull distribution, respectively, kJ/mol.

3.1. Case A: First Order Reaction (n = 1) and 0 = 1 (Refer Appendix A)

(=X~ [ exp|fy Zexp (2) dT] (1 = (Pp(E) + o () +2) + (Pp(E) + W, ()

(13)
+2)" + ) dE,
T o |t-4 E T |f-4 E ! {w]
B B _ _ 20
~ 3_([ exp L[meXp(RT)dTldE*_ _([exp umexp(mw)dl} 210’ ‘ .
} B _(EY ’
+Iexp }_AeXp(_Ede ﬂ[EJ e [”] dE
: nom RT n\n (14)

w1 E | {@J p(E )" ,[EJ”
+2|exp _exp(_]dT e (J e\ dE
'([ L[ m RT V2no? n
7((5*50)2

t |t-4 (-E 1 2 J p(EV -5
+3 ——exp| — |dT 7B = " dE +...
!exp UO - exp(RTj } P ﬂ[ﬂJ e
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Applying Heaviside step function in Eq. (14), we have:
1 a
(1-Xx)~3R(y,)+ 2[3 + \E]e,fc(\/a(ys - 1))+ (1-K)
T
+ 2(1 - M)+ 3(1 - S)+ 3J.E{exp[— exp[ys_yJ] - H(y = Vs )}dy
0 Yw
+ J.a|:exp[_ exp(ys — yJJ _ H(y -y, ):le—z(a(}’—l)z)dy
0 n Yw

(15)

g {exp[_ exp(ysy_y]] ~H(y-, )}ﬂ 252 22 ) gy
0 w

] H eXp(ySy;yD—H(y—ys)}[\/@ﬂsﬁ(y)ﬁ" AP gy

+ 3I {exp[— exp[ysy_yﬁ - H(y - ¥, )}(\/Ze(a(yl)z) + ﬂsﬂ(y)(ﬁ’l)e’(i")ﬁ de e

w

It is to be noted that the distribution functions are multiplied by the functions that are
negligibly small everywhere except in the neighborhood of size y. around the point y = y;,
therefore, these functions can be approximated by expanding the initial distribution term with
the help of Taylor series.

Let (%22) = x and f() = ¥ exp{~(s3)").
Expanding f(y) and e~ (@0=1%) with the help of Taylor series about y = y,, we have:

FO) = 9P Dexp(~(ay)?) [1 =222 (5 - Blsy)# - 1)+ (222" (2(~3(s30)#

+ (5392 + 1)+ 34((s90)# — 1) +2)~ (*22)° (5264 (D) (590" - 1)
+ B3 (= (579 = 7(sy)P + 3(sk)? + 1) = 322(=6(sy)* + (sy9)** +2)
—112((sy)* — 1) — 6)].

Substituting the value of f{y) in Eq. (15), we get:
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~3(Agfio + RO®) +3 (3 + \F) erfe(Vals = 1) + (1 = K) +2(1 = M) + 31 - )
+3 [\/%ywe—a(ys—l)z (AO = 2ay, (ys — DA, + QYWZ{ZQ(.VS -1)% - 134, + ;.VW3a2{2(ys
—1) + 2a(ys — 1) + 1}45) + BsP (7)) B Dexp(—(ays)*) (Ao - @ (B = B(sy)F
—1)4, + (@w)) (B2(=3(sys)® + (sy)?F +1) +32((sys)f — 1) +2)4,
- ((’;—“)3 As (s2B* (=y2)((s75)F — 1) + B3 (=(575)2 = 7(sy5)P + 3(sks)?F +1)

—322(=6(sy)* + (sy)** +2) — 114((sy)* — 1) — 6))] + [Eppe 205V (A0

—4ay (ys = DAy + 2a3,2 (4a(y — 1% = 1Az + 53,3220 — 1) + 4alys — 1)°

+1}4;) + (BZSZB(ys)z‘ﬁ‘“exp(—(sys)zﬁ) (Ao = 24,2 (B((sy)f = 1) +1) (16)

+a (5 ) (B7(2 + 2(sy)? = 5(s%)F) + 5B ((sye)f — 1) +3) + 22 (2 f)3 (8% (4
_4(sys)3/3 +18(sy5)% — 19(sys)P) — 96%(2 + 2(sy5)?F — 5(sys)P) — 26ﬁ((sys)ﬁ )

—12)>> +2[ﬁsﬁ\[((y )B-1e~(als=D+(s3:)) (A + 4,2 (—B(sy)f + B

—2a(ys = Dys = 1) +34, (yy—w) (B2 (=3(sy) + (sy)?F +1) + pl4ay; (35— 1)
+3)((sy5)F — 1) + 4?2 (35 — 12 + 2ay(ys — 1) +2) +2 43 (yy—w)3) (B3 (-(7Gsy0)*

—6(sy)% + (590 — 1)) = 662 (€(ys — Dy + D(1 + (59 - 3(sy)¥)
—p(11 + 6ysa(2ys — 3) + 12(375‘1)2(375 -1+ 6ays(2ys —3) + 11)((5375)'8 - 1)
-2 (4(ays(ys - 1))3 — 6(ays(ys — 1))2 + 3ays(ys — 1) + 3)) + )]

3.2. Case B: First Order Reaction (n = 1) and 0 = 2 (Refer Appendix A)

(LX)~ [ exp [f exp( )dT] (1—(<1>p(E)+lp (E) +2) + 3 (0p(E)+ W, (E) (17)

+2)°) + -

a1-x)~ 5f exp[f —exp( )dT]

(E=Eg)?

(f 57 e () r] (e )

+wa exp [f —exp( )dT]( (n)(ﬁ_l)e_(s) ) ) (18)

+3 foo exp [fT Lexp (g) dT] = e‘(%) B (%)(ﬁ_l) e—(f)ﬁ

V2mo? o n ,
+5f exp[f —exp( )dT]( e ( 20° )+§(§)(B_1)6_(5) >+
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Using Heaviside step function in Eq. (19), we have:
(1= 0~5(AoFo + R) + 3 (5 +3 =) erfe (Vals - ) + (1= K) +3(1 = M)
)) —H(y - ys)] dy + %(fow - [eXp (—eXp (%))

—H(y - ys)] e 200 D%gy + [ [eXp (—eXp (== )) ~H(y

+5(1—-5)+5 fooo E, [exp <—exp (y;_y

Yw

—ys)] BsP (y)2 D=0 dy) +3[5 [exp (—exp (y;_y)> - H(y (19)

_ys)] (\/%)S(sy)ﬁ-1e_(a(Y—1)2+(sy)B)dy +5 fooo [exp (—exp (%)> _HG

~5(AoEo + R(y)) +1 (5 + 3\/%) erfe(Valy - 1)+ 51— K) +2(1 - M) +3(1 - )
+5 [J%ywe‘“(ys_”z (40 — 2ay (s — DA + @y, 2a(y — 1D? - 134,
+§yw3a2{2(ys -1+ 2a(ys— 13+ 1}A3) + BsP (y5) B Vexp(—(ays)F) (Ao
0 (g — Blsy)f — 1)+ (22)” (B2(=3Csy) + (53202 + 1) + 32((s3)F 1)
#2)a, = (22)" 4, (5284 (-3)((53)F = 1) + B3(=(53)? = (5308 + 3(5hk)? + 1)

—322(=6(sys)* + (sy)** +2) — 11A((sy)* — 1) — 6))] +3

% y e-2e0s=D? ( 4o
—4ay, (s — DAy + 2a3, {4aly, — 1)? — 134, + 23 02205 — 1) + 4a(y; — 1)

+1}A3) + <ﬁzszﬁ(ys)z(ﬁ—nexp(_(sys)zﬁ) <Ao - 21413;_:]([3((5%)5 - 1) + 1) (20)

4 (2) (822 + 205907 = 5(530)) + 5B((s9)# — 1) +3) + 2(2)" (p7(4
—4(sy5)3F + 18(sy5)*F — 19(sys)F) — 9B2(2 + 2(sy)* — 5(sys)P) — 26B((sys)P — 1)
_12))> +3 I:ﬁsﬁ\/%((ys)ﬁ_le_(a(YS_1)2+(SZVs)B) (AO + Ali//—w(—ﬂ(sys)ﬂ + ﬂ

~2a(y, ~ Dys 1) + 245 (22) (B(~3(s3) + (599 +1) + B4y O — 1
+3)((sy5)f — 1) + 4a?y2(ys — 1)? + 2ays(ys — 1) + 2) + %A3 (3;—:”)3> (ﬂ3 (—(7(sys)ﬁ
—6(sys)? + (s7)% — 1)) = 652 (a(ys — Dys + D(1 + (s7)% — 3(sy,)¥)
—B(11 + 6ysa(2ys — 3) + 12(ysa)?(ys — D? + 6ays(2ys — 3) + 11)((sy5)f — 1)

-2 (4(ays(ys - 1))3 - 6(0cys(yS - 1))2 +3ays(ys — 1) + 3)) + - )]
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3.3. Case C: n™ Order reaction (n # 1) and 0 =1

For getting a solution of n" order reaction, invoke Eq. (3):

9 T
A0 = Of [1—(1—71) Tf (%exp (;—5» ar

+ (©p(E) + Wy(E) +2)° + ) dE .

1
(1-n)

(1 — (Pp(E) + ¥, (E) +2)

Expanding the first integral term by using the binomial theorem, we have:

0~ 17 |(1- 57 (fewp (32)) ar 4 25 (4w () ar) + - ) (3
3 (0p(B) + Wy (B)) + (05 (E) + Wy (E)) +- )dE,

(@A X~ [ < ( ( p(g))dﬂ (& ( exp (£ ))dT) +~~>)dE

1305 (1= 47 (e () ar + 557 (e () ar) 4 ) (2580 + w,0)

+3f < f ( exP( ))dT+§(fT:(%exp(§))dT)2+"')(CDP(E)+‘PP(E))2,1E+..,_

Applying Heaviside step function in Eq. (23), we have:

(1eX) e~ [ <3Eo<1 + [exp( Y) — H(y — )| - Sexp <2( X) — HQy - ys))
+ ---))d +3 5 <1 + [exp (u) —HQy - ys)] ——[exp (2 (—W)> —H(y —ys)]
+><<\/; —aly=1* 4 BB (y)B-Ve- (sy)5)> dy + Jf, <1+ [exp( ) H(y - )’s)]
—g[exp <2 (%)) —H(Qy - ys)] + );e‘z"‘(y‘l) dy + fo (1 + [exp (%)
—Hy - y)] -3 [exp (2 (u)) —HQ - ys)] + o ) BsPy Ve 20" qy

+2f° (1 [exp( ) H(y - ys)]_g[QXP( (yyWy) H(y —ys)
+)] (\/;)ﬂsﬁ(y)ﬁ 1p (a(y—1)2+(sy)3)dy+...>_

2018722

21

(22)

(23)
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(-3

+20-M)+3(1—-5)+3 [\/%ywe_“(yS_l)z ((Bo +Co) — 2ay (s — 1)(By + C)
+ayw?{2a(ys — 1)* = 1}(B, + C;) + §yw3oc2{2(yS - 1D+ 2alys — 1)+ 1}(B; + C3)>
57 () P Dexp(~(@)”) (8o + Co) = L2 (8 = Blsy)f —1)(By +C.)

+ (@)2 (B2(=3(sy) + (5992 + 1) + 34((s35)P — 1) +2) (B, + C2)

Vs
- (%)3A3 (s2B* (=32 ((sy)P = 1) + B3 (=(sy5)* = 7(sys)? + 3(sks)* +1)

3((Bo + Co)Bo — ROV) +2(3 + [£) erfe (V05 = 1) + 1 - 0

—322(=6(sy)* + (sys)?* +2) — 11A((sy)* — 1) — 6))] +(1-9)

(0
+Co) — 4ayy (s — D(By + C1) + 2ay, 4a(y; — 1)? — 13(B, + C;) + Sy’ a?{2(y, — 1)
+aa(ys — 1)° + 1}(Bs + 63)) + (ﬁzszﬁ ()2 Vexp(—(sy)*F) ((Bo +Co)

2B, + €2 (B((53)" = 1) + 1) + (B + C) () (B2(2 + 20530 = 5(s30)F) @4

+58((sy)f — 1) +3) + 22 (2)” (82(4 — 4(s39)% +18(s30)% — 19(s0)")
—9B%(2 + 2(sys)*F — 5(sy5)P) — 26B((sys)f — 1) — 12)))]
+2 [ﬁsﬁ\/g<(ys)5—1e—(a(ys—1>2+(sys>”) <(Bo +Co) + (B + Cy) yy—w (=B(sys)f +B

—2a(y; = 1ys — 1) +5 (B, + ) (yy—“:)z (B2(=3(sy) + (sy)%F +1) + (4ay,(ys — 1)
+3)((s95)F = 1) + 4?2 (s = 1D? + 2ays(ys — 1) +2) + £ (B
+C3) (yy—j)3> (82 (~(7G20 = 65300 + (530 = 1)) = 65*(alys — Dys + D1
+(SYS)3ﬁ - 3(53’5)6) - p(11+ 6ysa(2ys —3) + 12()’5“)2(375 -1D*+ 6ays(2ys — 3)

+F11)((s3)# = 1) = 2 (4(ays (s = D)’ = 6(ays (s = 1) + 3ay,(ys — 1D + 3)) +o >] :

3.4. Case D: n™ Order Reaction (nz 1) (0=2)

(1 —=X),m~ fooo [(1 + (%exp (g)) + %(%exp (;—’;))2 + - ) dT] (1 - (d)p(E) + W, (E)

+2) +2(@p(B) + Wy(E) +2)" + ) | (25)

(16X) 0~ [ [(1 +exp (y;‘y

)~ Zexp <2 (%D o )] (5 +5(@p(E) + W, (E)) 6
2
+2(0p(B) + Wy(E)) + - )
Using Heaviside step function in Eq. (27), we have:
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AX) i~ (1——)[5(A Eo +R(yy)) +2 (5+3\f)erfc(\/‘(ys—1))+5(1—1<)
+§(1—M)]+3(1—s)5f <1+[exp( X) — H(y - ys)]—g[exp< (% Wy)> —H(y—ys)]+
)dy+5 I (1+[exp (22) - Hy - )] __[exp <2 (22) _H(y_ys>)]+
)( \/;e‘“(y‘l)z+(sy)(ﬁ‘l)e‘(swﬁ)dy-i-;[fo <1+[exp (22) -He-w)-
g[exp (2 (y;;y)—H(y—ys)ﬂ +~~~>§e-2a<y-1)2dy+ I (1 +[exp( 2)—H(y - y9)| -
o (2(52) - no-30)| e ) B ey |3 (14 e (52) -

H(y — ys)] -2 [exp (2 (;_Wy) —H(y —y) + )] (\/%) % (sy)B-te~(@-02+6»F) gy 4 ... )

(-

+§(1 - M) + 3(1 - S) +5 [\/%ywe_a(ys_l)2 ((BO + Co) - Zayw(YS - 1)(81 + Cl)
+ayy?{2a(ys — 1)* = 13(B, + ;) + §YW3052{2(3’5 -1+ 2alys —1)° + 13(B; + C3))
+.BSB (J’s)(ﬁ_l)exl)(_(ays)ﬁ) <(Bo +Co) — @ (.3 - B(SYS)B - 1)(31 +Cy)

N ((yw)) (B2(=3(sys) + (sy)?F +1) + 3/1((sys)ﬁ —1)+2)(B + () - (<yw)) (Bs
+C3) (5284 (=ys2)((sys)F — 1) + B3(=(sy5)? — 7(sys)® + 3(sks)?F + 1) — 322 (—6(sys)*

+(sy)** +2) = 11A((sy)* = 1) = 6))] +2 [%ywe‘z"‘(yf”z <(Bo + Co) — 4y (¥s

@7

5((Bo + Co)Eo + ROW) +3(5 + 3\/7) erfe(Valy - 1) + 501~ K)

~1)(B, + 1) + 2ay,*4a(y, — 1? = 11(B; + C;) + 23 a?(205, — 1) + 4a(ys — 1)?

+1}(B; + C3)) + (.BZSZB(ys)z(ﬁ_l)eXp(_(Sys)ZB) <(Bo +Co) —2(B; + Cy) 3;_? (,3((53’5)5
—1)+1)+ (B, +C3) (yw)z (B2(2 + 2(sy9)% = 5(s99)) + 58((sy)f — 1) +3) .

(33+Cs)

£ () (53(4 — 4530 + 18(s7)% — 19(s30)F) — 9B2(2 + 2520 — 5(s3)F)

—26B((sys)f —1) — 12)))
By + €2 (<Blsy ) + B — 200y — Ve = 1) + 2 (B, + C) (%) (82(-3(s30)8

+(S}’S)ZB + 1) +p(4ays(ys — 1) + 3)((5375)5 - 1) + 40{23’32(}’5 -1+ 2ay;(ys — 1) + 2)
+2 (B3 +C3) (yy—“:)3> (82 (~(7G2 = 60530 + (530 = 1)) = 65*(alys — Dy,

+1)(1 + (SYS)sﬁ - 3(SYS)ﬁ) - (11 + 6ysa(2ys —3) + 12(}’5“)2(}75 —1)?
+6ty (25 — 3) + 1D (%) — 1) — 2 (4(ays (5 — D)’ = 6(ays (s — D)’

+3 [ﬁsﬁ ;((ys)ﬁ—ie—(a(ys—1>2+(sys>") ((Bo + Co)

+3ays(ys — 1) + 3)) + >] ,
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where the remaining integral terms are represented by:
A; = ffowxi (e‘e_x - H(x)) dx,
Bi=[" x'(e™ — H(x)) dx,
C; = ffomxi(e‘zx —H(x)) dx,
wherei=0,1,2,3,....

These terms need to be evaluated once, as they are independent of any parameters and the
first few values are:

Ay~ —0.5772,A; = —0.98906,4, ~ —1.81496, A3 = —5.89037,

By, =~ —0.36788,B; = —0.23576,B, = —0.17273,B; = —0.13607 ,

Cy, = —0.56767, C; = —0.35150, C, = —0.25250, C3 = —0.19642 .
Here, a, s, K, M, S are defined as:

Ey? E
a=="ands=-2,
202 n

K= ff;e—Z(Sy)Bstzﬁyz(B_l) dy.
M= f_yso ﬁsﬂ(y)ﬁ_le‘(“(Y—1)2+(Sy)5)dy,

S = [ BsP(y)fte= N gy,

4. APPLICATION OF LOOSE BIOMASS AND THE COMPUTATIONAL
METHODOLOGY

A pine needle sample is used to evaluate its thermal behavior and simulate the same results
with the help of the mathematical model. To attain the pyrolysis conditions, nitrogen is used
as a purge and protective gas to prevent the ingression of pollutants. Before initializing the
experiment, the furnace space is purged to remove remaining oxygen. The volumetric rate of
nitrogen 200 mL min™' is employed to scavenge the product gases. Thermocouple type ‘R’ is
used to measure the furnace temperature. The experiments were performed by using
a thermogravimetric analyser (SI7 6300 EXSTAR). The sample of 10.54 mg of pine needles is
heated in a crucible pan of alumina at a heating rate of 10 °C min~!. To prevent the buoyancy
effect, correction measurements are used. Elemental analysis of the pine needles is carried
out with the help of CHNO-S analyser (FLASH EA 1112 series). Table 1 illustrated the
elemental composition of pine needles on the dry basis. Calorific value is derived through
bomb calorimeter at constant volume.
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On the other hand, it is to be noted that thermoanalytical data is used to evaluate the
predicted results from the multivariate n'" order DAEM. To simulate the results, the mean
square error between the mathematical and experimental values is minimized with the help
of the designed algorithm on the MATLAB software. The objective functions for each case of
this computational problem are Eq. (17), Eq. (21), Eq. (25) and Eq. (29). Each assigned value
is derived after comparing the mean square error with maximum permissible error while
running every iterative loop. Unless the estimated value agrees with the end conditions, the
iterative loop searches for another value. At the end of the program, the kinetic parameters
are evaluated.

TABLE 1. CHEMICAL COMPOSITION OF PINE NEEDLES (DRY BASIS)

C, % H, % N, % 0, % S, % Ash, % H.H.V.*, Ml/kg V. M.*¥* %

53.7 5.21 0.61 32.13 0.22 4.72 19.5 70.1

*Higher heating value; **Volatile matter.

5. RESULTS AND DISCUSSION

The Clayton copula is applied to solve the multi reaction model (MRM) or distributed
activation energy model (DAEM). Here, the initial distribution function is replaced by the
bivariate function f(£1, E>) that is a combination of the asymmetric (Weibull) and symmetric
(Gaussian) so that the attribute of both functions can be exploited in our objective functions.
Copula parameters (6), scale (r) and shape parameters (f), reaction order (n), frequency
factor (4), heating rate (m) and the upper limit (Ex) of ‘dE” integral are some of the relevant
parameters considered to reproduce good pyrolysis behavior. The numerical solutions for different
classes of copula parameters (#) are derived with the help of the step-function H(—ys).
Furthermore, each class is bifurcated into the first and »n™ order reactions.

In the initial stage of biomass pyrolysis, the remaining mass fraction must be in the vicinity
of one, whereas it has been seen that the remaining mass proportion is more than one for all
the values of upper limits beyond 661.7 > E, (kJ/mol) as illustrated in Fig. 1(a, b). On the
other hand, there is no solution obtained for the higher value of copula parameter 6 > 2
(Fig. 1(c, d)). Moreover, the conversion of biomass with respect to temperature increases with
the decrease in the upper limit beyond £, < 146.28 kJ/mol. It implies conversion of biomass
occurs instantaneously without appreciable temperature gradients, but in a practical aspect
due to limitations of heat transfer between specimen and furnace which take some time to
establish equilibrium with temperature of the sample [37]. Therefore, this domain of upper
limit £, < 146.28 kJ/mol cannot be a solution of the given problem. Influence of the higher
value of the copula parameter made the objective function strictly increase for all the values
of E € N, hence, there is no solution in the domain of the upper limit 649.87 kJ/mol < E, < o,
Another reason for the anomaly in the behavior of (1-X) is the limit applied to the Clayton
copula. In the beginning, the whole integrand follows the trail of Clayton copula, but as time
proceeds, (1-X) curves converge with an increase in the temperature scale. Moreover,
it is also observed that the decrease in the upper limit of FE. caused (1-X) curves
to lead toward the left-hand side. For € > 2, the 398 kJ/mol can be used as the upper limit
E. of activation energy. In case of the independent copula (6 > 1), the upper limit is found
to be 655 kJ/mol.
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Fig. 1. The effect of upper limit 'E,," (kJ mol ") of dE integral on the numerical solutions of bi-variant scheme for distributed
activation energy model (DAEM): (a) first order reaction (6 = 1); (b) n™ order reaction (8 = 1); (c) first order reaction (6 = 2);
(d) n™ order reaction (=2) (4 =1.5-10" 57!, y = 10~ kJ/mol, # = 0.0920, m = 10 °C min"' and n = 0.11).

The effect of frequency factor 4 on the numerical results at different values of # is depicted
in Fig. 2(a, ¢, d). The remaining mass proportion curves (1—X) resulted in a downward shift
with decrease in the frequency factor, however, the variation in numerical solutions obtained
at the small interval of 4 is negligibly small. As the value of frequency factor increases, the
remaining mass fraction curve becomes greater than one. Therefore, in case of the Clayton
copula, the frequency factor not only affects the characteristic of curves but also
changes the end conditions. It is computed that the domain of frequency factor must lie in the
interval 10°<4 (s7') < 1.5:107. The curve fitting is derived for all the values of scale
parameter () which was found to lie in the domain of 107! kJ/mol < < 107 kJ/mol for
independent copula in Fig. 3(a, b). On the other hand, the upper limit of interval shrinks for
the higher values of copula parameters 107!' kJ/mol < < 107 kJ/mol as shown in
Fig. 3(c, d). Similarly, the effect of scale parameter is not merely confined to change in
attribute of remaining mass fraction but also influences its upper limit. The effect of shape
parameter on the numerical solution is illustrated in Fig. 4(a—d). The remaining mass fraction is more
than one for all the values 0.0520 > . Hence, the domain of shape parameter for the given
non-isothermal problems lies in the interval of 0.0720 < £ <0.090. The effect of heating rate
(m) on the numerical solution is illustrated in Fig. 5(a—d). In case of heating rate, the variation
among different heating rate is infinitesimally small, and therefore, all the curves completely
overlap with each other. Mathematical perturbation, in case of Clayton copula, exhibited
non-perceivable observation. Influence of reaction order (n) due to variation of copula
parameters is depicted in Fig. 6(a—d). The values of (1-X) curves show proximity with each
other for all the values of n lying in an interval of 0.1 <n < 1.
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Fig. 2. The effect of frequency factor (4) (s ') on the numerical results of bi-variant scheme for DAEM: (a) first order reaction
(6 = 1); (b) n" order reaction (6 = 1); (c) first order reaction (/= 2); (d) n™ order reaction (6 =2) (5 = 10~ kJ/mol, 8 = 0.0920,

m=10°C min"'and n=0.11).
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Fig. 3. The effect of scale parameter (1 (kJ mol ') of the Weibull distribution on the numerical results of bi-variant scheme
for DAEM: (a) first order reaction (6= 1); (b) n order reaction (6 = 1); (c) first order reaction (6 = 2); (d) n" order reaction
@=2)(A=1510" s B=0.0920, m = 10 °C min"' and n = 0.11).
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Fig. 5. The effect of heating rate (m (°C min')) on the numerical results of bi-variant scheme for DAEM: (a) first order
reaction (6 = 1); (b) n order reaction (6 = 1); (c) first order reaction (6 = 2); (d) n" order reaction (0 =2) (4 = 1.5-107% 57/,
7 =107 kJ/mol, 8= 0.0920, and n = 0.11).
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Fig. 6. The effect of reaction order (n) on the numerical results of bi-variant scheme for DAEM: (a) § = 1; (b) 6 =2
A =1510" 5", 1=10" kl/mol, m = 10 °C min" and S = 0.0920).

Comparison of thermoanalytical data with predicted n™ order DAEM is demonstrated in Fig. 7. It
can be observed that the Clayton copula has properly grasped the two separate steps of
pyrolysis as compared to the univariant scheme for the same material (Fig. 8). There is
relatively great improvement in the curve fitting at the onset of the pyrolysis process. It is
clear from the TG curves of pine needles that the first half of the curve refers to the primary
stage which is extended from 500 K to 650 K; whereas the second regimes represents the
higher ones (600900 K). The 80 % of volatile component is released during the primary
stage which perfectly coincides in case of the bivariate scheme. On the other hand, the
univariate scheme (Fig. 8(a, b)) is not able to predict more precisely the primary region than
the n'" order prediction DAEM using the Clayton copula, however, there are some demerits
related to the bivariate scheme, as it is not able to assess the behavior of the remaining mass
proportion with respect to heating rate. In case of different types of univariate functions, the
parameters are merely influenced by the attribute of curves rather than intervening in the
domain of some relevant parameters [20]-[25]. Due to the introduction of two different
natures of distribution functions, the effect of inflexion points as well as effect of DExp on
the final solution is reduced and the whole pattern is shifted to the right, which, in turn, helped
to exhibit slow pyrolysis through mathematical modelling. It can be concluded that the
Clayton copula has provided a good insight into a model two-step process of pyrolysis, as
well as a combined effect of two different patterns.
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Fig. 7. Comparison between experimental data and the n" order bi-variant scheme for DAEM: (a) 8= 1; (b) § =2.
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Fig. 8. Comparison between experimental data and the n" order DAEM prediction (Univariate scheme): (a) Gaussian;
(b) Weibull.

6. CONCLUSIONS

In this paper, a bivariate scheme has been adopted to overcome the inadequacy of the
univariate model to properly describe both pyrolysis steps. This proposed method is used to
predict the best possible outcome for the given thermoanalytical data. The Clayton copula, as
a bivariate function, is also compared to a univariate method so that it overcomes the
shortcoming of univariate functions. The results of fitting show that E., = 655 kJ/mol can be
used as the upper limit for # = 1; whereas the upper limit of E,=398 kJ/mol is for § = 2.
Similarly, the frequency factor A(s™') = 1.5E-05 is found to be a common solution for all the
values of 1 < @ < 2. The values of distribution parameters, scale and shape parameters are
estimated to be 7 = 1071° kJ/mol and B = 0.081, respectively. The range of reaction order for
the Clayton copula is estimated to be 0.1 <n < 1. The result produced by the Clayton copula
has shown that the primary pyrolysis is the predominant phase in biomass pyrolysis, taking
place at the higher activation range. Besides the evaluation of kinetic parameters and
prediction, the two important facts that came into light are that the Clayton copula does not
perceive variation in the final solution with respect to the heating rate (m) and distribution
parameters, and that the frequency factor not only influences the attribute but also the end
conditions of the remaining mass fraction curves.
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APPENDIX A

For our application 0 < @< oo, so this can be simplified as:

Co(f(Ev); F(E)) = ((CDP(E))“’ (@) - 1>—(5),

()
) .

ColF (B B = (1= @p(B) + 1) + (1= (wy(8) + ) ! (A1)

Apply binomial theorem to the first and the second terms of Eq. (A1), we have:
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~ ((1 +0(@p(E) + 1) + 220 @4 () + 1)2+.. ) + 6(W, (E) + 1)
-() (A2)
+2C0 (w, (B) + 1)2) .
After simplification of Eq. (A2), we have:

~(1+ 6(Pp(E) + ¥, (E) + 2))‘(5). (A3)

Expand the Eq. (A3) with the help of binomial theorem, we get:
~ (1= (@p(E) + W, (B) +2) + E2 (@p () + W, (B) +2)" + ). (A4)

Solve the generalised form of Eq. (A4), we get two different cases for the different values
of Copula parameter (6).
Casel: =1:

~ (1= (@p(E) + W, (E) +2) + (Pp(E) + ¥, () +2)° + ). (A5)

Case II: 0=2:
~ (1= (@p(B) + W, () +2) +3(@p(E) + W, (E) +2)°). (A6)

Eq. (A5) and Eq. (A6) are the required approximated expression for Clayton copula.
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