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1. Introduction

A number of vital practical problems require the description of a distribution of
population over the considered territory. In this connection we have set the task to describe in
an analytical form the available data on the population of Latvia.

In Tables 1 and 2 the data about the population and the square of Latvia on cities and
areas is represented, as well as their coordinates. Data was offered to us by Central Statistical
Bureau of Latvia. In Figure 1 the map of population density of Latvia is shown. Information
source is the Latvian Association of Local and Regional Governments. The different colours
correspond with different allocation in the given region.
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Figure 1. Population density in cities and areas



Characteristics of cities

Table 1

City Index | Coordinate | Coordinate | Population | Square, km?
X y (H) (P)
Riga jl 190 150 722 485 307
Daugavpils j2 340 30 108 091 73
Jelgava i3 170 110 66 051 60
Jirmala j4 150 180 55 408 100
Liepaja j5 10 100 85 477 60
Rézekne j6 390 100 36 345 18
Ventspils j7 50 200 43 544 55
Table 2
Characteristics of areas
Area Index | Coordinate | Coordinate | Population | Square, km?
X y (H) (P)
Aizkraukles rajons il 270 110 40116 2567
Aliksnes rajons 12 360 210 24 483 2 245
Balvu rajons i3 390 170 27 245 2 381
Bauskas rajons 4 210 100 50 988 1 881
C@su rajons i5 270 180 56 614 2973
Daugavpils rajons 16 340 40 39 496 2526
Dobeles rajons 17 130 100 37 980 1632
Gulbenes rajons 18 340 180 26 281 1 876
Jelgavas rajons 19 170 110 36 941 1 605
Jekabpils rajons 110 300 90 52593 2997
Kraslavas rajons il 400 50 33313 2 288
Kuldigas rajons 112 60 150 35 822 2 500
Liepajas rajons 13 30 110 43 849 3593
Limbazu rajons 14 230 230 37 798 2 602
Ludzas rajons 15 420 110 31305 2412
Madonas rajons 16 330 140 42918 3 349
Ogres rajons 117 240 130 64 060 1 843
Preilu rajons 118 340 80 38317 2042
R&zeknes rajons 119 380 100 40 442 2 809
Rigas rajons 120 210 150 161 119 3132
Saldus rajons 121 50 110 36 735 2182
Talsu rajons 122 100 200 46 680 2 748
Tukuma rajons 123 130 150 54 813 2 457
Valkas rajons 124 300 220 31723 2 441
Valmieras rajons 125 260 240 58 328 2373
Ventspils rajons 126 60 190 13 945 2462

Our problem consists in working out the analytical dependences, allowing one to

calculate corresponding population density for the specified coordinate of the territory of
Latvia. On this basis the following problem is solved: the weighted average centre of Latvia is



found, i.e. coordinate, for which the total distance from all points of Latvia (subject to
density) is minimum.

2. Description of the population density

It is reasonable to examine the population of big cities (their quantity m = 7) and areas
(their quantity k = 26) separately. The considered cities and areas are shown on a map (see
Figure 2).
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Figure 2. Map of territorial division in Latvia

2.1. The area’s population

Let's i be an area index, / = 1, 2, ..., k, where k is the number of the considered areas
(k = 26). Let's use the following designations:

SR;is the territory of the i-th area (it’s point (x,y) € SR;).
&i(x,y) 1s indicator function of the i-th area:

1,if (x,y) € SR;
dixy)=

0, otherwise;

h; is population density for the i-th area. It is calculated by the formula 4; = A/ P.

Density of the area’s population at point (x,y) is described by function
k
FOxy) =D hid(x,y). (1)
i=1

We assume that every district is represented by a circle. Then the territory of Latvia is
divided into circles, whose characteristics are given in Table 3. The circle radius is calculated



judging by a condition that the square of the circle and area coincide, and their joint part is
maximal.
For the considered case, function &i (x, y) is described as follows:

Lif (y, —r,<y<y, +n~)Alxl~ ) = (=)} <x<x ) (v -2,)’
Gitx.y)=
0, otherwise.
We assume that population of area is distributed uniformly over its territory.

2.2. The population of big cities

Let j be acity index, j=1, 2, ..., m, where m is the number of considered big cities
(m =17). Let’s denote:

SP; is the territory of the j-th city;

(x, ) 1s an indicator function of the j-th city:
1,if (x,y) € SP;,

Yi(x,y)=
0, otherwise;

For the considered case the function ¥j(x, y) is described by a formula:

Lif (v, =r <y <y, +r) b, — ) — =y ) <x<x, +:J0 ) ~ (=)

0, otherwise;

Y y)=

H; is the population density for the j-th city.

The population densities of the cities calculated by formula Hj = H/P, are presented in
Table 3.

The density of distribution of the population of the j-th city over the territory will be
described by two-dimensional normal density:

H; 1 s s
S y) =5 = exp{— - [ = ) (v = w2 ]}, )
7'L'O'j O'j

where (11, H2) is coordinates of the centre of the j-th city, o ; is the standard deviation.

The parameter o; is calculated by the formula:

o =pr, (3)

where p > 0,5 is a coefficient of city’s attraction (in our case let p =0,7),
rjis a radius of the j-th city, calculated by formula

n=y". 4)



where P; is square of the j-th city (see Table 1).
The main characteristics of the areas and the cities are shown in Table 3.

Definitive expression for population density of Latvia at point (x, y) will be

fCay) =70+ D wi(x ) [P (x, ). (5)
Jj=1
Table 3
Population density, radius of city/area, and standard deviation for the cities
City Density | Radius o
Riga 2353,37 | 9,89 6,92
Daugavpils 1480,70 4,82 3,37
Jelgava 1100,85 | 4,37 3,06
Jirmala 554,08 5,64 3,95
Liepaja 1424,62 | 4,37 3,06
Rézekne 2019,17 | 2,39 1,68
Ventspils 791,71 4,18 2,93
Aizkraukles rajons 15,63 28,59 -
Altksnes rajons 10,91 26,73 -
Balvu rajons 11,44 27,53 -
Bauskas rajons 27,11 24,47 -
Ce@su rajons 19,04 30,76 -
Daugavpils rajons 15,64 28,36 -
Dobeles rajons 23,27 22,79 -
Gulbenes rajons 14,01 24,44 -
Jelgavas rajons 23,02 22,60 -
Jekabpils rajons 17,55 30,89 -
Kraslavas rajons 14,56 26,99 -
Kuldigas rajons 14,33 28,21 -
Liepajas rajons 12,20 33,82 -
Limbazu rajons 14,53 28,78 -
Ludzas rajons 12,98 27,71 -
Madonas rajons 12,82 32,65 -
Ogres rajons 34,76 24,22 -
Preilu rajons 18,76 25,50 -
Rézeknes rajons 14,40 29,90 -
Rigas rajons 51,44 31,57 -
Saldus rajons 16,84 26,35 -
Talsu rajons 16,99 29,58 -
Tukuma rajons 22,31 27,97 -
Valkas rajons 13,00 27,88 -
Valmieras rajons 24,58 27,48 -
Ventspils rajons 5,66 27,99 -




3. Weighted average coordinates of Latvia

The weighted average coordinate of Latvia is a point (u, v) for which the following
condition is satisfied: if all inhabitants of Latvia have to gather at one point, then (i, v) is a
point, for which the total distance passed by all, will be minimum.

For simplification, we will consider all population of the j-th city concentrated in
coordinate of its centre (i, M2j). This is a reasonable assumption, because the squares of
cities are essentially less than squares of areas.

Now mathematically the problem is formed in this way:

to find a point (u, v) which minimizes objective function

k Vit Xty ’iz’(a’*%‘)z m A
g(u,v)th[ I j \/(z—u)z+(a)—v)2dzda)+z\/(y1,j—u)2+(yz,,-—v)2 H;. (6)

It is possible to find the minimum point (%, v) by a gradient method. Gradient of function (6)
is given by expression:

< gy
Vg(u,v)= =
0
ag(u, v)
k Yitr X1 (HF,V) m 1 A (7)
_Zh I J' [(z u)> +(0-v)° ] (Z—Ll)dZda)—Z[(ﬂl,j —u)’ +(,uz,j—v)2]_2 (o, —u)H ;
B i=1 Vi m J=1
B £ Yo+, X2 =~(0-y;)? m 1 A
-2 I [ [emw +@-v2]2-dzdo—3 [0 + o922 -
=y o) =1

Note, that we must apply gradient method carefully, because our objective function has not
continuous on borders of areas. Therefore we have included some changes in the standard
algorithm of a gradient method. As we cannot trust a gradient method completely, we have
also checked it up by means of Mathcad minimization procedures. Experiments have shown
the efficiency of the method at a small step. Further we will describe the program used to
solve the problem.

4. The software environment of the problem and numerical results
Special software in Mathcad 14 has been developed. The complex of the programmes

allows calculating the population density of Latvia for the given coordinate (x, y). For
example, for some coordinates (x, y) these densities are given in Table 4.



Table 4

Population densities for coordinates (x,y) and values of the objective function (6)

Coordinate, (x,) 190, 150 360, 80 320, 160 40, 100 100, 180
Density, f{x,y) 52.216 33.16 12.82 29.04 16.99
Objective function, | 1.856 * 10° | 3.946 * 10° | 3.184 * 10° | 4.284 * 10® | 3.228 * 10°
g(u, v)

Thus, we can see that the weakest coordinate on density is (320, 160). It is situated on
the borders of Madona and Gulbene districts.

Further, the programmes allow one to calculate values of the objective function for
different coordinates (u, v). The Table 4 contains such values for some coordinates.

This complex of programs allows defining the weighted average coordinate of Latvia
by using a gradient method too. Calculations have shown that the weighted average
coordinate of Latvia is (189.94, 149.80). These coordinates correspond to the city of Riga.

5. Conclusions

The paper results allow calculating population density for the specified coordinate of
Latvia territory. It can be used for solving many practical problems. For example, the problem
of weighted average centre of Latvia was considered. The necessary software was elaborated.
Experiments show that the suggested algorithms and software perform well.
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KaSurins Andrejs. Iedzivotaju blivuma sadalijjuma statistiskais apraksts Latvijas teritorija

Loti daudz praktiski uzdevumi prasa iedzivotaju izvietojuma teritorija apskatu. Tika apskatits iedzivotaju
izvietoSanas Latvijas teritorija datu analitiskd apraksta uzdevums. Lietderigi lielu pilsétu un rajonu iedzivotaju
skaitu izskatit atseviski. Misu aprékina nosacijumos ir pienemts katru rajonu aprakstit ar apli. Apla radiuss




aprékina péc nosacijumiem, ka apla laukums sakrit ar rajona laukumi un vinu kopeja sakrittba maksimala. Tiek
pienemts ka iedzivotaju blivums visa rajona ir vienmérigs. Pilsétas teritorijas iedzivotaju blivums aprakstits ar
divdimensiju vienmérigu blivumu. legiita izteiksme, kas noteiktam Latvijas teritorijas koordinatém lauj aprékinat
atbilstosu iedzivotdaju blivumu. Pamatojoties uz to, ir risindts sekojoSs uzdevums: tiek atrasts vidéji sveértais
Latvijas centrs, t.i., tadas koordindtes, lidz kuram ir minimals summarais attalums no visiem Latvijas punktiem
(nemot véra iedzivotdju blivumu). Minimala punkta meklésana tiek veikta ar gradienta metodi. Tika apskatits
skaitlisks piemers. Izstraddajot specidlas programmas nodrosindjumu Mathcad valoda. Izstradatais programmu
komplekss Jauj izskaitjot Latvijas iedzivotdju blivumu dotajam koordindatém, ka art noteikt Latvijas centra vidéji
svertas koordinates.

Kashurin Andrey. Statistical description of a distribution of population density over the Latvian territory
A number of vital practical problems require the description of a distribution of population over the considered
territory. The problem of the analytical description of the available data on population allocation over the
territory of Latvia is examined. It is reasonable to examine the population of big cities and areas separately. We
assume that every district is represented by a circle. The circle radius is calculated judging by a condition that
the square of the circle and area coincide, and their joint part is maximal. We assume that population of the
area is distributed uniformly over its territory. The density of distribution of the population of city over the
territory is described by two-dimensional normal density. The expression making it possible to calculate
corresponding population density for the specified coordinates of the Latvian territory is received. On the basis
of it the following solution is made: the weighted average centre of Latvia is found, i.e. coordinates, to which the
total distance from all points of Latvia (subject to density) is minimal. It is possible to find the minimal point
using gradient method. Special software has been developed in Mathcad 14. According to the task description,
the following functions were implemented - calculation of population density by given coordinates and, detection
of the weighted average coordinates of Latvia using gradient method.

Kamypun Anapeii. CTaTucTHYecKkoe ONMHMcaHUe pacnpeaeseHHsl MIOTHOCTH HaceJeHHS] HA TePPUTOPUH
JlarBuu

Mnoeue sadcuvie npakmuieckue 3a0auu mpeoyrom onucanus pacnpeoeieHus HaceleHus Ha paccmampusaemon
meppumopuu. B O0annoti cmamve paccmompena 3adaua aHARUMUYECKO20 ONUCAHUSA UMEIOWUXCA OAHHBIX NO
pacnpeoenenuio HaceneHus no meppumopuu Jlameuu. Llenecoobpasno Hacenenue KpynHuiX 20p0008 U PAtlOHO8
paccmampueams no omoeaviocmu. Ilpeononacaem, umo Kadicovlll paiion npedcmaener Kpyeom. Paouyc kpyea
BbIYUCTACTNCS U3 YCNOBUA, YMO NAOWAOb Kpyea U pauioHa coenaoaiom, a ux oowds uacmv MAKCUMATbHA.
Ilpunumaem, uymo nIOMHOCMb HACENEHUS PAUOHA PACIPEOENAemcs PAGHOMEPHO NO €20 Meppumopull.
ITnomnocms  pacnpedenenusi Haceienus 20poda NO Meppumopuy  ONucCaHa O8YMepHOU HOPMATbHOU
nromuocmouto. Tlonyueno ewvipasicenue, nosgoasioujee Oisl 3a0AHHBIX KOOpOuHam meppumopuu Jlameuu
BbIYUCTAMb COOMBEMCMBYIOWYI0 NAOMHOCMb Haceaenus. Ha smoil ocnose pewaemcs credyiowas 3aoava:
HAXoo0umcs cpeoneg3seuileHnvlll yenmp Jlameuu, mo ecmv maxue KOOPOUHAMbL, O KOMOPLIX CYMMApHOe
paccmosanue om 6cex mouex Jlameuu (c yuyemom niomumocmu HaceneHus) Mmunumanvo. Haxoowcoenue
MUHUMATLHOU TMOYKU OCYWEeCEIAemcsa epaouenmubim memooom. Paspabomano cneyuanvhoe npocpammuoe
obecneuenue Ha asvike Mathcad. Paspabomanubviil KOMIIEKC NPOSPAMM NO360JiAem BbIYUCTAMb NIOMHOCHb
Hacenenus Jlameuu 015 3a0aHHBIX KOOPOUHAM, A MAK}Ce ONpedeisims CpeoHes38elueHHble KOOPOUHAMbL YeHmpd
Jlamesuu.



