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Abstract: Since the development of GNSS techniques, the
determination of a precise quasi-geoid model has become
even more actual. In terms of this project the staff of the
Institute of Geodesy and Geoinformatics (GGI) has devel-
oped a new quasi-geoid model based on DFHRS (Digital
Finite-element Height Reference Surface) approach addi-
tionally using astrogeodetic measurements – vertical de-
flections (VD), which can be observed by a Digital zenith
camera. This paper evaluates a quasi-geoid model results
based on vertical deflections, as a study area using the
territory of Latvia: the standard deviation of the solu-
tion is equal to 0.006m with observation residuals after
the adjustment of minimum and maximum differences
−0.012 and 0.012 accordingly. The standard deviation of
quasi-geoid heights and h-H values from LGIA database is
equal to 0.012mwithminimum andmaximum differences
−0.026 and 0.025 accordingly. The post-processed terres-
trial VD observations have been compared to VD deriva-
tives from EGM2008 and GGMplus geopotential models.
The developed quasi-geoid has been compared to the na-
tional quasi-geoid model LV’14 and to the Scandinavian
NKG2015.
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1 Introduction

Depending on a national height system – orthometric or
normal one, there are several geoid/quasi-geoid models
developed around the world with a precision up to 1 cm
– Estonia [1], Netherlands [2], Denmark [3], Poland [4] etc.
The quasi-geoid is a surface which fits best the mean sea
level and coincidewith the geoid in the oceans and contin-
ues under the Earth’s surface. In difference to the geoid,
the quasi-geoid is not an equipotential surface (gravity
vector is not perpendicular to it). Theheight anomaly is the
distance along the normal plumb line between the Earth’s
surface and the telluroid or between the ellipsoid and the
quasi-geoid. Physical height systems are depicted in Fig. 1.
[5]. Vertical deflection is the angular difference between
direction of the plumb line (the normal to the geoid) and
the vertical direction on the ellipsoid (the normal to the el-
lipsoid). The vertical deflection consists of a North-South
component ξ and an East-West component η. The ampli-
tude of vertical deflection is typically up to 10 arcseconds
and can reach 1 arcminute in mountainous regions.

Figure 1: Physical height systems [5].
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The aim of this study is to achieve up to a 1 cm precise
quasi-geoid model, but traditional relative gravimetry re-
quires a lot of measurement points for this task. The alter-
native method of the DFHRS approach [6, 7] was used, ad-
ditionally using VDs, which were observed by the GGI de-
veloped Digital zenith Camera – VESTA (Vertical by STArs)
[8]. In 1998 the first quasi-geoid model LV’98 [9] had been
computed using Remove-Restore technique, implemented
in GRAVSOFT software [10]. ∼12000 relative gravity data
points were digitized from 1:200,000 scale Soviet gravity
maps for this purpose. The precision of computed quasi-
geoid was evaluated by 6–8 cm. In 2014 Latvia transited to
a new physical height system – EVRS2007 (European Ver-
tical Reference System) [11], and the realization for Latvia
– LAS-2000.5 (Latvian Height System, epoch 2000.5). So,
the need for a new quasi-geoid model became obvious.
Latvian Geospatial Information Agency (LGIA) has devel-
oped LV’14 [12], a quasi-geoid model using 4886 relative
gravity points measured with a spring gravimeter Scintrex
CG-5 [13], however these measurements can not be con-
sidered to be of a good quality, as the observations were
not made in a closed loop. Digitized points were not in-
cluded in the computation. Precision of the LV’14 quasi-
geoid model evaluated to be 3–4 cm. So, our approach is
based on Digital Zenith Camera (DZC) observations and
can be used as an additional method to relative gravity
measurements or as a single technique for quasi-geoid de-
termination. The density of VD measurements is about 1
point per 12 × 12 km.

2 Deflections of the vertical
Deflections of the vertical can be calculated using astro-
nomical coordinates (Φ, Λ) and geodetic (ellipsoidal) co-
ordinates reading [14]:

ξ = Φ − φ (1)
η = (Λ − λ) cosφ (2)

The component ε in the azimuth α can be computed
using ξ and η components:

ε = ξcosα + ηsinα (3)

VD were implemented in the DFHRS approach v.4.3.,
based on polynomial modelling [15]. The observation
equation in the DFHRS adjustment reads:

ξ j = −àζFEM (φ, λ | p) /àφ
M (φ) + h

+ ΔTξ (d)
j (4)

ηj = − àζFEM (φ, λ | p) /àλ
(N (φ) + +h) ⋅ cosφ

+ ΔTη (d)
j (5)

Figure 2: The scheme of measured GNSS/levelling points and verti-
cal deflections.

M(φ) andN (φ)denote the radius ofmeridian andnor-
mal curvatures respectively at the latitude φ. With ΔTξ (d)
and ΔTη(d) a set of datum parameters is introduced, to
model either a datum transition for deflections that re-
fer to another geodetic datum, or local effects that come
from systematic error sources, e. g. if VDwere derived from
GGMs. A parametric model for the local datum-shift, ΔTξ
and ΔTη based on 3 shifts dj = (u, v,w)T can be based on
the Molodenski transformation [16] as:

ΔTξ (d)
j [rad] = (−sinφ⋅cosλM+h

−sinφ⋅sinλ
M+h

cosφ
M+h ) ⋅(

u
v
w
) (6)

And

ΔTη (d)
j [rad] = ( −sinλ(N+h)⋅cosφ

cosλ
(N+h)⋅cosφ 0) ⋅(

u
v
w
) (7)

For 3 years GGI has measured 414 vertical deflection
observations using digital zenith-camera VESTA of the
whole territory of Latvia (Fig. 2). The observations have
been done also on the points of the Struve Geodetic arc
[17] to determine the values of VD on historical points,
which are included in UNESCO World heritage. Though
it is a time-consuming process: it is possible to measure
about 6–8 points per night, and further up to 20 times less
points are needed in comparison to relative gravity mea-
surements [18, 19, 20]. From Kaula’s rule [21] the omission
error:

σom ≈
64
nmax

[m], (8)

where nmax is a maximum expansion degree of the spher-
ical harmonic function. So, in order to achieve 1 cm un-
certainty quasi-geoid, the maximum expansion degree
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Figure 3: Digital Zenith Camera VESTA of GGI University of Latvia.

should be ∼6400, but our computations with the DFHRS
software show, that the quasi-geoid undulations taken
from the n = m = 2120 EGM2008, as a global geopoten-
tial model, can be introduced in a so-called patching [22],
means with datum-parameters (based on the height com-
ponent of Molodenski transformation) and (30 × 30) km
patches can be with an accuracy of (1–3) cm. From [23] the
density of gravity data for a 1 cm geoid should be around
15 points/100 km2 or ∼1 point/100 km2 of VD observations.
In terms of our project, based on VD, we have observed
414 VD measurements to improve the Latvian quasi-geoid
model using the developed Digital Zenith Camera.

3 The Digital Zenith camera VESTA

The Digital Zenith Camera VESTA (Fig. 3) consists of a
small 8-inch catadioptric telescope Meade LX200 (F =
2m), rotating assembly with levelling system, high res-
olution two-axis tiltmeter (resolution ∼0.02 milliarcsec-
onds), Hemisphere GNSS antenna and receiver A222 (ac-
curacy <0.6m with SBAS, time accuracy <1mksec), CCD

(Charge-coupled device) camera (8.3 MPx), linear actua-
tors with a resolution of <0.01 µm, on board control com-
puter,wireless data transmission equipment anddata pro-
cessing software.

Accurate levelling, setting of azimuth, control of back-
ground oscillations and prescribed schedule of observa-
tions are done automatically by control and data process-
ing software developed at GGI. Before starting the terres-
trial VD observations on the territory of Latvia, for half a
year the instrument was tested in one place, and the ac-
curacy was estimated to be 0.1–0.15 arc seconds. In 2018–
2019 3 new cameras were developed with some updates:
transition to GAIA data 2nd release star catalog, data pro-
cessing improvements, and revision ofmechanical design.
In the result, the accuracy was improved to 0.1 arcsec.
The duration of the observation session time usually lasts
at least 30min, providing ∼320 frames during 2 full rota-
tions in each direction [8]. Exposure duration of 0.3–0.5
sec has proven to be optimal. Image elongation becomes
pronounced for longer exposures; shorter exposures result
in a smaller number of stars and in some loss of accuracy
– while star position residual dispersion in a frame is a
bit smaller for shorter exposures, estimated zenith posi-
tion dispersion increases, probably due to lesser extent of
averaging of air turbulence effects. At the above exposure
settings, images of stars up to 13.5–14 magnitude are auto-
matically recognized. That ensures typically 10 to 100 stars
per frame; frames with less than 10 stars occasionally can
occur only when the imaged area is far from the galactic
plane [8].

To find a possible anomalous refraction effect and
evaluate random dispersion and thermal drift, observa-
tiondatawasprocessedusing amoving average time inter-
val windows. Figure 4 (A, B) shows variations of VD com-
ponents estimated using moving average time windows of
4 sizes: 12, 24, 30 and 60 positions, corresponding to time
intervals of 18, 36, 45 and 90 minutes.

The main consideration is on anomalous refraction
which is the main error source of VD observations caus-
ing irregular angular displacements of observed stars and
therefore evoking time dependent variations of estimated
VD values. Variations of VD caused by anomalous refrac-
tion have amplitudes of up to 0.1–0.2�� with periods of 0.5–
4 hours. Figure 4 (A, B) shows that the effect of anomalous
refraction can be averaged out by larger moving time win-
dows but that also requires an extension of observation
time which is not the optimal solution for regular observa-
tions. Therefore, for a regular 30-minute-long observation
session, VD estimation accuracy now is limited to ∼0.1��

with anomalous refraction in zenith being the main lim-
iting factor. Of course, longer measurement sessions can
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Figure 4: (A, B) Variations of ξ and η component estimated using moving average time windows of different width (12 h uninterrupted mea-
surements).

Table 1: The statistical results of 3 solutions for quasi-geoid model evaluation using 3 data sets [in units of m].

Data set SD Min Max Mean

GNSS/levelling points + VD derivatives from EGM2008 + observed VD by DZC 0.006 −0.012 0.012 0.000
EGM2008 (without VD) + GNSS/levelling points + VD by DZC 0.017 −0.068 0.074 0.001
EGM2008 (without VD) + GNSS/levelling points 0.038 −0.106 0.246 0.006

represent the behavior of anomalous refractionmore fully,
possibly giving several timesmore accurate vertical deflec-
tion estimates.

4 Quasi-geoid evaluation and
results

4-hour long GNSS observations were made at 325 first
and second order levelling points and post-processed in
Bernese GNSS Software v.5.2. by GGI [24] as reference
points using 9 EPN (European Permanent Network) sta-
tions [25]. Station positions were corrected for the effect
of solid Earth tides and the ocean tidal loading (FES2004
ocean tide model was used). Obtained positions are with-
out corrections of the atmospheric tidal loading and non-
tidal ocean loading (NTOL), which is raised by the Baltic
Sea level changes [26]. All observations were made in

IGS14 system and transformed to 2017.0 epoch. Levelling
data were provided by Latvian Geospatial Information
Agency (LGIA). The modelling method of quasi-geoid de-
termination can be found at [27]. The three solutions of
the quasi-geoid model were prepared using different data
sets: global geopotential model EGM2008 [28, 29] and
GNSS/leveling points; EGM2008, GNSS/levelling points
and VD observed by DZC; and EGM2008 using addition-
ally VD derivatives from the model, GNSS/levelling points
and VD observed by DZC. From the Table 1 the best so-
lution is obtained using both VD derivatives from GGMs
and terrestrial VD observations. The standard deviation of
this solution is equal to 0.006m with residuals of mini-
mum and maximum differences −0.012 and 0.012 accord-
ingly. The worst solution is obtained when VDwere not in-
cluded in themodelling: neitherVDderivatives fromGGMs
nor terrestrial VD observed by DZC: the standard deviation
for this solution is equal to 0.038m with residuals of min-
imum andmaximum differences −0.106 and 0.246 accord-
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Figure 5: (A, B, C) The normal distribution and histogram of observa-
tion residuals after the adjustment.

ingly. From the second solutionwhich considers terrestrial
VD observations it can be concluded that VD observations
significantly improve the results: the standard deviation
decreased to 0.017m. The residuals vary from −0.068m to
0.074m.

The normal distribution and histogram of observation
residuals after the adjustment of 3 solutions are depicted
on Fig. 5 (A, B, C).

The GGI developed quasi-geoid model is depicted at
Fig. 6. The quasi-geoid heights vary from 18.94m in the
North and North-East at Estonian and Russian borders
and 24.44m in the South-West near the Baltic Sea and
the Lithuanian border. The computed quasi-geoid model
(A solution) has been compared with the national Latvian
model LV’14 and quasi-geoid model NKG2015 [30] com-
puted by the Nordic Geodetic Commission.

Figure 6: LU_GGI20 quasi-geoid model.

Figure 7: The comparison of LU_GGI20 quasi-geoid and LV’14.

Figure 8: The comparison of LU_GGI quasi-geoid and NKG2015.

The differences of the LU_GGI20 quasi-geoid and the
LV’14 vary from −0.098m in the North of the country near
the Estonian border, and up to 0.073m in the hilly area of
Gaizinkalns and the center of Kurzeme region. The com-
parison of LU_GGI20 and LV’14 is depicted in Fig. 7. The
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Table 2: The comparison of LU_GGI20 quasi-geoid model with LV’14,
NKG2015 models.

Min Max Avg STDEV

LV’14 −0.098 0.073 0.009 0.020
NKG2015 −0.065 0.086 0.008 0.017

Figure 9: The difference between LU_GGI20 quasi-geoid heights and
h-H values from LGIA database.

Figure 10: The difference between LV’14 quasi-geoid heights and h-H
values from LGIA database.

differences between LU_GGI20 and NKG2015 are depicted
in Fig. 8: the differences vary from −0.065m in the North of
the country and −0.054m in Cape Kolka, where the Baltic
Sea meets the waters of the Gulf of Riga and up to 0.069m
in two peaks in the South-West of Latvia and 0.086m in
one peak in the North of the country. The average differ-
ences and standard deviations are depicted in Table 2.

The comparison of the quasi-geoid heights and geode-
tic (h) minus normal heights (H) from LGIA database has
also been performed for LU_GGI20 (Fig. 9), LV’14 (Fig. 10)
and NKG2015 (Fig. 11).

Figure 11: The difference between NKG2015 quasi-geoid heights and
h-H values from LGIA database.

Table 3: The comparison of quasi-geoid heights and h-H values from
LGIA database (m).

Min Max Avg STDEV

LU_GGI20 −0.026 0.025 0.000 0.012
LV’14 −0.081 0.082 −0.017 0.026
NKG2015 −0.070 0.040 −0.010 0.021

The summary of these differences are depicted in Ta-
ble 3. The standard deviation for LU_GGI20 quasi-geoid
model and h-H values from LGIA database is equal to
0.012m and vary from −0.026 to 0.025m. The standard de-
viation of the same evaluation for LV’14 quasi-geoidmodel
is equal to 0.026m and differences vary from −0.081 to
0.082m. The results for NKG2015 quasi-geoid model are a
little bit better in comparison to LV’14: the standard devia-
tion is equal to 0.021m and differences vary from −0.070m
and 0.040m.

Terrestrial VDs observed by DZC were compared with
VD derivatives from global geopotential models (see Ta-
ble 4), e. g. GGMplus [31] and EGM2008, and computed
the quasi-geoid model LU_GGI20. The results show a bet-
ter correspondence with the GGMplus model by eval-
uating the standard deviation: 0.314 and 0.307 arcsec
for ξ and η components respectively in comparison to
0.346 and 0.358 arcsec for ξ and η components for
the EGM2008 model. The correspondence of terrestrial
VD to derivatives computed from the LU_GGI20 quasi-
geoid model is significantly better: the standard devi-
ation is 0.055 and 0.046 arcsec for ξ and η respec-
tively. More statistics can be found in Table 4. The
comparison of terrestrial VD observations to EGM2008
and GGMplus are depicted in Fig. 12 and Fig. 13 respec-
tively.



K. Morozova et al., Evaluation of quasi-geoid model based on astrogeodetic measurements | 325

Table 4: The comparison of terrestrial VD observations observed by DZC to GGMs, and LU_GGI20 (arcsec).

Min Max Avg STDEV
ξ η ξ η ξ η ξ η

LU_GGI20 −0.348 −0.190 0.216 0.162 0.007 −0.002 0.055 0.046
GGMplus −1.300 −1.370 1.105 1.194 0.008 −0.025 0.314 0.307
EGM2008 −1.351 −1.031 1.747 2.509 0.013 −0.024 0.346 0.358

Figure 12: The comparison of terrestrial VD and EGM2008.

Figure 13: The comparison of terrestrial VD and GGMplus.

5 Conclusions

For the first time a high number of observations of terres-
trial vertical deflections (VD) have been done on the ter-
ritory of Latvia. The application of VD observations for
the quasi-geoid model determination has shown the sig-
nificant improvement of the computed quasi-geoidmodel.
The standard deviation of the observation residuals af-
ter the adjustment, considering both VD derivatives from
GGMs and terrestrial VD observed by DZC is equal to
0.006m. Terrestrial VD observations fit the developed
quasi-geoid model well, and the standard deviation for

ξ and η components are equal to 0.055 and 0.046 arc-
sec respectively. Comparing the terrestrial VD observa-
tions to GGMs: no significant difference in standard devi-
ation between GGMplus and EGM2008 was found, though
the maximum difference for η component was 2 times
less for GGMplus model. The final LU_GGI20 quasi-geoid
model corresponds better to the NKG2015 model: the av-
erage difference is equal to 0.008m in comparison to the
LV’14 model, where this difference is equal to 0.009m.
The quasi-geoid heights have also been compared to el-
lipsoidal minus levelling heights: the standard deviation
is equal to 0.012m with minimum and maximum differ-
ences −0.026m and 0.025m respectively. The further de-
velopment of the approach in terms of PhD thesis of the
first author [32] concerns the implementation of VD obser-
vations in terms of SCH modelling [33, 34] together with
gravity measurements. As astrogeodetic deflections of the
vertical are an additional observation group, being inde-
pendent from gravimetric geoid models and gravity obser-
vations, the combination of both gravity data and terres-
trial VD observations, together with the stochastic prior
information of the SCH coefficients from a global gravity
field model, would give a complete integrated approach
for quasi-geoid determination. In this context, the PhD
of the first-mentioned author also deals with the 1st or-
der design problem of the optimal positions of VD and
gravity observations for regional gravity field determina-
tion.

The next research step concerning the DZC, is to test
the DZC in various environments for the investigation of
anomalous refractions in zenith. It will include long-term
observations for seeking characteristics of anomalous re-
fraction in several test sites during various weather condi-
tions. Simultaneous observations with two adjacent DZCs
will be amethod to distinguish instrument-attributed vari-
ations from changes in the measured quantity itself and
find the spatial properties of anomalous refraction effects.

Further in-depth study will be involved aiming at a
comprehensive characterization of the DZC VESTA; it will
include testing of various instrumental settings, such as
analyses of the CCD binning parameter, star magnitude
and star color impacts on accuracy.
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