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1.Introduction

The classical approach for the punctual estimation, as it is known, is the method of
moments and maximum-likelihood method [ 1,2,3,4 ]. However, their application leads to the
considerable calculation difficulties that make us cosider this problem as a separate,
independent task. A number of concrete practical tasks of such kind is considered in the given
paper. In the class of punctual estimates a peculiar importance belongs to the unbiased
estimates. The idea of the “good” punctual estimates calculation with the further liquidation
of the bias of this estimate [1] is being realized in the work for the whole groups of tasks.

2. Composition of normal and equal distributions

Let a random value (r.v.) X has a normal distribution N(m,c), and a random value Y has an
equal distribution with the density like

W) 1/2b,—-b<u<bh
u)=
! 0, u ¢[-b;b]

There i1s a samping z,,z,,...,z, of random value observations. Z=X+Y, being a

(1)

composition of normal and equal distributions [2,3]. According to the metioned selected data
it is necessary to calculate the parameters estimates m, o, b.

For this purpose, preliminary, we will find the expression of density of r.v. Z, taking into
+b

+00 1 i
account, that z) = z— dv = oV 2Eymla) g
¢(2) __[Ofx( Yy (dy \/ﬂazb_jb ly
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After replacement t=(z-y-m)/c, we have
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Further EZ=EX+EY=m, because EY= J-z—);dy =0 and similar to
-b
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It is obvious that due to the summetry of distributions ,(z) = g, (x) + ¢;,(y) =0, where
M, (.) —a central moment of the third order.

It is easy to see, that 11,(z) = p1,(x) + 1, (¥) + 6.4, (X) 11, ().
Now we will calculate the expression of the corresponding central moments.

21, (X) = E[(X - EX)*] = —— Jo- my'e "o ax=3c*.

2o

.. 1 &
Similarl =— | v*dv=b*/5.
Y 1, () zbfby ly

2
Further 4, (x)=07,a u,(y)= %, that gives the expression for y,(z) like

w,(z)=3c>+b*/5+20°h".

From the all said above the equation set of the method of moments will look like:

m=z

ot +b7 /3= (z,-2) /n (5)
i=1

30 +b* /5420707 =) (z, —2) /n

i=1

The solution of the equation set is being realized in MathCAD 2001 package with the help of
the Given, Find block.

3. Distributions with the shift and scale parameter

Among the discussed tasks of the unbiased estimation we will mark out the task of the
unbiased estimates calculation of the parameter degrees 0(k,j)=gt *@f of the distribution

class with the shift and scale parameters Fx(x)=F((x-0¢)/0,). The application of the so-called
regular estimates
[ 1] leads to the use of formulas of the unbiased estimates calculation 0(k,j) like

* A
0(0,/)=0(0,7)/p0,/), [ 11,
where (0, j) = E0(0, j)- is a coefficient of the sclae parameter regular estimate smoothing

0(0,/) ,obtained according to the sampling with the true value of parameter 8, =1 and

6, =0 from the initial distribution.
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As the illustration of the mentioned method let us consider a concrete distribution. Let
independent r.v. X; ;_, , have the exponential distribution like

;*ez, u=0 ()
_ 6
Sx, @) 0. u<0

By sampling x;,x, x, from the distribution (6) we calculate the unbiased estimate of the

parameter Ak , basing on the maximum-likelihood method
n
Q_xi/m"
_ =l
B(0,k)

n
where B(0.k)= E([A]"), at that A=) %;/n,a %,%;,..%, - r.v. from (6) with 2=1.
i=1
Taking into account all said above, we see that the distribution of the statistics A is built on

: (7

n
the statistics T= Z X; , which has gamma-distribution with the density like
i=1

tn—l *e—l‘
()=—"+
Jr (n—1)!
't % tn—l * e—t
In its turn the statistics 7' =T /n has density —————— that allows calculating the

(n—=1)!

coefficient liquidating the bias like

Tk nm e A (k+n—1))!

BOJ= E(A1) = -
0

(n—=1)! n*(n-1)

For the comparison of the approximate* and exact values of the mentioned coefficients in
Table 1 the corresponding values with some n u k are shown.

*Let us pay attention to the fact that usually when considering the distributions with parameters of shift and scale
we cannot calculate the similar expressions of the coefficient for liquidation of bias. We are forced to calculate
this coefficient numerically. Its calculation algorithm does not differ from the said in the given paper. Basically,
such approach is easily may be realized for the calculation of the biased estimate of the degrees of the scale
parameter of the Weibull distribution even in the terms of censoring. In particular, let here it is said about the

Weibull distribution (double exponential distribution) like
FX () =1-exp(—exp(—exp((u — 00)/61)),1' =1L...,n.
i

In this case the equation set of the maximum-likelihood method for the parameters estimation is the following

(according to sampling of volume n with the use of the first r observations, i.e. in the terms of censoring of the II

type)
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i
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The author has developed the programme of solution of the above written-out equation set that is a key moment
for the further calcualtion of the coefficients of estimate bias liquidation of the scale parameter degrees.

Table 1.

Comparison of approximate and exact values of coefficients 3(0,k) for the number of degrees
k of parameter 0 with various volumes of sampling n

n=10; k=2 n=10; k=4 n=20; k=2 n=20; k=4 N=30; k=2
1.103 | 1.1 172 [ 1716 [1.052 |1.05 |[1.327 [1.328 [1.034 |1.033
n=30 ; k=4 n=40; k=2 n=40; k=4 n=50; k=2 n=50; k=4
1218 [1.212 [1.025 [1.025 [1.158 [1.157 [1.02 [1.02 [1.125 [1.124

Below, it is a listing of program in the Matchcad environment for the calculation of the
approximate values 3(0,k).
biasexpo(m,n, k1) := | sum <« 0
for jlel.m
s« 0
for jel.n
u « —In[1 - (rnd(1))]
S<«<Ss+u
S
S« —
n
k1
sum <— sum + S
sum
suml - —
il
Fig. 1. The calculation of coefficients 3(0,k) in the Matchcad environment.

4. Liquidation of the bias by the direct taking of mathematical expectation

Let us notice that the method used for the obtaining of the unbiased estimates in the
previous case is based on the idea of the direct taking of the mathematical expectation with
the further correction for the bias liquidation. It is rather easy to replicate this idea from the
whole number of tasks. For example, in a number of situations it is necessary to obtain the

unbiased estimates of the parameter degrees g(0)= 0%, k=1,2,3,... in the assumption that a

random value X has the Poisson's distribution like P(X =m)=60" *o70 I m) , m=0,1,2,....
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The unbiased estimates is obvious and unbiased T(X)=X for parameter 6. It is easy to
generalize this result for the arbitrary k, asserting that the unbiased estimate for the function

g(0)= 0% the estimate T(X)=X(X-1)(X-2)...(X-k+1) will be. Really, let k=2. Then, from the
mathematical expectation definition we have

S k(k-10F e &k(k-1o%e? & oFe?
EX(X-1)= Y x =2 o T k- 2) 0
k=0 : k=2 : k=2 :

Similar calculations have a place for the arbitrary k, and the estimates themselves quite easily
are realized in the calculation aspect in the environment of the Matchcad package.

yeee

distribution N(a,o), at that the parameter is known. Using the above said idea, we will show

. . . . . T .~
that the unbiased and consistent estimate G is the estimate 77 = \/: * Z| X, —a|/n . Really,
i=l

w2

. g2
r.v. X; = X; —a has anormal distribution with the density f (u)= S
! o221
2% _;7
Therefore fwfl(”):f)i,- (”)+fX, (_u):a— i

Hence, after some transformations

M(X D= 0'\/z , that proves the unbias of the estimate T.
V4

By the easy calculations it is possible to prove the consistence of the estimate T. For this

purpose it is enough to make sure in the tendency of the estimate dispersion T to 0 with n—oc.

Really

w2

© _
2
Z*J.uze 26" du
0

D(X;)=M(X,")- M*(X;|) = - =0 (D)

oN27 T T

0'2(7z—2)
2

It is seen that the dispersion of the estimate D(T') = , 1.e. D(T)—0 with n—o0.

Let us consider at last a random value having the density of gamma-distribution like
0'x e ™™ IT(1),x >0
x)= ’ ’ 8
Sy () { 0. x <0, (8)
where parameter 8 > 0,4 —is some known parameter, ['(1) -- gamma-function in point 4. It

is easy to calculate the parameter estimate € by the maximum-likelihood method, showing at
that, that it is biased. Really, likelihood function by sampling for our case will look like

—02)@
2 - L
0" (xxy.x, ) e T

)

L(0) )

85



By taking the derivative from logarithms of likelihood function and equating it to zero, we
will obtain the equation

n

ﬂ—in =0.

0 =
Hence, we obtain the esatime of the maximum likelihood of the parameter & like O=A/x% ,
d*InL ni

=——<0, the calculated extremum of the likelihood function is a

but at that due to > 5
do o

maximum.
Further, we will show that the obtained estimate 6 = 1/.X is biased, taking into account the

opportunity of the bias liquidation. Really, the density of r.v. ¥ = Xi_ has the distribution like
F,(u)=P( XL_ <u)=1- P(X < l), therefore the density is /', (u) =ff(l/u)L2.
u u

However, the density of r.v. X= ZX . possesses the simulated property, therefore r.v. X has
i=l

the initial distribution (8) with parameter A =nA, and density of r.v. Y— — (X = ZX /n)

looks like

1 (n@)"(1/x)*'e " IT(nl), x >0,
=f_(1/x)— = .
fY(x) fX( x)x2 { 0’ st,

Now, the mathematical expectation of the maximum likelihood O=A/X is defined by the
integral

- ni nA+l _—n@/y niA q ®
M(i):ﬂj y(ng) (l/y) e dy :(ne) //z’J‘terZefn&dt
X I'(nd) [(nl)
By using the known integral [ 3 ] T x ey =T(2)/ g+ and corrrelation T'(1+1) = AT (1), we
finally obtain

A._ nif
M(=)"=
X nA-1

06 .

Therefore, the unbiased estimate of our parameter & is the value
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V. Lumkis. Punktveida un nenobidita novertejuma statistisko uzdevumu risinaSana, izmantojot
pakesilidzeklus

Darba aplitkota punktveida un nenobidita novértéjuma uzdevumu virkne. Akcentéta miusdienu paketes Matchad
2001 pielietoSanas aktualitate, kur saméra sarezgiti skaitjoSanas algoritmi var tikt realizéti kompaktu
programmu veidda. Veselai virknei uzdevumu tiek paradita iespéja atrast nenobiditos novértéejumus analitiski.
Pedéja gadijuma izmantota pieeja, kas balstita uz nobides likvidéesanu, izmantojot aplikojama parametra
zinama punktveida novértéjuma tieSo matematisko gaidisanu.

V. Lyumkis. Statistical Tasks Solution of Punctual and Unbiased Estimation with the Software Application

In the paper a number of tasks of the unbiased and punctual estimation is discussed. The importance of the
application of the modern Matchcad 2001 package is stressed where rather complicated calculation algorithms
may be realized in the form of compact programs. For the whole class of tasks the opportunity of analytical
calculation of the unbiased estimates. In the latter case the approach based on the liquidation of the bias by the
direct taking of the mathematical expectation of the known punctual estimate of the considered parameter is
used.

V. Lyumkis. Pewenue cmamucmuueckux 3a0a4 MmMOYeYHO20 U HECMEUW|CHHO20 OUEHUBAHUS C
UCHOTb308AHUEM NAKEMHBIX CPEOCM 8

B pabome obcyscoaemcs psao 3ad0au  HecMewjeHHO20 U mMoueyHoeo oyenusanusi. Iloouepkueaemcs
aKmyanbHoCmsy — npuMenenusi cospemenno2o naxema Matchcad 2001, 20e odocmamouno  CrOdHCHBIE
BbIYUCTUMENbHBIE AI2OPUNMBL MO2YM Dbl PEalu308anbl 8 Ude KOMNAKMHbIX npocpamm. /s yenozo kiacca
3a0a4 NOKA3LIBAECTNCS BO3MONCHOCHb HAXONCOCHUSI HECMEWEHHbIX OYEHOK anarumuyecku. B nociednem ciyuvae
UCNONbL3YEeMCs  N00X00, OCHOBAMHBIL HA JUKGUOAYUU CMEWjeHUs. Nymem HenocpeoCmeeHHO20 — B35musl
MAMEMAMUYECKO20 OHCUOAHUS U3BECTNHOU MOYEYHOU OYEHKU PACCMAMPUBAEMO20 napamMempa.
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