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The volume of all knowledge is constantly incremented; it is the most appreciable in the latest
decades. In order that teaching was qualitative enough, the new knowledges is necessary add
constantly to a material given to students. However the amount of the hours assigned even for the
main disciplines, is not increased, and sometimes decreases because of occurrence of new disciplines
which become also the cores for any specialty. In these conditions ,,0ld” knowledges should be
presented more compactly, however their scientific level should not decrease. For disciplines with a
physical and mathematical content the application of vectors (which have appeared thanks to needs of
physics) allows to enunciate a material more compactly, and also the deductive method, created by an
ancient Greek science, allows to achieve this objective (see about it in publications [1, pp.130-131; 2;
3, pp-19-22]).

Sentences to apply a deductive enunciation to kinematics of a classical mechanics have
appeared in publications [4-11].

However, both for teachers, and for students, here there are some difficulties related to that
circumstance, that school teaching of mathematics corresponds insufficiently to needs of the higher
school. Disputes do not stop about how that to overcome, including how should be mathematical
school education [see, for example, 12-16].

As an example what there are difficulties for the former schoolboys who have become by
students of technical colleges, we will reduce school definition of a vector as ,,parallel transposition or
the detrusion of space spotted by the assignment of steam of points” [17, p.9; 18, Part 1, p.72].
Knowingly the academician of L.S. Pontrjagin has termed such definition as “ugliness” [19, p.6] (he
has not explained such title, probably, he meant, that it is not false, but at the same time partially and
one-sidedly, and such it is really ugly). Such definition of a vector hampers to understand, that such a
vector of a velocity, acceleration, force (about difficulties of formation of first two of these concepts
before occurrence of concept of a vector see in [20])".

"It and other definitions of a vector are considered by the author of the given paper in [29, p.98].
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As other example we will mention one of the basic concepts of a mechanics — an angular
velocity. At first sight it seems very simple — judging by a title it is a velocity of a change of an angle
that is the first derivative of this variable —“angle”.

Similarly, the rotary acceleration is the first derivative of an angular velocity and a flexon from
magnitude “angle”. Similarly, the rotary acceleration is the first derivative of an angular velocity, and
it is the flexon from magnitude ,,angle”. However in the school mathematics the angle is not at all an
analytical variable which can be differentiated, but a geometrical figure [1, p.598; 16, pp.16, 102, 157,
163; 18, Part 2, p.284; 23, pp.10-11]. In the publication [14, p.99] it is scored, that ,the formalized
definition of an angle under the scheme by Hilbert is so difficult, that hardly pupils can understand it
without the explanation by means of drawing”. We see even in the calculus of vectors manual for
students of technical colleges such definition of an angle [21, p.15]: “As the angle between two
vectors term the smaller part of a plane restricted to two rays, starting with one point and guided
equally with the given vectors” (it corresponds to school geometrical concept of an angle).

Next without any definition there there is an angle between a vector and an axis (p.34), a
rotation angle of rigid body, a vector of finite turn and a vector of an angular velocity of a rigid body
(pp.157-159). Further the author of this mathematical work needed ascertainment of ,,mechanical
sense” of angular velocity vector, next he reduces ,,the proof of existence of an angular velocity of a
solid body” (pp.161-162).

It is necessary to note, that in the publication [1, p.598] it is written also: “Sometimes the angle
is considered as a measure of rotational displacement of a ray round its beginning to the given
standing. ... In geometrical systems in which the pointwise-vector axiomatics is bottom supposed,
under an angle understand defined metric magnitude related to two vectors ...”. Jean Dieudonne Jean
Dedonne about it has written: ,,I think ..., in particular, about improbable misunderstandings and the
paralogisms arising already for so simple concept as ,,an angle” when it is considered from the
traditional point of view, meanwhile as from the point of view of a linear algebra it is not different, as
key parameter in a plane rotation group” [12, p.18]. And further [12, p.22]: “It would be desirable to
liberate as soon as possible the pupil from a strait jacket of traditional figures, mentioning them as
seldom as possible (except, of course, such as points, straight lines and planes) and to use instead
geometrical transformations of all plane or all space”.

Transformations about which here there is a speech, it is possible to present in the form of a
composition of the basic four aspects of transformations: 1) parallel transpositions; 2) rotational
displacements round an origin of coordinates; 3) symmetry (specular reflexions) to an origin of
coordinates; 4) homotheties (tension-compression) with centre in an origin of coordinates. The idea
that various geometrical systems can be interpreted, as theories of invariants of these transformation
groups, was developed in 1872 in own ,,The Erlangen’s program” by Felix Klein (1849-1925) [15,
pp-201-244; 22].

Population of first two kinds of transformations form a subgroup [1, pp.167-168] of eigen
movements (the improper do not conserve orientation, i.e. is contain symmetry) [1, p.169; 15, p.247].
F. Klein has very clearly featured in 1908 how to construct an Euclidean geometry on a plane, which
includes the affine geometry constructed on the basis of parallel transpositions [15, pp.247-256], and
the metric geometry constructed on the basis of turns [15, pp.256-264].

He begins exposition of build-up of metric geometry with a phrase: ,,If we wish to get now
further into field of metric concepts of geometry, in particular to erect concepts of an angle between
two straight lines and distance between any two points (so far we could speak only about distance
between two points, lying on an axis x or an axis y) we should study a complete group of motions”
[15, p.256]. Further he notes, what ,,eventually with each rotational displacement there is match of
some real number — an angle of this rotational displacement” [15, p.257]. And further: ,,Having
erected thus common definition of an angle, we will make now also distance definition between any
two points whereas till now we could compare only distances on the same straight line by means of
parallel transpositions” [15, p.259]. In the same place he has offered also the second variant of
axiomatics of geometry with words: ,,... And now let me specify in brief the basic thoughts of this
second build-up of geometry. 1) Here begin, as before, with introduction of points and straight lines
and with the sentences (postulates), concerning their junction, a disposition, and continuity. 2) But
here inject — and it here is new — as new basic concepts, on the one hand distance between two points
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(segment length), and on the other hand — the angle between two straight lines, and is erected
concerning them by the postulates which essence consists in the statement of that segments and angles
can be measured by a well-known method by means of numbers. 3) As characteristic (for the second
build-up) postulates which substitutes ... postulates of group of movements, the first sentence appears
here about a congruence of triangles ...” [15, pp.267-269].

Let’s pay attention to what F. Klein does not notice in the first variant of build-up of metric
geometry that he has two concepts of an angle, in the beginning as an angle between two straight lines
(as well as in the second variant) and then as an angle between initial and final positions of one
straight line, and he note before introduction of such concept: ,,We will imagine by analogy with
parallel transpositions all turns also continuous, starting from an initial positions, and we will speak
again about trajectories which describe thus by each point” [15, p.257].

In our opinion in it there is no contradiction, and, on the contrary, the idea is included implicitly
here that we can consider an angle between two straight lines as initial value prior to the beginning of
turn, then to add (or to take away) an angle of rotation and to gain final value of an angle between two
straight lines after turn. In such a way it is possible to introduce concept of a motion of one straight
line concerning another at first in one plane, and then and in space. Similarly for points it is possible to
introduce concept of a motion of one point concerning another, and to gain operation of addition of
distances between points (or segments) in the beginning along one straight line, and then under an
angle to each other (after there is turn of segment). We gain a direct passage from geometry into
kinematics on the basis of these considerations and with an allowance for thought reduced in the
beginning of this paragraph about the continuous motions and trajectories.

We note, that the physicist and the physiologist Hermann Helmholtz (1821-1894) [16, ¢.267]
was the first (in 1868) who used concept ,,motion” for geometry. Mario Pieri (1860-1913) has offered
in 1899 geometry axiomatics in which was only two basic concepts — a point and a motion (transition)
[16, ¢.267]. In the same year appeared David Gilberta’s axiomatics (1862-1943 [23] with the basic
concepts a point, direct, a plane and a congruence instead of a motion. As noted in [16, ¢.267], M.
Pieri’s axiomatics was gained bulky and it becomes difficult to viewing because of smaller number of
the basic concepts.

Friedrich Schur (1856-1932) has offered in 1904 axiomatics in which instead of one of
D.Gilberta’s basic concepts ,,congruence” has been introduced the concept ,,superposition” [1, p.214;
16, pp.159-162], similar to concepts ,,motion” or ,.transition”. As noted in [16, p.159], mathematicians
did not wish to apply last two terms, as ,.these terms contact representation about motion process,
extraneous for geometry”. F.Klein has noted much earlier: ,,Were afraid what together with motions
the alien element will enter into geometry — time” [15, p.268]. These fears should advise who is
engaged an enunciation’s of kinematics, that the variant of axiomatics of geometry with motions is the
most suitable.

It is necessary to underline, that with the advent of concept of group of transformation of space
though have become clear, that ,,superposition’s” by F. Shur organize group [16, p.160], but only F.
Klein has shown clearly, that this group consists of two movements — detrusion and the rotational
displacement which standard are distances and angles. We will note still, that at Euclid ,,the plane
angle is an obliquity to each other two lines” [16, p.253], that is closer to definition of an angle by F.
Klein (in the beginning of the first and in second variants of his axiomatics). A.D. Aleksandrov comes
eventually after the definitions of an angle as geometrical figure [16, pp.16, 102, 157, 163] to
conclusion: ,,Angle definition as obliquities of one line to another expresses essence of this concept
better, than its definition as steams of rays, or the part of a plane restricted to two rays. An angle in a
delta circuit, an inscribed angle in a circle, etc. understand actually on Euclid” [16, p.255]. For some
reason till now nobody recollected definitions of an angle by F. Klein.

Let’s return now to concept ,,angular velocity”. Publication [21] where ,,the mechanical sense”
(in publication [9, p.80] ,,physical sense”) an angular velocity is become clear was above mentioned
and the proof of existence of an angular velocity of a solid body is reduced. There are also other
operations where furnish similar proofs [for example, 7, p.4], and in [24, p.41] is directly told, that ,,a

vector @ — not a primitive magnitude and cannot be introduced by definition, and appears by
reviewing of allocation of the linear velocities in a skew field”. And it in spite of the fact that in earlier
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operation of the first of authors of this book by an angular velocity for a point it is termed derivative of
an angle of polar coordinates [25, p.80] and the first derivative of an angle of cylindrical co-ordinates,
and the flexon of this angle is termed by a rotary acceleration [25, p.97]; further for a solid body the
concept about a dihedral angle of rotation of a skew field [25, p.102], and then similar titles for an
angular velocity and a skew field rotary acceleration [25, pp.103-104]) is introduced.

Proceeding from stated above, it is necessary to become clear up to the end the following: if
straight lines are not point sets with certain properties, and self-maintained initial plants of structure of
space, angles — the necessary metric magnitudes characterizing an incongruity and motions of these
plants; and if thus angles — analytical variables angular velocities and accelerations is also magnitude
»primitives”, equivalent with the linear velocities and accelerations and not spotted by them (by the
way, Euler’s formula, on the contrary, spots the linear velocities of any point of a solid body through
an angular velocity of this skew field).

Let’s note that not only M. Pieri tried to do without straight lines, as basic concepts. In
mentioned above is pointwise-vector axiomatics straight lines also are not the basic concepts and are
spotted by means of guiding unit vectors. Authors of operation [11, p.7] state: ,,The usual space
surrounding us has structure of only pointwise space. But the possibility of introduction of the linear
structure is necessary for constructive build-up of kinematics in it. Therefore as initial space in which
all reviewings are spent, the certain three-dimensional Euclidean (is pointwise-vector) space” is taken
axiomatic. From this statement the deduction directly follows, that adding to structure of pointwise
space of other structures, in particular straight lines, happens subjectively, only in heads of people.
Hence, in this case it is gained, that the space existing round us objectively does not possess property
of an isotropy. But Anri Poincare has written in 1906: ,,What, first of all, properties of space in the true
sense? ... Here some of its most essential properties: 1. It is continuous. 2. It is perpetual. 3. It has
three measuring. 4. It is homogeneous, i.e. its all points are identical among themselves. 5. It is
isotropic, i.e. all straight lines which transit through the same point, are identical among themselves”
[26, p.42]. And he has written in 1910: ,,That such geometry for the philosopher? This study of some
group? Which? Groups of movements of solid bodies” [26, p.364].

Let’s pay attention to two facts, linking geometry and kinematics with dynamics and
confirming, that presence of straight lines and the isotropy related to them are attributes (essential
properties) spaces.

The first can mention that fact, that according to theorem by Emmi Noether (1882-1935) of
symmetry of space directly are related to conservation laws: the momentum conservation law is a
consequence of homogeneity of space, and the conservation law of a moment of momentum is a
consequence of an isotropy of space’. Under homogeneity still understand invariancy concerning
transposition or detrusion transformation, as an isotropy — invariancy concerning rotational
displacement transformation [27, p.41].

The second fact — the amount of the differential equations for exposition of translational and
rotational movements of the free solid body in three-dimensional space (three equations of forces and
three equations of the moments) corresponds to number of degree of freedoms of such skew field (3 of
linear and 3 angular); the equations of the moments are separate of the equations of forces and are not
reduced to them.

The mathematics is uniform, therefore methods of the linear algebra grounded on is pointwise-
vector axiomatics by Hermann Weyl (1885-1955) with concept ,,vector space’™, it is necessary to use
more widely as utility of application of such methods for kinematics is shown in [11]. However, in our
opinion, it is necessary to make passage to these methods, having reconsidered the basic concepts,
proceeding from the axiomatics grounded on ideas by F. Klein, and introducing concept of a vector
not by means of system of postulates, and as the mathematical plant, uniting two basic metric
magnitudes — distance (segment length) and an angle, characterizing standards of an incongruity (or
motions from each other) points and straight lines, in the form of a segment of a straight line of certain

% Later it has been erected, that requirements of the theorem by Emmi Noether are only sufficient, but not
necessary, but it has not changed an essence of the matter. Necessary and sufficient conditions of existence of
conservation laws have been discovered by N.H. Ibragimov [27, pp.42-43].

3 H. Weyl considered that the concept ,,vector space” belongs to algebra, instead of geometry [28, p.23].
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length with a direction characterized by an angle, digitized from other given straight line. Then it is
possible to relate easily concept of a mathematical vector to physical vectors (velocities, accelerations,
forces, etc.), historically arisen because of necessity to add in some cases to a scalar (size) concept
,,direction”™.

So, we see, that for a deductive account of kinematics it is necessary to be converted not only to
the basic geometrical concepts, but also there is a necessity of a select of the most suitable variant of
axiomatics of geometry. And it is necessary to mean, that there were also other variants of axiomatics
of geometry’, the indisputable axiomatics still is not present, and consequently there will be new
variants. In this connection it is possible to tell, that the phrase of academician A.Ju. Ishlinsky said at
lecture, read for science officers, engineers and teachers of a mechanics (Kiev, 1968): ,,You know, that
the mechanic by Galilee-Newton till now in a due standard not axiomatic account unlike the geometry
which axiomatization has been terminated by great mathematician D. Hilbert” [31, p.473], was fallacy
(and has misled many other things).
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Labendiks V. Klasiskias mehanikas kinematikas deduktivs izklasts: geometriskas probléemas un pareja no
geometrijas pie kinematikas

Saja peétijuma ir aplikoti Eiklida geometrijas izklasta aksiomatiski dazadi varianti atkariba no piemérotas
versijas, kas palidzétu atvieglot pareju no sis geometrijas pie klasiskas mehanikas kinematikas. Tapat ir izpétitas
pretrunas un uztveres griitibas, kuras rodas skoleniem un studentiem, sastopoties ar tadu fundamentalu klasiskas
mehanikas jédzienu definesanu, ka vektors, lenkis un lenkiskais atrums. Autors piedava originalu deduktivu
kinematikas izklasta celu, balstoties uz Feliksa Klejna geometrisku ideju bazes par telpas transformacijam,
kustitbam un diviem galvenajiem metriskajiem lielumiem — attalumiem starp diviem punktiem (nogriezna
garumu) un lenki starp divam taisném. Autors papildina So pieeju, ievieSot savadaku mainiga vektora un ta
atvasindajuma definésanu (ar attélu palidzibu un formulam ar robezam). Autord piedavatas aprakstosas
definicijas (nosakama objekta ipastbu apraksts, kas briva vektora gadijuma satur garumu un virzienu, bet
kartéjiem atvasinajumiem — atbilstosos atvasinajumus péc garuma un virziena). Tadas aprakstosas definicijas
klist iespéjamas péc tam, kad ir izvestas formulas, kuras atvasindjumi péc garuma un virziena ietilpst tiesa
veidd.
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Labendik V. Deductive enunciation of kinematics of a classical mechanics: geometrical problems and passage
from geometry to kinematics

In this publication are analyzed various variants of an axiomatic enunciation of Euclidean geometry from the
point of view of selection of suitable version for passage from geometry to kinematics of classical mechanics.
Too are examined the contradictions and arising because of them difficulties of perception by schoolboys and
students of definitions of such basic concepts, as vector, angle and angular velocity. By author is proposed the
way of a deductive enunciation of kinematics on the basis of F.Klejna's geometrical ideas about space
transformations, the motions, and two basic metric variables — distance between two points (segment length)
and an angle between two straight lines, and also on the basis of offered by the author of the present article of
passage from constructive definitions of variable vector and its derivatives (by means of drawings and formulas
with limits) to descriptive definitions (describing properties of the defined object, in case for free vector — in
possession of length and a direction, and for following derivatives — in possession of corresponding derivatives
of length and a direction).

Jabenoux B. Jleoykmuenoe u3noxnceHue KUHEMAMUKU KAACCUYECKOW MEXAHUKU: 2eoMempuiecKue
npoOEeMbl U nEPexod om zeomempuu K KUHeMamuKe

B smou nybruxayuu kpamko paccmompenvl pasiuyHble 8apUaHmbl AKCUOMAMUYECKO20 U3NONCEHUS e6KAUO0BOU
2eoMempuu ¢ MoOYKU 3peHusi 8ubloopa nooxooswel eepcuu Ol nepexooa Om 2eoMempuu K KuHemamure
Kaaccudeckou mexanuxu. Takoice ucciedosanvl npomusopedusi U GOHUKAIOWUe U3-3a HUX MPYyOHOCU
BOCHPUAMUST WUKONLHUKAMU U CIYOEHMAMU OnpedesieHull makux (QyHOaMenmanbHulX NOHAMUL, KAK 6eKMOop,
V2ol U yenoeds cKopocmv. Aemopom npednodcer nymb O0eOYKMUBHO2O U3NONCEHUS KUHEMAMUKU HA OCHOGE
eceomempuueckux udeti Denuxca Knetina o npeobpazoeanusx npocmpancmed, OSUNCEHUAX U O08YX OCHOBHBIX
MeMpU4ecKux NepemenHviX — pPacCMOSHUE MeNCOY O8YMs MOUKAMU (OAUHA OMPE3Ka) U Yeoa MeHcdy O08YMs
NPAMBIMU, U MAKIHCE HA OCHOBE NPEONONCEHHOU ABMOPOM OAHHOU CMAMbU 30MEHbl KOHCMPYKMUBHBIX
onpeoenieHull NepemMeHH020 BeKmopa U e20 NPOU3BOOHBIX (NOCPEOCMEOM DUCYHKO8 U (OpMYL ¢ npederami)
0eCKpUNMUBHLIMU ONpedesieHUsMU (ONUCaHue CBOUCHE ONPedensiemo2o 0bvekma, 8 ciyiae c60O00H020 geKmopa
— 9mMo 0baadanue ONUHOU U HANPABIEHUEM, U 051 CIe0YIOWUX NPOU3BOOHBIX — 00AA0AHUE COOMBEMCMBEYIOWUMU
nPou3800HbIMU ONUHBL U Hanpaeienus). Takue decKpunmugHvle OnpedeneHuss CIMaHoBAMCs B03MONCHBIMU NOCLe
861800 (hOPMYIL, 8 KOMOPHIX NPOUZEOOHBLE ONUHBL U HANPABTIEHUSL NPUCYMCMBYION 8 A6HOM GUOE.
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