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1. Introduction

The basic metric sizes (length and angle) [1] should be variables and have derivatives (in an
ideal, infinite number, starting with the first derivative) for logically clear and correct transition from
geometry and vector algebra to differential geometry and the vector analysis and further to kinematics.

If to designate: B — an any vector; B — length of
Y this vector; ¢; and ¢, — the angles determining a

the vector B of the first derivative of a considered
vector should necessarily somehow include derivatives

- X ..

B, ¢,, ®,, the vector B of the second derivative of a

\i derivatives on time of the mentioned above variables
S (Pl

considered vector should necessarily somehow include
derivatives B, ¢,, ¢, and so on. It allows to proceed

Fig. 1. instead of used usually constructive definitions of
derivatives of a vector (the first and higher orders), to the descriptive definitions uniting linear and
angular speeds (derivatives of lengths and angles) and further linear and angular acceleration which all
together and are objects of consideration in kinematics of a point, and then and a rigid body.

It is possible to word the beginnings of the vector analysis, differential geometry and kinematics
in this case under the following plan:
1. Consideration of one variable vector in one system of coordinates (SC), including vectors of
the first and more the senior derivatives of a considered vector.
2. Consideration of one variable vector and vectors of its derivatives in two SC, rotating with the
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given angular speed from each other, and with the conterminous beginnings of coordinates (or
with constant shift).

3. Consideration of one variable vector and vectors of its derivatives in two SC, rotating with the
given angular speed from each other, and with the beginnings of coordinates moving from
each other.

If a considered vector to count a radius-vector of a point after consideration of first two items (it
is wording in [2]) it is possible to start to wording kinematics of a point and to study kinematics of a
rigid body with the fixed point. By consideration of the third item it is possible to enter concept of the
connected vector along with free and sliding vectors (angular speed) and then to wording so-called
"complex" movements of a point and a rigid body.

2. The knowledge about the first derivative of a vector

Let's remind briefly some basic results of work [2] without which the further wording is
impossible (in view of some new designations and formulas).
The formula of the first derivative of a vector (and any subsequent if the previous derivative to

consider simply a vector) to deduce as the expression including a derivative B of length of a vector B
and derivative ¢,, ¢, two angles ¢; and ¢, determining direction of this vector concerning
considered system of coordinates (see Fig. 1), as follows:

B=B+(¢, +¢,)xB, (1)

where B

BE,. @

Here B = dB/dt — a derivative on time of length of a vector B, ascalaras B = ‘B‘ = B/ €,

— the length (module) of a vector B isa scalar, and éB — an unit vector of straight lines, collinear to a

vector B (dimensionless, dimension have variables B, B, B etc.; analogously to angular speed, its
components and derivatives).

The vector B is directed along a vector B if the length of this vector is increased and on the
contrary if its length decreases.

If rotation of a considered vector B concerning considered SC is given by a vector of angular
speed (theoretically, practically this vector to define it is impossible)

0 = 0 €,, 3)

where éo - an unit vector of a straight line around of which rotates considered a vector B, and wg —
length of a vector of angular speed,

that the formula (1) gets a kind:
B=B+a, xB. @)
Formulas (1) and (4) are two kinds of one formula of the first derivative of the vector giving an
opportunity of its descriptive definition (see [2, p.100]).

The vector of angular speed ®g of a vector B can be to decompose in considered SC on three
components by two ways:
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&B:¢1+¢2+¢3:6Bx+a}By+&Bz’ (5)
where @;— an angle of turn around of a straight line conterminous to a vector B (if the vector @ is
not given then the magnitude of this angle and a direction of turn can be anyone);

Oy = ((T)B €, ) €, —a component of a vector of angular speed along an axis X
(and so on for other axes of coordinates).

At the decision of practical problems it is necessary to consider frequently two and more SC,
rotating from each other. Derivatives of each considered vector can be determined concerning each of
these SC by formulas (1) or (4) (see [2, p.104]), and then the formula of distinction or expression of
connection of these derivatives can be deduced by subtraction of one of the received expressions from
another (for example, for SC OX;1Y1Z; and OX,Y,Z,, rotating from each other with angular speeds

o = —o) as

B¢ :B(z-i-(T)(zle or B :B(1+6)§2><B. (6)

We use the top index as cipher with a bracket equally for a designation as rotations, and
differentiation concerning considered SC (the bracket is used that there was a difference from
exponentiation).

Let's note once again, that this formula shows, than vectors of the first derivative of a vector in
two rotating from each other SC differ, but it stay not clear at a deduction of this formula in other
ways what in these formulas are equally.

3. The second derivative of a vector in one considered system of coordinates

Based upon above wording, our following purpose is the deduction of the formula for a vector

B — the second derivative of a considered vector in the considered system of coordinates including

vectors B, @, , ¢, . Such formula can be received from expression of influence on a vector of operators
of infinitesimal expansion of space (or shift of a point of the end of a vector) and infinitesimal torsion
(see [2, pp.100-102]), considering infinitesimal quantity of the second order, but it is easier for
receiving, differentiating the formulas (1) or (4) deduced in the same work (not forgetting at the same
time that all vectors should be differentiated by the same formulas).

Differentiating the formula (1), we shall receive (if we use firstly symbols of differentiation by
Leibniz (1646-1716) which more bulky but are more clear in comparison with symbols of
differentiation over Newton (1642-1727))

] . . I
d_z(g)zi(ingi E‘B‘ | dfde |, dfde, || 5. [de  do,| dg
dt dt\de )~ dt|dt dt| dt | dt| dt dt * dt | dt

Let's return now again to designations of differentiation by Newton (it is not for vectors since
vectors and the designations appropriate to them were invented later [3, pp.350-352])

—

§:§+($1+$2)xé+($1+$2)x5. (7

As sown in the formula (2) and Fig.1, angular speed of rotation of a vector of derivative length B the

same, as at the vector B. It is visible in the same figure, that vector component fpl of the angular
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speed have constant direction along axis Y, that is its angular speed is equal to zero, and vector

component fpz of the angular speed rotates with angular speed (T)l. Consequently, we can write:

—

I§=I§+((T>1+fp2)x8;

- -

(Plz(?F"l; (Pz=$2+(?P1X(?P2'

Having substituted these expressions in (7), we shall receive

e o

B:B+((El+éz)xé+($l+(Bz+élxéz)xl§+((f>l+(Ez)x(é+((f>1+(f>z)><|§)

Opening some brackets and grouping members with equal components of angular speeds, we
shall receive finally

— —
.o — —

é:B+2((TP1"‘gpz)XB*‘({ﬁH4‘(.1.’2))(84‘((7[’1X(?Pz)XB*‘(ZFH4'(?)2))((((_.[.)1+gp2)xB)'(8)

Members with double vector products it is possible to transform, then the formula of the second
derivative of a vector will have some other kind

B= B.+2((T)1 +(?p2)><B+((?[')1 +(T)2)XB+((T)1 +2(?Pz)((?l)1 B)_B((Pi +(P§) ©)

At use of the formula (4) for reception of the second derivative of a vector we shall not
represent a derivative of a vector of angular speed @ by same formula, that is hereinafter we shall

not allocate a derivative from length of a vector of angular speed and a component because of change
of a direction of this vector for simplification of a kind of formulas

B:I§+é)B><

lus ]!

Si

+ Bx§:§+6)5xé+(§BxB+&Bx(é+(§BxB)E

(10)

EB+COBX(B—(0BXB)+Q)BXB+O)BXB

Removing the brackets and uniting identical members in the first line of expression (10), we
shall receive one more kind of the formula of the second derivative of a considered vector

ézé—i—Z(Y)Bxé+6)BxB+5)Bx(G)BxB). (11)

Let's open brackets and we shall unit identical members in the second line of expression (10).
Then we shall receive one more kind of this formula where at the second member there is a vector of
the first derivative of a vector instead of a vector of a derivative from its length

é:§+2638x§+(j)Bx§—6)Bx(Eoné). (12)

It is analogously possible to transform and the formula (9), but we shall not make it. A member
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with double vector product in (11) and (12) it is possible to transform as two members which
directions are clearer then the formula of the second derivative of a vector (12) will have one more
some other kind

é:§+2635x§+é)BxB—®B(6)B-B)+Bw§. (13)

All these kinds of the formula of the second derivative of a vector allow the same as and for the
first derivative of a vector to give descriptive determination of the second derivative of a vector:

The second derivative of a vector is a vector being the sum of a vector of the second derivative length
of a considered vector and vectors, received as a result of differentiation of a component of a vector of
the first derivative which is resulting because of change of a direction of a considered vector
concerning considered system of coordinates.

If to decompose a vector function in Taylor's series the increment of vector function can be
presented as two groups, the first their which characterizes time variation of length of a considered
vector, and the second group consists of the members which are turning out because of time variation
of a direction of a considered vector concerning considered system of coordinates. Vectors of angular
speed (or its components) of rotations of a vector and vectors of their derivatives enter therefore in
members of the second group of members of an increment of vector function:

U:u

(t, + At) = B(t,) + B(ty) At +B(t,) AL / 2+ B(t,) At /6 +...=
=Bt ) ( (t,) +B(t )At/2+B( )AE /64, at+

)
Bi(t)-+ (2 (£ % B(to) + 0 (t,) xB(ty) ~ @ (&) (@ (1) B(ty)) + B(to ) At/ 2-+..  at

In kinematics an initial considered vector is the radius-vector R of a moving point, the first
derivative from a radius-vector of a point is named in kinematics speed of this point and frequently

designate V, and the second derivative — acceleration (de51gnateW) After vectors V also W
become known (in our case by formulas (1) and (9) or (4) and (13)), in some tasks there is a necessity

of definition of components of acceleration W along a vector V and is perpendicular to it (so-called
tangential acceleration and normal acceleration). As it was marked in [2, p.106], it by itself result at
use of the formula (1) or (4) of the first derivative of a vector for definition of a vector of acceleration

W=V=Vta,xV (14)

These components of a vector of acceleration should not be confused to two groups of

components of a vector of the second derivative of a radius-vector R which can be received by
formulas (8), (9), (11) — (13).

Let's emphasize once again, that if we examine a radius-vector of a moving point formulas (1)
or (4) determine speed of a point of the end of this vector; if a considered differentiable vector is the
vector of speed (the formula (14)) or any other physical vector the ends of these vectors do not
correspond as the free vector can be transferred in parallel to any points, in particular, in the beginning
considered CK, as shown in the Fig. 1.

4. Distinction of vectors of the second derivative of a vector at two systems of coordinates
rotating from each other
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In some works name invariant (not dependent on systems of coordinates) not only lengths of
vectors, but also their directions [4, pp.35-36], confusing thus concepts "direction" and "orientation"
(or meaning angles between two vectors). Orientation [3, pp.436-437] is an order (direction) of detour
of any figure, more precisely, this instruction about an arrangement of points in one-dimensional space
(this space can be and a nonplanar curve, broken line or the closed figure in three-dimensional space).
Thus, these concepts coincide on direct lines as one-dimensional spaces (the instruction of a reference
point, then positive and negative half-obstinate). But at transition to two-dimensional or three-
dimensional spaces there is a necessity to specify position of a considered straight line concerning
other straight lines, and it, according to F. Klejna's ideas; it is possible to make with the help of
introduction of concept of a angle as metric measure. For example, the direction of movement is not
only the indication of the positive half-tangent to a trajectory of movement of a point, but also position
of this half-tangent concerning positive half-axle the chosen system of coordinates (it is possible to set
a direction and with the help of two angles, as shown in the Fig.1, see also [2, pp.98-100]). The
concept of a vector of speed has appeared after union of this concept with concept of scalar variable of
speed as the time derivative of way [5, p.108].

So, directions we shall name angle only between vectors (or positive half-obstinate) and
positive axes of coordinates or coordinate planes (see Fig.1) subject to algebraic sign (readout counter-
clockwise). Orientation of vectors at any shifts and torsions is kept (that is vectors can not change the
beginnings and the ends at absence of mirror reflections).

After it got discover that the direction of one considered vector concerning systems of
coordinates with a various direction of axes is no invariant, that, angular speed of rotation of a vector
concerning everyone SC also is no invariant (at rotation of systems of coordinates from each other),
becomes clear, that the first derivative of a vector depends on everyone considered system of
coordinates. It is fair for each subsequent derivative of a vector, hence, and for the second derivative
of a vector.

Formulas of the second derivative of a considered Vector B for two SC OX;Y:Z; and

OX,Y,2Z,, rotating from each other with angular speeds 50(2 = —0)1 , look like at use of the formula
(12)
B :B+26)(Bl xB® + ((;)(Bl) xB - oa(le((T)(Bl XB), (15)
52 B .92 B2, (~2\% B =2_(~2_8 ,
B =B+ 2m; xB +(0)B) xB— x(o)B xB). (15"

To receive the formula of distinction or connection of these derivatives, it is necessary to
subtract expression (157) from (15) (it is possible and on the contrary). But before in (15) angular

speed of a vector B and its derivative concerning the first SC we shall express in angular speed of a
vector B and its derivative concerning the second SC

co(Bl = ooéz + oo(zl (16)
=\t 2a\? | ~a
((,)B ) = ((,OB ) + @5 x (oB (by the formula (6)) (17)
= (1 (2 = (2 (2 = (1 (2 . o e .
(O)B ) = ((DB ) + (0)2 ) (differentiating (16) concerning the second SC) (18)

Then the difference of the second members of expressions (15) and (15”) will look like
2(0)(52 + 0)2 ) (B(2 + 0) X B) 2(7)[(32 xB? = 2(7)(52 xB® + 26)(21 xB? +

£2(0f + 0 ) x (@ xB) - 267 xB? =26 xB? + 2(aF + 6! ) x (! xB)
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The difference of the third members of expressions (15) and (15°) after substitution (16) and
(18) in (17) looks like

(2 (2 (2
(2 ¢! A« (&2 (1 ¢! (2
(((DB) +(c02) + ®; X (mB+m2) ((DB) )xB ( ) ><B+(032><(DB) x B
The difference of the fourth members of expressions (15) and (15”) will look like

(co(Bercoz) (( )xB)+o)B ( EZXB)Z
= —oF x ( B) ( X B) (mB + m(zl) ( S x B) +
+OF x ( X B) oy ( X B) ((DB + 03(21) ( @S x B)

The difference of the first members of expressions (15) and (15°) is equal to zero. Uniting other
differences, we shall receive

é(l—é(zzza)(zlxé(z ( ) B+0) ((zle)+
(19)
o () xB) + B (6 x ') - o€ x (o€ B)

Based on properties of double vector product, the sum of last three members of expression (19)
is equal to zero. Leaving in the left part of expression (19) first member, and in view of that the
derivative of a vector of angular speed of rotation of two SC from each other does not depend on these
SC (if is a little rotating SC derivatives of vectors of angular speeds will not depend only on those
pairs SC which relative rotation they determine)

~1\(2 ¢!
(03(21) ((o(zl) 0)(21 X (0(21 = 03(21 (20)
finally we receive
B B(2 —i—2”(1 B¢ +(7)§1 ><B—i-6)(21 x((TJ(zl xB) (1)

Clearly, that whereas the formula of the second derivative of a vector has some kinds also the
formula of distinction of vectors of the second derivative in two systems of coordinates rotating from
each other has some variants which can be useful in various theoretical or practical cases, but we shall
not examine them here.

It is necessary to recognize, that above mentioned variant of a conclusion of the formula (21)
not the shortest. Shorter conclusion turns out if to differentiate the formula of distinction or connection
of the first derivatives of a considered vector at two systems of coordinates rotating from each other
(6) concerning the first SC

d* S (1 d* 5 (2 d* ~1\ B, ~( d* 5

E(B ):E(B )+E(m2)x8+w2 xE(B) 22)
or the second SC

d(Z ;(1 d(2 ;(2 d(Z L1 = d(2 ~

E(B ):E(B )+E(0)2)><B+0)2 xE(B) 23)
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Let's note that in formulas (22) and (23) there are cross derivatives, and we should compare the
second derivatives at which the second differentiation is made concerning the same SC, as the first.
Therefore further it is necessary in (22) in the right part for the first and third member of expression,
and in (23) to a member of the right part of expression to apply the formula (6). With the account (20)
these expressions at transition to designations by Newton will look like

BO = B + 6 xBC + & xB + o{f x (B + &' xB| 24)
BU — &' x (Es@ £ x é) _BC 4 3¢ xB + ol xBC (25)

Now it is visible, that at reduction of similar members of expression (24) and (25) turn in (21).

Usually make differentiation concerning the first SC, including its "absolute", that in the left
part of expression to receive a "absolute" second derivative (the formula (22)). As we see, at our
approach it has no any value as, naming considered SC the first and the second, we concerning any the
third SC did not put forward any conditions of their movement. The deductive approach to

construction of the theory helps to remove superfluous concepts, conditions and theorems.

Replacing a vector of angular speed 6)(21 a vector —(7352 , we shall receive the formula, identical

on structure with the formula (21), that is invariant:

B? = B! + 26 x B! + & xB + & x ((Yagz x |§) (26)

Let's note also, that is similar to the formula (6) for vectors of the first derivative of a vector of
the formula (21) and (26) show, than vectors of the second derivative of a vector in two rotating from
each other SC differ, but in them it is not visible, that in these derivatives identical. It becomes clear
only at use of formulas (8)-(13) in the first variant of a conclusion of the formula (21), namely, that for
a variable vector in all its derivatives (not dependent on systems of coordinates) all vectors its
derivative lengths (module) are invariant. Though the first variant of a conclusion is longer, but from
the scientific-methodical point of view it for this reason is better.
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Labendiks V. Klasiskas mehanikas kinematikas dedukfivs izklasts: vektora otrais atvasindjums viend no
divam koordinatu sistemam, kuras roté viena attieciba pret otru

Saskana ar iepriekseéja raksta autora piedavato pieeju (taja pasa rakstu krajuma iepriekséja panta), ir aprakstits
deduktiva kinematikas izklasta variants uz Feliksa Klejna geometrisku ideju bazes par telpas transformacijam,
kusttbam un diviem galvenajiem metriskiem lielumiem — attalumiem starp diviem punktiem (nogriezna garumu)
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un lepki starp divam taisném un savu papildindjumu, proti, ieviesot savadaku mainiga vektora un ta
atvasindajuma definésanu (ar attélu palidzibu un formulam ar robezam). Autord piedavatas aprakstosas
definicijas (nosakama objekta ipasibu apraksts, kas briva vektora gadijumd satur garumu un virzienu, bet
kartéjiem atvasindjumiem — atbilstoSos atvasinajumus péc garuma un virziena). Detalizéti aplitkota vektora otrd
atvasindjuma formulas izveSana sakumd viend patvaligi izvéleta koordinatu sistéma, bet vélak divas sistemads,
kuras roté viena attieciba pret otru. Pievérsta ipasa uzmaniba vektora otrd atvasindjuma jauno formulu
veidojosam invariantam komponentém, kurds izziid So atvasinajumu saiknes formula, kda ari parasti
izmantojamajas padatrindjumu formulas gadijumd, kad koordinatu sistémas roté viena attieciba pret otru.

Labendik V. Deductive enunciation of kinematics of the classical mechanics: the second derivative of the
vector in one and two systems of coordinates rotating from each other

According to proposed in the previous article of the author (in the same scientific proceedings) of the way is
proposed variant of a deductive enunciation of kinematics on the basis of Felix Klein's geometrical ideas about
space transformations, motions and two basic metric variables distance between two points (segment length)
and an angle between two straight lines, and also on the basis of offered by the author of the given article of
replacement of constructive definitions of a variable vector and its derivatives (by means of drawings and
formulas with limits) by descriptive definitions (exposition of properties of defined object, in case of the free
vector it is the possession of a length and a direction, and for following derivatives — possession of
corresponding derivatives of length and a direction). Such descriptive definitions become possible after a
formula construction at which derivative lengths and directions are present in an explicit form. In detail is
enunciated of the formula construction of a flexon of a vector at first in one any coordinate system, then in two
coordinate systems rotating from each other. The attention is paid to invariant components of new formulas of a
flexon of a vector in one any coordinate system, which disappear in formulas of connection of these derivatives
(and also in usually used formulas of accelerations) in two coordinate systems rotating from each other.

Jlabenouk B. Jleoykmuenoe u3znoicenue KUHEMAMUKU KIAACCUUECKOU MEXAHUKU: 6MOpPAA NPOU3BOOHAA
6EeKmMOpa 6 00HOI U 08YX 6PAWAIOUAUXCA OPY2 OMHOCUMETbHO OPY2aA CUCHEMAX KOOPOUHAam

B coomeemcmsuu ¢ npeonodicennvim 8 npeovioywjel. cmamve agmopa (8 smom dice cOOpHuKe cmameil)
CnocoboM OnUCaH 6apuanm 0eOYKMuUEH020 U3NONCEHUA KUHEMAMUKY HA OCHOGe 2eomMempuyeckux uoeti Penuxca
Kneiina o npeobpasosanusix npocmpancmed, OGUICEHUSIX U O08YX OCHOGHBIX MEMPUYECKUX NePeMeHHbIX
paccmosiHue mexcoy 08yMs MouKamu (OTUHA OMPe3Ka) U Yeoa MexHcOy 08YMsi NPIMbIMU, U MAKJHCe HA OCHOGe
NPEOONCEHHOU ABMOPOM OAHHOU CMAMbU 3aMeHbl KOHCMPYKIMUGHBIX ONpedeNeHUll NEPEeMEeHHO20 8eKmopad U
€20 Npou3BOOHBIX (NOCPEOCMEOM PUCYHKO8 U (OPMYL ¢ Npederamiu) OeCKPURMUGHBIMU ONpeoereHUsIMU
(onucanue ceolicms onpeodensiemoco 0bvexma, 8 ciyuae c80000H020 GeKmopa — 3mo obaadanue OAUHOU U
HanpaeieHuem, u Oiisi CIeOYIWUX NPOUBOOHBIX — 00NA0AHUE COOMBEMCMBYIOUWUMU NPOUIBOOHBIMU OUHBL U
Hanpagienus). Taxkue OeckpunmueHvie OnpeoeNeHuss CMAHOBIMC 603MONCHLIMU NOCAE 6bl600d (OopmMYyl, 8
KOMOPbIX NPOU3800Hble ONUHBL U HANPABIEHUS NPUCYMCMEYIom 6 aeHom eude. T100pobno paccmompen 6b1600
Gopmyn 6mopoil npou36o0HON BEKMOPA CHAYANA 8 OOHOU NPOU3BONLHOU CUCeMe KOOPOUHAM, 3amemM 6 08YX
8PAWAOWUXCSL OpYy2 OMHOCUMENbHO Opyea cucmemax kKoopounam. Obpaujeno GHUMAHUE HA UHEAPUAHNHbLE
cocmagnawue HOGblX OPMYIL GMOPOU NPOU3BOOHOU 6eKMOPA 6 OOHOU NPOU3BOTLHOU CUCmeMe KOOPOUHAM,
KOmMopbie uc4e3aiom 6 opmynax cessu IMux NPou3soOHbIX (A maxdice u 8 0ObIYHO UCHONb3YEMbIX hopmynax
VCKOpeHUll) 8 08YX 8paAuiarOuuxcsi Opye OMHOCUMENIbHO Opyed CUCIEMAX KOOPOUHAM.
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